Computer Science/Mathematics
3804

Desigh and Analysis of Algorithms |



Class Schedule

Classroom:
Class Times:
Course Website:

Instructor Information

Course QOutline

Tory Building 447

Wednesdays and Fridays 4:05 pm - 5:25 pm

http://scs.carleton.ca/~sack/teaching/3804

Professor Office Telephone
Dr. J.-R. Sack HP 5350 N/A
Teaching Assistants
TA. Office Hours
Amin Gheibi Thursdays 3-5 p.m.

Sarah Liske

Every Wednesday 3-4 after
an assignment has been handed
back

Email
sack@scs.carleton.ca

Room Number
1170 HP

1170 HP

Office Hours
Wednesdays 10:30-12:00



Course Qutline cont’d

Course Description
An introduction to the design and analysis of algorithms.
Topics Covered

Topics include: recurrence relations, sorting and searching, divide-and-conquer, dynamic
programming, greedy algorithms, NP-completeness.

Prerequisites

COMP 2002 or COMP 2402, and either COMP 1805 or both of MATH 2007 and MATH 2108, or
equivalents.

Textbook (s)

Algorithms by S. Dasgupta, C.H. Papadimitriou, and U.V. Vazirani, (2007) Published by
McGrawHill also available online from the first author’s web-page

alternate reference — more detailed:

Introduction to Algorithms (3rd Edition) by Thomas H. Cormen, Charles E. Leiserson, Ronald L.
Rivest and Clifford Stein (2009). ISBN 0-262-03384-4. Published by MIT Press.

The Appendices A,B, and C provide a useful summary of material (much of it) should be known.



Course QOutline cont’d

Assignment 1 10% Sept 28" before class
Assignment 2 10% Oct 19t hefore class
Assignment 3 10% Nov. 9t before class
Assignment 4 10% Nov. 301" before class
Midterm Exam 20% October 31t during class

Final Exam 40% tha



Course Qutline cont’d

Excerpts from Calendar; refer to Calendar

September 6 classes begin. September 19 Last day for registration. Last day to change courses or
sections for fall/winter and fall term courses. September 30 Last day to withdraw from fall term
and fall/winter courses with a full fee adjustment. October 5, 2012 University Day at Carleton.
Undergraduate classes suspended. November 9, 2012 Last day to submit, to the Paul Menton
Centre for Students with Disabilities, Formal Examination Accommodation Forms for December
examinations. December 3, 2012 Fall term ends. Last day for academic withdrawal from fall term
courses

Final Exam Note
The final exam will be scheduled by the University.

Assignments
Late assignments will not be accepted.

Collaboration Policy

Students are encouraged to collaborate on assignments, but at the level of discussion only. When
writing down the solutions, students must do so in their own words.
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Introduction

e “Algorithms change/d the world”

e Precise instructions of how to add, subtract,
multiply, divide, extract square roots, get
digits of i, ... [Al Khwarizmi, AD 600, Baghdad]

e Unambiguous, precise, mechanical, efficient
and correct



Three questions to ask - algorithm

After we understand what it does or is supposed
to do.

1. Is it correct?

2. How much time does it take, as a function of
the input size

3. Can we do better



A Sequence

e The first 21 numbers are:

0,1,1,2,3,5,8, 13, 21, 34, 55, 89, 144, 233,
377,610,987, 1597, 2584, 4181, 6765

What can we say about this sequence?



Many things

Non-negative
Increasing

Rapidly increasing almost as fast as 2", in fact
a good approximation is: 20-694n

If we call F,, the n*" number then
F.=F _,+F, ,wheren>1and
F,=0and F, =1.



Fibonacci Numbers

F. is called the n*" Fibonacci number.

Fibonacci was living between 1170 and 1250.

SCIENCEPhOtOLIBRARY



Fibonacci Occurrences in Nature

Number of Petals _ Flower

3 petals (or 2 sets of 3) lily (usually in 2 sets of 3 for 6 total), iris
5 petals buttercup, wild rose, larkspur, columbine

(aquilegia), vinca
8 petals delphinium, coreopsis
13 petals ragwort, marigold, cineraria
21 petals aster, black-eyed susan, chicory
34 petals plantain, daisy, pyrethrum
55 petals daisy, the asteraceae family
89 petals daisy, the asteraceae family

0,1,1,2,3,5,8, 13, 21, 34, 55, 89, 144, ...



Pineapple

The number of spirals
going in each direction is
a Fibonacci Number.

Here, there are 13
spirals that turn
clockwise and 21 curving
counterclockwise.

In sunflowers, the number of clockwise and counterclockwise spirals
will always be consecutive Fibonacci Numbers like 21 and 34 or 55 and 34.



Algorithm | for Fibonacci

~unction fib1(n)

ifn=0return0
if n = 1return 1
return fib1(n-1) + fib1(n-2)




1

The Three Questions

Is the algorithm correct?
How much time does it take to compute?

. Can we do better?

. Is easy that is simply the definition of the
Fibonacci sequence.



2. How much time does it take to
compute?

 The time is a function of n, let us call it T(n)
e T(n)<2,forn<1 why?
* For larger values of n, i.e., n>1

T(n) =T(n-1) + T(n-1) + 3

so, we can see that T(n) = F(n)



bad news?!

e to compute T(200) = F(200) = 2138 steps would
be required

e thisis huge the NEC Earth Simulator can do 40
trillion steps per second. Thus, to compute
F(200) would take at least 2°2 seconds that is
about 78509642268225537474 years.

 The earth is expected to live to 5 billion
(5000000000) years only.



So, can we do better?

3. Can we do better?

Why is fib1 so bad?

Function fib1(n)
ifn=0return0

if n=1return 1

return fib1(n-1) + fib1(n-2)




a second attempt fib2

Function fib2(n)
if n=0returnO

create an array f[O .. n]
f[0] =0, f[1] =1
fori=2..n

fli] = f[i-1] + f[i-2]

return f[n]




The three questions

1. Is the algorithm correct?

2. How much time does it take to compute?

3. Can we do better?

. Is the algorithm correct?
again, here the correctness is self-evident
as it follows from the definition of Fibonacci.



2. How much time does it take to
compute?

e Except of the small number of constant
operations the main work is carried out in the
loop.

— the loop body is one addition

— and is executed n-1 times

So, the total number of operations taken by fib2 is
linear in n.



Careful

We get that fib2 executes a linear number of
additions. However, the numbers are huge.

Our standard model of analysis assumes that
the numbers have a constant number of bits

(32 or 64 ...).
Here the numbers are about 0.694n bits long!
Such numbers cannot be added in one step!

Adding 2 n-bit numbers takes time
proportional to n.



Conclusion

e Lemma: The running time of fib2(n) is
proportional to n?.

e What is the running time of fib1(n) then?

3. Can we do better? YES, see Exercise 0.4 in
book



Recall Big-O

e Letf(n) and g(n) be functions from the
positive integers to the reals. We say that

f =0(g) if there is a constant c>0 such that
f(n) < c*g(n).
 This means that f grows no faster than g.

e Also, the constant c allows us to ignore small
values of n.



Some examples

e f(x) =x2+ log(x) + 7x +100000000



Course requirement

e | will assume that you are familiar with big-O.



Divide&Conquer Algorithm

Recall D&C

Break problem into subproblems that are
smaller instances of the same type of problem

Recursively solve the subproblems

Combine the answers to the subproblems into
an answer to the original problem
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MATRIX-CHAIN-ORDER (p)

1 n = p.length—1

2 letm[l..n,1..n]and s[l..n —1,2..n] be new tables
3 fori =1ton

4 mli,i] = 0

5 for!/ =2ton // 1 is the chain length

6 fori = 1ton—1[1+1

7 J=i4+l—1

8 mli, j] = o0

9 fork =itoj—1

10 g = m[i,k] +mlk + 1, j] + Pi-1Pkp;
11 itg <mli, j]

12 mli, j] = q

13 sli,jl==k%

14 return m and s

Figure 15.5 The m and s tables computed by MATRIX-CHAIN-ORDER forn = 6 and the follow-
ing matrix dimensions: '

matrix | A As Aj Ag As - Ag

dimension | 30x35 35x15 15x5 5x10 10x 20 - 20 %25

The tables are rotated so that the main diagonal runs horizontally. The m table uses only the main
diagonal and upper triangle, and the s table uses only the upper triangle. The minimum number of
scalar multiplications to multiply the 6 matrices is m[1, 6] = 15,125. Of the darker entries, the pairs
that have the same shading are taken together in line 10 when computing

m[2,2) +m[3,5] + p1paps = 0+2500+35-15-20 = 13,000,
m[2,5] = min{m[2,3] +m[4,5] + p1paps = 2625+ 1000 +35-5-20 = 7125,
m[2, 4] +m[5,5] + p1paps = 4375+0+35-10-20 = 11,375

7125.
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