MATH 3705 Final Examination Solutions
April 2004

1. £{e* cos(3t)} =(a)

s—2
(s—2)249
s
(s —2)2+9
s—2
s24+9

—2s

(&

(d) $2+9

(e) None of the above.
2. L{tsin(2t)} =(d)
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(e) None of the above.
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e) None of the above.
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(a) e *cos(3t)
(b) e 'sin(3t)

(c) e *cos(3t) — e " sin(3t)
(d) e *[cos(3t) — %sin(St)]

(e) None of the above.

5. The general solution of the differential equation 2x%y” — 5zy’ + 3y = 0, valid for = # 0, is
given by (a)

(a) cilzf + colz|2

(b) |z[*[er + caInz]]
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(c) |z {cl cos (§ln\xl> + ¢y sin <§ ln]x\)]

(d) clz]? + colw* In |2
(e) None of the above.

6. The general solution of the differential equation z2y” + 2zy’ + iy = 0, valid for x # 0, is given

by (d)

(a) |z|* [01 cos (?hl\:d) + ¢y sin (? ln|a:])]
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(b) ezt + eolz] T
(c) cile| % + cola| 2
() |z["2(c1 + cxIn|2])

(e) None of the above.



7. The general solution of the differential equation zy” + xy’ + (72? — 4)y = 0, valid for z > 0,
is given by (c)

(a) a1 o(V7) + cod (VT 2)
(b) e1J7(22) + ead_ =(21)
(¢) c1a(VTz)+ Ya(VT )
(d) 1z (22) + oY 7 (21)
(e) None of the above.
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} on [0,2]. At x = 79, the Fourier sine series of f converges to
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(e) None of the above.

9. The differential equation y” — 2y’ 4+ zy + Ay = 0, when placed in the Sturm-Liouville form
(py") — qy + Ary = 0, has the weight function r(z) = (c)
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e) None of the above.



10. Given the Bessel identity 2-L [z”J,(az)] = z¥J,_1(az), v >0, a # 0, f03 z*J;(2z) dz = (a)

a) L[81J,(6) — 27.J5(6)]
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e) None of the above.
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(e) None of the above.
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(e) None of the above.



13. F! {%13)2} =(d)
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(c) = Bila+2)~|a+2|
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(e) None of the above.

14. F 4 e A} =(b)
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(e) None of the above.

15. Employ the Laplace transform to solve the initial-value problem
y' — 4y + 13y = 6(t — 3), y(0) =1, ¥'(0) = 5.

s*Y (5) — sy(0) — 9/ (0) —4[sY (s) —y(0)] +13Y (s) = e > = (s —45+13)Y(s) —s—1 =€ >*

s+1 e 3 (s—2)+3 e 3
= Y(s) = + =
s2—4s+13  s2—4s+13  (s—2)249 (s—2)2+9

1
= y(t) = e* cos(3t) + e* sin(3t) + gu(t —3)e2 3 sin[3(t — 3)).



16. Find one (non-zero) series solution y; of the differential equation zy” + 2xy’ + 2y = 0, valid
for x > 0 near xq = 0. Express the solution as an elementary function.

zp(z) = 2z, po = 0, qu(x) =2z, q=0 = 1”2—|—(p0—1)7‘+q0 =rl_r= r(r—=1)=0=r =1
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= n(n + 1)a,z" + Z 2(n + 1)ayz"t + Z 2a,z" =0
n=0 n=0

=]

n=

= (n+1)(n+2)ap1+2n+1)+2]a, =0, n >0, = a1 =—

2 2 22
n=0 = alz—%,nzl = agz—%:TaS,

2 23
n=2 = agz—%:—l';.og, etc., so

—1)mon 2. (=1)"2n >
Ay = —( ) aO’ n 2 0, = Yy = Z —( ) % n+1 Z = CL().'EeiQm.
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17. Find the Fourier cosine series of f(z) = { g’ (1) P i 2 é } on [0,2].
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18. The solution of the heat equation u,, = %ut, 0 < = < L, which satisfies the boundary
conditions u,(0,t) = u,(L,t) = 0, has the form

2.2 2

u(z,t) = % + Zan cos (%) e 1z
n=1

Find the solution of u,, = %ut, 0 < z < 7, which satisfies the boundary conditions

uz(0,t) = ug(m,t) = 0 and the initial condition u(x,0) = 3 cos(2z) — 2 cos(bz). Write down
the complete solution u(x,t).

oo
a=3, L=r = u(z,t)= % + Zan cos(nxz)e .
n=1

3cos(2z) — 2cos(bzr) = u(x,0) = % + Zan cos(nr) = as =3, a5 = —2, a, = 0 otherwise.

n=1

Thus, u(z,t) = 3cos(2z)e %" — 2 cos(5x)e 2.

19. The solution of Laplace’s equation u,, + %ur + T%ugg = 0 inside the circle r = a has the form

u(r,8) = % + Z r"|a, cos(nf) + b, sin(nd)].
n=1

Find the solution of Laplace’s equation inside the circle r = 2, which satisfies the boundary
condition u(2,0) = 2 + sin(260) — cos(#). Write down the complete solution u(r, ).

2 4 sin(20) — cos(0) = u(2,0) = % + Z 2"[ay, cos(nd) + by, sin(nd)]
n=1

= % =2 2a; =—1, 2%°b, =1, a, = b, = 0 otherwise. Thus,

1 1 1 1
ag =4, a; = ~3 by = 1> u(r, ) =2 — 3" cos(6) + 17’2 sin(20).



20. Find all eigenvalues and corresponding eigenfunctions of the Sturm-Liouville problem
y' +Xxy =0, y(0) =0, y'(1) =0.

y=e¢7 = rP24+A=0 = r=+V-N\

A=—p?<0 = r==4p = y=Ae"" +Be " y(0)=0 = A+B=0
= y:A(e’“”—e_’“”), y = Ap (e’“”+e_’“), y'(1)=0 = Au (e“+6_") =0
= A=0= B=0 = y=0.
A=0=y=Az+B,y(0)=0 = B=0=y=Ar,y =A, y(1)=0 = A=0 = y=0.
A=p?>0 = y= Acos(uz) + Bsin(uz), y(0) =0 = A=0 = y= Bsin(uz),
y' = Bucos(uz), y'(1) =0 = Bucos(u) =0 = un:(Qn—l—l)g, n>0
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