ECO 3145 Mathematical Economics I

Lecture 8

First-Order Difference Equations

Chiang, ch. 17.1-17.3, 17.6
*
*
*

Summary:

I. Dynamic analysis

II. Solution method: repeated iteration

III. Stability

IV. General solution method

V. Qualitative analysis: phase diagrams

VI. Applications

*
*
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I. Dynamic Analysis

1. static analysis

· no consideration of time

· variables of interest can take only one value; e.g. equilibrium price, quantity

2. dynamic analysis

· passage of time is accounted for in the analysis

· instead of single-valued variables, focus on paths of each variable over time

· e.g. time path of consumption

· the value of a variable in one period may be related to the value in an adjacent period

· difference equations and differential equations are tools for analysing how the value of a variable in one period is related to its value in other periods, as well as the values of other variables

3. time measurement

· continuous time:

· time represented by a variable, t, defined over the real number line ( units of time are infinitesimally small (no duration)

· the path of a variable y over time is represented by yt or the function y(t)

· because the units of t are infinitesimally small, y can change from moment to moment 

· change in y is measured by a derivative or differential

· discrete time: 

· time a series of distinct periods, identified by integer values; e.g. t = 1,2,3,…

· each period has duration

· the path of a variable y over time is represented by yt or y(t)

· the value of y remains constant for the duration of each period of time; it can only change when the period changes

· change in y measured by difference; i.e. 
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· example: how old are you? 

4. sequence

· definition: set of values showing the path of a variable in discrete time

· notation:

· 
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, where each term, xn, indicates the value of x for the duration of time period n

· e.g. 
[image: image5.wmf](

)

K

,

6

 

,

397

,

12

,

17

,

5

,

1

X

=


· 
[image: image6.wmf]{

}

j

1

j

1

i

i

j

i

t

t

x

,

x

,

,

x

,

x

x

-

+

=

=

K


5. difference equation (DE)

· definition: an equation which specifies the change in a variable from one period to the next

· example: 
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 is a sequence of exogenous variables, 
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 is a sequence of endogenous variables (because its value depends upon y and previous values of itself), and ( represents a constant

· order: 

· the difference between the earliest and latest time period in the equation

· example: 
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 is a first-order DE

· example: 
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 is a second-order DE

· linear vs. non-linear DE:

· e.g. 
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· e.g. 
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6. solution

· definition:

· a representation of each element of 
[image: image14.wmf]{

}

t

x

as a function of t and the sequence of exogenous variables, 
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· i.e. what sequence 
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· e.g. a person’s age:

· characterized by 
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 , where xt is defined as the person’s age during period t

· many sequences satisfy this DE: e.g. 
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· uniqueness:

· usually, there are many sequences that satisfy the same DE

· to obtain a unique solution for a first-order DE – i.e. a unique sequence which satisfies the DE  – it is necessary to know at least one of the xt values

· in general, to obtain a unique solution for an nth-order linear DE, it is necessary to know n values of xt in advance

· in economics, we often know the initial value of the sequence; e.g. initial consumption, initial unemployment, GDP, etc.

· sometimes, instead, we know only the last value – called the terminal value; e.g. the desired amount of savings to have accumulated by age 65, for retirement 

· example: 

· finding solutions through repeated substitution

· 
[image: image20.wmf]400

x

,

300

x

2

1

x

0

1

t

t

=

+

=

-


II. Solution method: repeated iteration 

1. backward solution

· consider 
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· eqn (1) implies the relationship is true for any value of t

· e.g. 
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· therefore, use (1) to define xt-1:  
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· substitute into (1), yielding
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(2)

· similarly, use (1) to define xt-2 as 
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· substitute into (2), yielding
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· denote the initial value x0 – i.e. the value of x t periods ago

· continue the iterative substitution process t times, yielding
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(3)

· this is the backward solution to the DE:
· an expression yielding the value of xt as a function of (i) the exogenous sequence 
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 (past and present values of y), (ii.) the initial value x0, and (iii.) time, t 
· if x0 and 
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are known, then we can use (3) to obtain a unique solution of the DE

2. special case: constant yt
· if yt equals a constant value y, for all t, then (3) becomes
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· simplifying 
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· then it must be true that 
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· calculate difference:
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· substitute this expression into 
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· the second expression above probably seems unnecessarily complex; however, it will be important later 

· in the case where 
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· summary:
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(4)

· example:

· Jane inherits $500,000

· she plans to quit her job and live off her inheritance

· she takes an annual income of $40,000

· she earns an after-tax real interest rate of 3.5 percent

· how much of her inheritance will be left in 10 years? 20 years?

3. forward solution

· in some contexts, the value of a variable in any given period will depend upon future values rather than past values; e.g. stock prices

· therefore, consider a DE of the form 
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· use (5) to define xt+1 as 
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· substitute into (5), yielding
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· repeat the iterative substitution n times, yielding
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(6)

4. conversion of backward to forward solutions (and vice versa)
· note that (1) can be rearranged to suggest a forward solution: 
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· therefore, every DE has both a backward and a forward solution

III. Stability

1. characteristics of dynamic paths

· monotonic:

· first-differences of the solution have the same sign; i.e. 
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 has the same sign, for all t

· we say “the dynamics generated by the DE are monotonic”

· plot of the solution sequence is smooth

· example: 

· 
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· evaluate using repeated substitution

· generalization: 

· dynamics generated by the DE 
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· this rule applies only for a constant exogenous term; i.e. cannot generalize when y is different in each period

· oscillatory

· first-differences of the solution alternate in sign from one value of t to the next; e.g. 
[image: image54.wmf].
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· we say “the dynamics generated by the DE are oscillatory”

· plot of the solution has zig-zag pattern

· example: 

· 
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· evaluate using repeated substitution

· generalization: 

· dynamics generated by the DE 
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· dynamics generated by the DE 
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· this rule applies only for a constant exogenous term; i.e. cannot generalize when y is different in each period

2. steady state

· definition: 

· a property of infinite sequences; i.e. 
[image: image60.wmf](

)

K

,

x

,

x

,

x

X

3

2

1

=


· a value for an element of the sequence such that all subsequent values remain unchanged

· denote the steady-state value as 
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· steady state is the long-run value of xt, after all dynamic adjustment has taken place

· synonyms: long-run value, equilibrium value, stationary value, intertemporal equilibrium

· convergence:

· consider the linear 1st order DE 
[image: image65.wmf]t

1

t

t

y

x

x

+

a

=

-


· the DE is said to converge if 
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· if it exists, 
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 is the steady state value of xt
· i.e. if a DE converges, then by definition it converges to its steady-state value, regardless of its starting value

· divergence:

· the DE is said to diverge if 
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· examples:

· 
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· but a divergent DE may nonetheless have a steady state

· in this case, the DE diverges for any starting value other than the steady state, 
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· solution:

· if a steady state exists, then 
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 once it has been reached

· therefore, the DE 
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· example:
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· note:

· this solution of 
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 is not well defined for the case when 
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· this case will be discussed below

3. stability

a. constant exogenous variable, y

· a DE is stable if it converges, for any initial value 

· example: 
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· a DE is unstable if it diverges, given an initial value other than its steady state 

· example: 
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initial value 
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· stability condition: 

The sequence generated by the DE  
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. (We say that the DE is stable, and that the steady state is stable.)
· instability condition:

The sequence generated by the DE  
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 diverges, for an initial value other than the steady state, 
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· special case: 
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· i.e. 
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· solution: 
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· diverges to 
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· special case: 
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· i.e. 
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· steady state: 
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· solution: 
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· unstable

b. time-varying exogenous variable, yt
· bounded sequence:

· a sequence 
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· stability:

· a DE 
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 is stable if the solution sequence 
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· of course, if 
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· therefore, sufficient conditions for the boundedness (stability) of 
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IV. General solution method

· rationale:

· if all DE’s were first-order, then the repeated iteration method would be adequate for finding solutions

· however, repeated iteration becomes unwieldy for higher-order difference equations

· fortunately, a general approach exists which can be used for DE’s of any order 

· this method will be demonstrated here in the simple case of first-order DE’s 

· the problem:

· consider a 1st-order linear DE with a constant coefficient ( and exogenous variable y:
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(7)

· as discussed, there are many sequences that are consistent with this DE; knowledge of one of the x values, such as the initial value, is required to narrow down the solution to one sequence

· elements of the solution method:

· particular solution

· complementary function

· homogeneous equation or reduced form

· general solution

· definite solution

· it can be shown that a solution to (7) is given by the sum of a “particular solution,” 
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· particular solution:

· pick any solution that is consistent with (7)

· since there are many, why not try to find the simplest possible?

· guess #1: 

· a constant function, i.e. 
[image: image122.wmf]c

x

t

=

 

· substitute this guess into (7) to see whether it is consistent with the DE:
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· conclusion: provided 
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 is consistent with (7) and therefore qualifies as a particular solution 

· guess #2:

· if 
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· try the next simplest form: a linear function 
[image: image127.wmf]ct
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· substitute this guess into (7) to see whether it is consistent with the DE:
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· conclusion: when 
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, the linear function 
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 is consistent with (7) and therefore qualifies as a particular solution 

· complementary function:

· setting 
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 in (7) gives rise to the homogeneous equation 
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, which is also called the “reduced form” of (7)

· repeated iteration indicates that solutions of the homogeneous equation take the form 
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(8)

where A is an arbitrary constant; i.e. any solution of the form (8) will be consistent with the homogenous equation, regardless of the value of A

· general solution:

· add the complementary function and the particular solution:
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(9)

· any sequence which is consistent with the DE (7) can be represented by (9) by choosing an appropriate value of the constant A

· definite solution:

· choose the value of A to obtain a unique solution

· for example, if the initial value of x is known – x0 – then this information can be used to determine the associated value of A 

· case: 
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· case: 
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· definite solution:
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(10)

· note that (10) is identical to (4); thus the general method gives the same result as repeated iteration

· intuition:

· case: 
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· inspection of (10) indicates that the particular solution is equivalent to the steady state of the DE 

· it follows therefore that the complementary function gives the deviation from the steady state, in this case

· clearly, the solution converges to the steady state if and only if 
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· case: 
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· as discussed above, a steady state does not exist in this case; rather, the solution diverges as 
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· inspection of (10) makes it clear that the influence of x0 dies out as 
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· therefore, the second term yt is sometimes referred to as the “moving equilibrium” – i.e. the value to which the solution tends as 
[image: image145.wmf]¥

®

t


· it follows that the particular solution is equivalent to the moving equilibrium and the complementary function to the deviation from the moving equilibrium

V. Qualitative analysis: phase diagrams

· graphical approach to DE solutions

· esp. useful for ascertaining qualitative features

· examples : 
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VI. Applications

1. stock prices

· definitions:

pt
=
price of a stock at time t

r
=
rate of interest that can be earned on a bond

dt
=
dividend paid by the stock at time t

· expected payout after one year:

· bond: 
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· stock: 
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 , where e denotes the expected value

· financial market equilibrium:

· expected payouts are equal

· i.e. 
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· dealing with expectations operators:

· assume it is period t-1

· then 
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· i.e. a first-order, linear difference equation in 
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· solution:

· if 
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· using either repeated iteration, or modifying equation (6), the solution (forward) is found to be
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· iterating forward indefinitely yields
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since 
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· note: 

· it can be shown that 
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· fortunately, we know that 
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· summary:

· 
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· i.e. the expected price of the stock in period t is equal to the present discounted value of the expected future stream of dividends

· if something happens to change expectations of future dividends, then the present price of the stock will change to reflect the change in expectations

· the change in stock price will be larger, the closer to t is the change in expected dividends

2. Solow growth model 
· definitions:
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capital’s share of output (Cobb-Douglas parameter) 
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· relationships:

· Cobb-Douglas production function: 
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· investment-savings identity: 
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· change in the capital stock:
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· note: a non-linear difference equation in k

· steady states:
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note: 
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 is one solution

if 
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summary: there are two stationary solutions: 
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· phase diagram:

· Q: is path of difference equation above or below the 45( line?

· A: evaluate derivative over relevant range
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· condition:
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  and vice versa

· assessment:

· clearly, 
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· also, for kt sufficiently large, 
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· in particular, at the non-zero steady state, 
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· diagram

· dynamics:

· non-zero steady state is stable

· zero steady state is unstable

· therefore, for any positive initial level of capital, the economy converges to the non-zero steady state over time

· at this point, investment just equals depreciation and output remains constant indefinitely

Summary
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2. dynamic analysis
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II. Solution method: repeated iteration

1. backward solution

2. special case: constant yt
3. forward solution

4. conversion of backward to forward solutions

III. Stability

1. characteristics of dynamic paths

2. steady state

3. stability
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b. time-varying yt
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