ECO 3145 Mathematical Economics I
Lecture 7
Integral Calculus and Exponential Functions

Chiang, chs. 14.1-14.5, 10

*	*	*

Summary:

I. Definite integral
II. Rules of integration
III. Applications

*	*	*

I. Definite integral

1. Area under a curve
· 
notation: 	(no interpretation yet)
· diagram 
· examples from economics: TR of a monopolist, CS of a consumer

2. Summation interpretation

· examples from economics: total = sum of marginals
· diagram: 
· area approximated by sum of rectangles
· 
notation:  , where

 
· the finer the definition of the rectangles, the better the approximation
· limiting case: 
· exact measure of the area
· 
notation: 
· interpretation: integral sign a stylised “s”, etc. 



3. Calculation

· antiderivative: 
· 
a function F such that 
· family of all antiderivatives of a function:
· 
 , where C is a constant
· called the indefinite integral
· 
denoted 
· 
i.e. 

· Fundamental Theorem of Calculus:


	

II. Rules of Integration: Finding Anti-derivatives

1. constants

2. power rule

3. exponential functions

4. sum-difference rule

5. substitution rule

6. integration by parts

7. improper integrals

8. homework: 

Do as many (or as few) of the following problems as are necessary to make yourself comfortable with all aspects of integrals. This is review material, and I will not be examining it directly. However, I will assume you know how to solve simple integration problems.

Chiang:	p.453-454 (p.446), #1 – 4
p.460 (p.454), #1 – 2 
p.464 (p.458), #1 – 3 

III. Applications

1. consumer surplus


inverse demand function:	


supply function:	


consumer surplus:	


2. present value

a. discrete time

i.) the financial perspective

· consider an amount, A, put into a savings account which yields an annual interest rate, r
· assume interest is paid on the anniversary of the deposit
· let Vt represent the value of the savings after leaving it in the account for t years
· clearly, 


	etc.

· for example, if A = $1 and r = 5 percent, then:




· this relationship can be used to determine the value today of an amount received in a future period; i.e. the present value
· specifically, if we know Vt and r, we can determine the amount A which would have to be put in the bank to yield Vt:




· when calculated in this manner:
· A is the present value of Vt
· 
the discount factor, Dt, is equal in this case to 
· r , as well as being the interest rate on the savings account, is also called the discount rate for the purpose of calculating the present value

· for example, with r = 5 percent, the present value of $1 paid in five years is 78 cents; i.e. 



· thus, the financial approach to valuing future payments gives us a method to evaluate the present value of future costs and benefits 


ii.) recurrent payments

· in economics, it is often necessary to calculate the PV of a stream of recurring payments
· e.g. interest payments from a bond, annual income from a small business, real estate valuation, etc.
· must calculate the PV of each individual receipt, then sum them to arrive at an aggregate expression for PV
· e.g. the PV of a bond:
· assume the bond entitles the owner to an annual payment of P (equals coupon rate times face value)
· in addition, the owner gets the face value of the bond back at the date of maturity
· denote the face value as F
· denote date of maturity as T
· then the stream of interest payments can be represented by the sequence 

· a present value can be calculated for each payment; i.e.

  where r denotes the appropriate interest (discount) rate
· 
similarly the present value of the final payout of the face value at maturity can also be calculated: 
· adding up all these present values gives the present value of the bond
· then


 


b. compounding and natural base, e

· textbook reference: Chiang, ch. 10

· compounding:
· in the treatment above, it was assumed that interest was calculated and paid once every period, at the end of the period
· this treatment is called “annual compounding”
· semi-annual compounding: interest calculated and paid at half-period intervals
· tri-annual compounding:

· semi-annual compounding:
· assume amount A is invested at an annual interest rate of r percent
· then the value, V, in one year is:
 
· conversely, the present value of an amount V paid out in one year, when discounting is undertaken assuming an annual interest rate of r and semi-annual compounding is: 
 

· general compounding:
· let m denote the frequency of compounding per year
· then value in one year is:

	or	
· present value (today) of V (paid out in one year) is:


		or	
· continuous compounding:
· lim m 
· 
for simplicity, define  and substitute in expressions above
· then 



	and	
· furthermore, lim m is equivalent to lim w
· therefore, growth and discounting with continuous compounding is given by: 



	and			(9)

· note definition of natural base, e:

   (economic interpretation?)


· therefore, expressions in (9) can be rewritten as:


	and	

· multiple years:


	and	





· nominal vs. effective interest rate:
· nominal interest rate:
· r in the expressions above
· indicates how much the investment would grow in one year (one unit of time) if it were undisturbed by compounding
· effective interest rate:
· in reality, under continuous compounding the investment is “disturbed” continuously by compounding, so the investment will actually grow much more than r percent per year
· define i as the effective interest rate
· then

· 
example: 
· note: the effective rate is greater than the nominal rate, due to the effect of compounding

c. continuous time

i.) optimal holding time

· 
define  as the market value of an asset at time t
· assume a constant nominal discount rate of r; i.e. this rate of interest can be earned on money put in the bank or invested in a bond
· 
then the present value of the sale price is given by the function 
· the question arises: when would be the best time to sell this asset and put the proceeds into the bank?
· answer: choose a time t which maximizes the PV of the sale
· 
first-order conditions:


· intuition: 
· if the rate of growth of the market value is greater than the interest rate (rate of growth of money), keep the asset
· if the rate of growth of the market value is less than the interest rate (rate of growth of money), then you have kept the asset too long
· sell at a time when the market value of the asset is growing at the same rate as money
· diagram

· examples in the real world:
· how long to age wine
· how long should a forestry company let its trees grow 

· 
example: 
ii.) recurrent payments

· 
consider a continuous revenue stream at the rate of  dollars per year
· e.g. it is hard to think of any real world revenue streams that are truly continuous; however, interest earned in a daily interest savings account is close to continuous
· 

at any point of time, the amount of revenue during the interval  is equal to 
· 
when discounted (continuous compounding) at the annual interest rate of r, the present value is 
· 
integrating over the interval  yields the present value of the revenue stream over the interval

(remember: integration is the continuous-time equivalent of summation)

· special case: the revenue stream flows at the constant rate R per annum, in all periods
· therefore

· 

note: when , 


3. homework

 Do at least one selection from each question.

Chiang:	p.470 (pp.464-465), #1 – 5
		p.267 (p.282), #3 – 4
		p.272 (p.287), #2, #3 (c,d,e only), #4
		p.276 (p.292), #3, #4, #6
		p.282 (pp.297-298), #1, #3, #4, #6
		p.286 (p.301), #1
		p.290, #1 – 4, #7, #10 (pp.305-306, #1 – 4, #6, #9)

Summary of Lecture

I. Definite integral

1. Area under a curve
2. Summation interpretation
3. Calculation

II. Rules of Integration

1. constants
2. power rule
3. exponential functions
4. sum-difference rule
5. substitution rule
6. integration by parts
7. improper integrals
8. homework

III. Applications

1. consumer surplus
2. present value

a. discrete time
i.) the financial perspective
ii.) recurrent payments

b. compounding and natural base, e

c. continuous time
i.) optimal holding time
ii.) recurrent payments 
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