ECO 3145 Mathematical Economics I

Lecture 9

First-Order Differential Equations

Chiang, ch. 15.1, 15.3, 15.6, 15.7
*
*
*

Summary:

I. Introduction

II. Solution method: integration

III. Dynamic characteristics of a solution

IV. General solution method

V. Qualitative analysis:  phase diagrams

*
*
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I. Introduction

1. time path 

· continuous-time analogue of a sequence

· the value of a variable expressed as a function of time

· notation: 
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2. differential equation (DE)

· definition:

· variables measured in continuous time

· an equation which specifies the instantaneous change in the value of a variable

· at least one term of the equation is a derivative (or a differential)

· linear form:
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or equivalently  
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(1)

· non-linear form:

· example: Solow growth model (definitions of variables and parameters in previous lecture)
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3. solution

· an expression for the time path of the dependent variable, 
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, as a function of:

· the time path(s) of the independent variable(s), i.e. 
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· time

· a given value of the dependent variable, such as the initial value, x(0)

II. Solution method: integration

1. backward solution

· rewrite (1) in the following form: 
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· trick: multiply both sides of the equation by 
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· observe that the left-hand side of this equation is equivalent to 
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· make this substitution into the equation, yielding
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· integrate both sides of the equation from 
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, where T denotes a particular value of t for which you want to know the solution
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· simplify:
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· multiply both sides of the equation by 
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· this is the solution for x(t) when 
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· more generally, we can write
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(2)

where t is used to denote a particular value of time and s is the index of integration

· this is a backward solution because it depends upon past values of the exogenous variable

2. special case: constant b(t)

· i.e. 
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· then the solution becomes
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3. forward solution 

· proceed as for a backward solution, except integrate from a starting point 
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 to a terminal point 
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· simplify:
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· multiply both sides of the equation by 
[image: image29.wmf]1

t

e

a

, yielding


[image: image30.wmf]ò

-

a

-

-

a

-

-

=

2

1

1

1

2

t

t

)

t

t

(

2

)

t

t

(

1

dt

)

t

(

b

e

)

t

(

x

e

)

t

(

x


· this is a forward solution because it depends upon future values of the exogenous variable and a given value of the endogenous variable in the future, 
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4. limiting case of the forward solution

· consider the forward solution above when
[image: image32.wmf]¥

®

2

t

:


[image: image33.wmf]ò

-

a

-

¥

®

-

a

-

¥

®

-

=

2

1

1

2

1

2

2

t

t

)

t

t

(

t

2

)

t

t

(

t

1

dt

)

t

(

b

e

lim

)

t

(

x

e

lim

)

t

(

x


· if 
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· if 
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, then x(t1) is undefined, assuming 
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· if 
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· the integral converges (i.e. has finite value), assuming b(t) is bounded, since 
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. (The conditions for convergence are actually more complicated than this. However, for most applications in economics, these conditions are sufficient to guarantee convergence.)

· in this case, 
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is a discounted infinite sum of the exogenous variable, b(t), starting from the present period, t1, where the discount rate is α
· simplifying the notation: 
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5. special case: constant b(t)

· i.e. 
[image: image43.wmf]t

b

)

t

(

b

"

=


· then (3) becomes
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· i.e. x(t) is constant, for all values of t

III. Dynamic characteristics of a solution

1. boundedness

· a time path 
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· inspection of (1) makes it clear that x(t) can only be bounded if b(t) is bounded

2. steady state

· definition: 

· a property of infinite time paths

· a value of x(t) such that 
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 from then on

· also called equilibrium, long-run or stationary value

· notation: 
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· existence: inspection of (1) makes it clear that 
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 can exist if an only if 
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 exists

· convergence:

· the DE is said to converge if 
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· if it exists, 
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 is the steady state 
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· i.e. if a DE converges, then by definition it converges to its steady-state value, regardless of its starting value

· divergence:

· the DE is said to diverge if 
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 does not exist

· but a divergent DE may nonetheless have a steady state

· in this case, the DE diverges for any starting value other than the steady state, 
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· solution: provided 
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 exists and 
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2. stability

a. constant exogenous variable, b

· definition: 

· a solution is stable if it converges to its steady state from any starting value

· a solution is unstable if it diverges, given an initial value other than its steady state

· by definition, solutions that do not have steady states are unstable

· forward solution:

· 
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 shows that the forward solution is identical to the steady state when the exogenous variable is constant

· i.e. 
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 for all values of t

· therefore, this solution is stable

· backward solution:

· note that the second term of 
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 is in fact the steady state

· therefore, stability requires that the first term vanish as 
[image: image64.wmf]¥

®

t


· a necessary and sufficient condition for this result is 
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b. time-varying exogenous variable, b(t)

· definition: a DE is stable if the solution x(t) is bounded when the exogenous variable b(t) is bounded

· backward solution:

· necessary and sufficient condition:
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· proof: beyond the scope of the class

· intuition: the solution (2) explodes when 
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· forward solution:

· necessary and sufficient condition:
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· proof: see discussion above regarding the solution (3)

· intuition: the solution (3) explodes when 
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IV. General solution method

· introduction:

· as with difference equations, there is also a general method for finding the solution to differential equations

· this method will be demonstrated here for the case of constant coefficient and constant exogenous variable, i.e. 
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(4)

· the case of variable coefficient and variable exogenous variable requires the study of exact differential equations, which is beyond the scope of the present course

· elements of the solution method:

· particular solution

· complementary function

· general solution

· definite solution

· it can be shown that a solution to (4) is given by the sum of a “particular solution,” 
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· particular solution:

· pick any solution that is consistent with (4)

· since there are many, why not try to find the simplest possible?

· guess #1: 

· a constant function, i.e. 
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· in this case 
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· substitute 
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 into (4) to see whether it is consistent with the DE:
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· conclusion: provided 
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  is consistent with (4) and therefore qualifies as a particular solution 

· guess #2:

· if 
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· clearly, the constant function 
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, is not consistent with this DE (unless of course 
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· try the next simplest form: 

· a linear function: 
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· which gives 
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· if 
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, this linear function is consistent with the DE and therefore qualifies as a particular solution

· complementary function:

· setting 
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 in (4) gives rise to the homogeneous equation 
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, which is also called the “reduced equation” of (4)

· the homogeneous equation can also be written as 
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· i.e. whatever the solution, it has a constant rate of change (
· in continuous time, there is only one functional form which exhibits this property, 
[image: image93.wmf]t
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· this is the general solution of the homogeneous equation and the complementary function of the complete equation

· general solution:

· add the complementary function and the particular solution:
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· any time path which is consistent with the DE (4) can be represented by (5) by choosing an appropriate value of the constant A

· definite solution:

· choose the value of A to obtain a unique solution

· for example, if the initial value of x is known – 
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 – then this information can be used to determine the associated value of A 

· case: 
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· case: 
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· definite solution:
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· note that (6) is identical to 
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; thus the general method gives the same result as simple integration

V. Qualitative analysis: phase diagrams

1. introduction

· context:

· applicable only for DE with constant exogenous term; i.e. 
[image: image102.wmf]b

)

t

(

x

)

t

(

x

+

a

=

&


· note: in this case, the forward solution is identically equal to the steady state

· thus, phase diagrams are only meaningful in the context of backward solutions

· diagram:

· vertical axis: 
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· horizontal axis: x(t)

· horizontal intercept: 
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· examples:  
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· time-path diagram:

· examples: try different starting values in the examples above

· stability

2. Solow growth model

· non-linear DE: 

· use phase diagram to obtain qualitative information, without solving for an explicit solution

· from section I above (definitions of variables and parameters in the previous lecture):
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· two steady states:

· first: by inspection of (7), it is clear that zero is a steady state; i.e. 
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· second: set 
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· shape of the DE:

· consider the derivative of (7), 
[image: image111.wmf])

t

(

k

d

)

t

(

k

d

&



[image: image112.wmf]d

-

a

s

=

d

-

a

s

=

a

-

-

a

1

1

)

t

(

k

A

)

t

(

k

A

)

t

(

k

d

)

t

(

k

d

&


· case 1: for k(t) sufficiently small (neighbourhood of zero), 
[image: image113.wmf]0

)

t

(

k

d

)

t

(

k

d

>

&


· case 2: for 
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· case 3: for 
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· diagram

· dynamics:

· case 
[image: image118.wmf]0
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: unstable

· case 
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