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Calculus II
LECTURE NOTES
©Ayse Alaca
Last modified: September 6, 2012

(These Lecture Notes replace neither the Text Book nor the Lectures)

INDETERMINATE FORMS and L’HOSPITAL’S RULE.
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Indeterninate Forms and L’Hospital’s Rule

There are seven indeterminate forms:

Indeterminate forms | Example
Inx
00/09 L W
sinx — x
0/0 :EIE}O l.3
00 — 00 zlimoo(xel/m —x)
00 -0 lim _(ze")
0° lim (sinz)*™"*
z—0t
o mlimoo(em + 2)Y®
. 1\*
1%° lim (1 + —)
r—>00 €T

For the first two types, we can use the L’Hospital’s Rule:
L’Hospital’s Rule: Suppose f and g are differentiable and ¢'(x) # 0 near a
(except possibly at a). Suppose that

lim f(z) =0 and lim g(z) =0

r—a

or
lim f(z) = £oo and glﬂl_r%g(x) = +o0.
Then,
!
lim _f(x) = lim fz)

iag(x) @=ag(z)

if the limit on the right side exists (or is +00)
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sin x
Example 1: lim =7
z—0
. 1 —cosx
Example 2: hn% — =7
r— €T

xT

. e
Example 3: mlLrgo ) =7

. sinzx—=x
Example 4: lim ——— =7
x—0 QL’3
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tanx — x
Example 5: lim —— =7
z—0 ;L'?’

Example 6: lim T _,

T—00 T
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?

V2?2 + 3142
Example 7: lim rASrY s

T——00 1—=z

Solution: We have indeterminate form of E.

00
By L’Hospital’s rule we have

V2r2+3r+2

lim
T——00 11—z

which is still of the form E.

—(4x + 3)

= lim ,
e——00 24/222 + 3x 4 2

00
Further applications of the L’Hospital’s rule do not make this limit simple.

It is better to evaluate this limit as follows:

V222 + 37 + 2 . \/I2(2+%+m2

li = 1
o 11—z rro :l?(% -1
. |z /2 + % + m%
= lim
= a(T- 1)
’ —T4/2 + % + m%
= lim
= T (I )
—/2+2+ %
= lim T =
z——00 ——1 -1

Homework: Verify the following limits.

1. Tim 2sinz — sin(2x)

=3
z—0 2e% — 2 — 2 — 12

|
2. lim ne
a—1 g2 —1

=1/2

2 — 2
3. ljm R T2 6
z—0 I —SInx

2 qin(l
4. 1im )
z—0 xT
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If we have an indeterminate form of

we put it in the form of

oo —o00 or 0-oo,

oo/oo or 0/0,

and then we apply the L’Hospital’s rule.

lim
z—(7/2)~

(secx —tanz) =0

Example 1: lim

1 1
li — = =1/2
rl—r}}(lnx a:—l) /

) 1N
lim (—) e’ = o0
T—00 a:’

lim(z —7)cotx =1

Tr—T

(-2
r sinz

(00 — 0)

(00 -0)
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Example 2: lim z° - e ¥ =7

r—00

Example 3: lim z?Inz =?

x—0
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Indeterminate Powers: 0°, 00", 1%

Each of these three cases can be treated by taking natural logarithm:

Suppose
lim [ f ()]

r—a

is one of the form of 0°, oc?, 1°°.
Let y = [f(2)]9®). Then Iny = g()1In f(z)
will have the indeterminate product of the form 0 - cc.

y =l [f@) | Iy = g(x) o f(2)
0° 0 (—o0)
oo? 0-00
1°° 00 - 0
lim 2z =1
z—0t
lim 2% =1 P
z—0t
: x 1/x
lim (sin )%/ 12 = ¢3 (0°) lim (e" + ) /v — ¢ (00°)
z—0t
: Ina/(1+lnz) __
lim l,lna/(l—l—lnm) = a, (a > 0) EIL%I' = a, (a > 0)
z—0t

1 X
lim (1 + —> =e
T—00 a:’

1\ VE
lim (1 + —) =0
T—00 l’

lin%(cos 22)1/*" = ¢ (1)

lin%(cos 3r)°/* =1

lim(z+ 1) =a, (a>0)
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Remark: One should recognize the following forms as “determinate”!

00 + 00 —> 00
—00 — 00 — —00
0 —0
07 — o0
Example 1: lirri(sinx)tam =7 (0°)
z—0

Solution: Set y = (sinz)""* —> Iny = In ((sin z)"***) = tanz In(sin ).

gﬂlir(l]q+ lny = mlirgl+ tan z In(sin x)
In(si
— fim n(sin x)

e—0+ 1/tanz

. In(sinz) —00
= lim ( )
z—0t cotx o0
, COST
L:H hm sinx
a—0+ \ —csc?x
. cosx i
= lim —— - (—sin’z)
r—0t Sinx

= lim (—cosz -sinz) = 0.
xz—0*t

lim (sinz)™* = lim y = lim ™Y =¢" = 1.
x—07F x—07F x—07F
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Example 2: lin%(cos 22)1/*" =7 (1)
Solution: )
y = (cos 2z)/** = Iny = (;) -In(cos 2x).
1 2
limlny = lim M
z—0 z—0 1’2
, —2sin 2z
L: lim cos 2z
z—0 2z
in 2 1
= (-2)lim (Sm T ) )
=0\ 2z  cos2z
lin%(cos 20)/*" = 2,
Example 3: lim (e” + )% =7 (00?)
Solution: y = (e” + )/ <= Iny = 1 - In(e” + z).
l T
limlny = lim M
r—0Q0 r—00 €T
1 T 1
LH e T (e +1)
T—00 1
~ lim e’ +1
et g
L : e’
= lim
z—00 e 4 ]
EE
r—00 et

Homework:

r—00

lim (e® 4 z)Y/* = ¢! =e.

Show that lin%(x + 1)1nTa =a,ifa>0.



