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Review Lecture
(note: The notes are subject to possible revision for improving readabil-
ity; please constantly check WebCT for possible update.)

Fourier series

Fourier series (FS) of a (2L)-periodic piecewise continuous function f(x):
nmwx T
f(x) ~ > —i—Z[ancos 7 + by, sin%}

where

nmx

L/f cos@dx b, = L/f sin—dx

When f(x) is odd, the above FS becomes Fourier sine series:

- . nTx
X) ~ n;l bn S1n T .
When f(x) is even, the above FS becomes Fourier cosine series:

flx )~3+Zancos—
=1
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Convergence Theorem on Fourier series for periodic functions with
piecewise continuous derivatives. Convergence at continuity points and
jump points

A function defined on a finite interval can be extended to give a periodic
function, and then the FS for the resulting function may be calculated.
Two methods of extensions, in particular:

e 0dd extension,

e cven extension.
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Chapter 11: Parametric equations and polar coordinates

Parametric equations for a plane curve:

{x = x(t),
y=y(t),
where ¢ 1s from a finite or infinite interval.

In the parametric equation, if y may be regarded as a function of x, the
first and second derivatives may be calculated as follows:

o % = x;/y, (assume the RHS is well defined)

o 43 = 28 = (dy/d);/x.

Horizontal tangent lines: y; =0, dy/dx =0

Vertical tangent lines: x; = 0, dx/dy = 0.
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Suppose a space curve C is parametrized such that ¢ € [or, B] and x(o&) =

a, x(B) = b.

The area below the curve (if being above the x-axis):

A= / ydx = / (1)x\dt

where x(ot) = a and x() =

Arc length:

L= / \/ (x7)% + (vr)2dt.

Area of a surface obtained by rotating a curve about x-axis:

S — / )t
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Polar coordinates: Each point may be represented by a pair (7, 0).

x=rcos0, y=rsin0.

Area (of a sector): ,
A= (1/2)/ (6)d6.

This is the area bounded by the curve r(0), 6 € |a,b] and and two lines
0 = a, 6 = b. Do not forget the factor (1/2). An easy method to cor-
rectly remember this formula is to test it with a unit circle.

Arc length:

b
L= / \/ 1?4 (ry)*d0.
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Chapter 13: Vectors and geometry of space

Inner product: for both 2-D and 3-D.

Cross product (only for 3-D):
a:(al7a27a3)7 b:(bl7b27b3)°

Then
i j k
axb=|a a as|.
by by b;

Projection of one vector onto another one.
Equations for lines and planes.

Distance D between

|axg+byo+czo+d|

o A point (x(), )707ZO) and a plane: D = 2 22
ac+bo-+c
o A point and a line

Classification of quadratic surfaces.

(D
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Chapter 14: Vector functions

Consider a curve given by the vector equation r = r(¢t) with ¢ € [a, b].

Arc length:

/\r )|dt = /\/x, + (z})2dt

Unit tangent vector:

T(t)=r'(t)/Ir' @),

where |r/(¢)] is the length of the vector 7/(¢).

Curvature:
|rl X rl/|

dT
K(l‘):‘% — |I"/|3

Unit tangent, unit normal vector, binormal vector, osculating plane

N=T'/IT', B=TxN.

Motion
Position: r(t), velocity: r'(¢), speed: |r'(¢)|, acceleration: r”(z).
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Chapter 15: Partial derivatives

Tangent lines and tangent planes:
2-D: For the curve implicitly defined by the equation F(x,y) = 0, the
equation of the tangent line at (xg,yo) is

Fx(x07y0)
y = =20 — xg) + Yo,
Fi(oryo) &)

3-D: Equation of the tangent plane of a surface at the point (xo, yo,20):
When the surface is explicitly given by z = f(x,y):

z2—20 = felx—x0) + fy(y — Yo)-
When the surface is defined by F(x,y,z) = 0:
Fi(x—xo) + Fy(y —y0) + Fz(z—20) =0.
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Differentials:
Z:f(x7y>7 dZ:fxdx+fydy

w:f(x,y,z) dWfodx+fydy—|—deZ.

The differential may be used to give linear approximation of a given
function.

The chain rule:
Case 1: x=f(t),y=g(t),and z= F (x,y) = G(¢) (so z may be ultimately
expressed as a function G(z) of ). Then

{ — Fx.xt +P3)yt = Fxﬁ "‘Fygt-

Case 2: x = f(s,t), y=g(s,t), and z = F(x,y) = G(s,t). Then
<s :Fxxs+Fny7 <t :Fxxt+F31yt-
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The gradient vector.
Two variable function z = f(x,y), V.f = (fs, fy)-
Three variable function: w = f(x,y,2), V.f = (fs, fy, f2)-

Directional derivative: Let u be a unit vector.
D,=Vf-u=|vVf|cosO

where 0 is the angle between f and u. When u is in the direction of the
gradient, the directional derivative has the largest magnitude.

Critical points of a function (of two variables).

Second derivatives test for local minimum/maximum and saddle points.
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Lagrange multipliers: Given a function f(x,y,z) subject to constraints:
gx,y,z) =c, (2)

where c is a constant. Then the method of Lagrange multipliers may be
used to find the constrained maximum and minimum if existing.
The following steps may be used to find the extreme values.

e Define the function F = f — A (g —¢).
e Give the derivative condition: Fy =0, F, = 0 and F; = 0.

e Next, the following equation system is solved

(fx:)tgxa

) fy:)tgya
fZ:)nga

(8§ =¢

Note: the equality constraint g = ¢ should be included in the above
equation system.

e Solve the above equation system to get several solutions. Evaluate f
at theses solutions.
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Such constrained minimization/maximization problems may appear in
other very similar forms and the method of Lagrange multipliers is still
applicable:

e Find the extreme values of a three variable function f(x,y,z) subject
to two equality constraints g(x,y,z) = c¢; and h(x,y,z) = c».

e Find the extreme values of a two variable function f(x,y) subject to
one constraint g(x,y) = k.
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Chapter 16: Multiple integrals

Fubini’s Theorem.

Rectangular regions: If f(x,y) is continuous on the rectangle S = {(x,y)|a <
x<b, c<y<d},then

//f(x,y)dA = /ab/cdf(x,y)dydx=/Cd/abf(x,y)dxdy-

Type I region:
b rg(x)
//f(x,y)dA:/ / dydx.
5 a Jgi(x)

d  rhy(y)
//f(x,y)dA:/ / dxdy.
s ¢ Jhy(y)

Highlight: There exist regions which are of both type I and type II. In
this case, we may evaluate the double integral by converting it into an
iterated integral of either type I or type II; also, the iterated integral of
type I (resp., II) may be converted to the iterated integral of type II (resp.

D).

Type II region:

Double integral in polar coordinates:

B h2(0)
//f(x,y)dA :/ / f(rcosO,rsinB)rdrd®.
s o Jhi(0)
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Triple integrals.

fx,y,2)dV = uz(x,y)f(x,y, z)dz| dA
B s uy (x.y)

Thus, the region E is bounded by an upper surface and a lower surface
and a cylinder whose projection onto the x —y plane is D.

Depending on the structure of D, the above double integral may be fur-
ther evaluated by iterated integrals.

Type I:

Type II:

///f(x,y,z)dv = // [/ufyij)f(x,y,z)dx] dA.
[ s = [[[[* s an

Type III:
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Triple integral in cylindrical coordinates:

B rha(0) prus(x.y)
///f(xayaZ)dV = / / / f(rcosO,rsin0)rdzdrd6.
E a Jhi(8) Jui(xy)

In evaluating the integral, we further write u;(x,y) = u;(rcos,rsin@)
fori=1,2.

Triple integrals in spherical coordinates:

///f(x,y,Z)dV

:///f(p sing cos 0, psin@sin @, p cos ¢)p*sinpdpdOd¢.
E



Term: Fall 2012 Course: MATH2004 Instructor: Dr. Minyi Huang 16
Chapter 17: Vector calculus

Line integrals.

Type 1.
2D /fxydﬁif}(ww@WV()+@#m

D [ flenads= [ sty VO 007+ @dr.
Type 1I:

2-D: /F dr—/ P(x,y)dx+ Q(x,y)dy

- ['tr +O(u(t),v(0)/(1))ds
3-D: /F a’r—/nydx—l—Q(xy)
—/’ (1) + QLu(0), (), w(0) (1)

(u(t) V(t),W( )) (0)]dt

Fundamental theorem:
[ F-dr=1(r6) = f(r(a)

where F is conservative and f is its potential function.
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The sufficient and necessary condition:
A 2-D vector field F = P(x,y)i+ Q(x,y)j with continuous partial deriva-
tives is conservative if and only if

P, = Q..

This criterion may be used to find the potential function (check notes)
for a given conservative vector field.



