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(a) To derive the best-response functions for each firm, maximize the firm’s

profits given the amount the other firm is producing.

Firm 1:
Maxm; = (100 — 1 — q2) (1) — 20 - ¢

{a1}

The first-order condition is given by:

9
I 100 — 2y — gp — 20 = 0
oq

Thus, Firm 1’s best-response function is:

_80—(]2

© =" (1)

Firm 2:
Max mg = (100 — ¢1 — ¢2) (¢2) — 30 - ¢2

{2}

The first-order condition is given by:

B
T2 100 — gy — 2g3 — 30 = 0
3@2

Thus, Firm 1’s best-response function is:

_70—Q1

2= (2)
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2 marks (b) Graphing equations (1) and (2) yields:
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Firm 1's Best Response Function
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Firm 2's Best Response Function
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Figure 1: Best Response Functions

(¢) The Nash Equilibrium occurs where both firms are doing the best they
can given the level of output produced by the other firm (i.e. neither
firm has an incentive to change their output level given the amount
produced by the other firm). This occurs where the two best-response
functions are equal to each other. Substituting equation (2) into (1):

w=n0-(3) ("7")

Simplifying:
16070+ ¢
41 1
dgp—q = 90
3 = 90

2 marks

®3)
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Substituting equation (3) into equation (2):

~70-30
2

4

Substituting equations (3) and (4) into the demand function yields:

q2

P =100 -30—20

P = 50] (5)

If the two firms collude and act as a monopolist, then the industry
output would fall and the price would increase.

Note that if the two firms are colluding then they are better off using
the low cost firm’s production technology. Thus, the marginal cost in
the monopoly case is 20. There is no issue with this transformation
because there are no capacity constraints and at no level of output are
the two firms better off to switch facilities. (Note: think whether this
would still be the case if MCy = ¢3).

The maximization problem now becomes:

Max7 = (100 — Q) - Q — 20 - Q
{Q}
The first-order condition is given by:

or
%—IOO—QQ—QO—O

Thus, the equilibrium quantity is:

©

Substituting equation (6) into the demand function yields the following
equilibrium price:

P =100 - 40

P =60 (7)
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To determine why the collusive outcome is not a Nash equilibrium, we
need to look at the payoff matrix with the following scenarios:

e Both firms collude

e Firm 1 cheats

e Firm 2 cheats

e Both firms cheat and compete over quantity (i.e. Cournot compe-
tition)

i. Both firms collude
In this situation, both firms split the monopoly profits

= (P—-MC)-Q
™ = (60—20)-40
2 marks
m =800| | =800|
ii. Firm 1 cheats
If Firm 1 cheats, then Firm 2 produces the collusive amount —
g2 = 20. Then use Firm 1’s best-response function given by (1) to
determine how much Firm 1 produces.
80— ¢
G = 5
. 80—20
i = 5
g1 = 30
2 marks

Note that Firm 2 uses Firm 1’s technology because they are col-
luding — M Cy = 20.

™ = (P_Mcl)'QI Ty = (P_MCI)'QZ
m = (50—20)-30 Ty = (50—20)-20
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iii. Firm 2 cheats
If Firm 2 cheats then they have to use their higher cost production
technology. Firm 1 will produce ¢ = 20. Substituting into Firm
2’s best-response function (2) yields:

10— q
q2 = 5

_ 70 — 20
G2 = 5
g2 = 25

Substituting ¢; and ¢» into the demand function yields:

P =100—-20—-25

P =55
2 marks
Note that Firm 2 uses Firm 1’s technology because they are col-
luding - M Cy = 20.
™ = (P_Mcl)'Q1 g = (P_MCQ)'QZ
m = (55 —20)-20 T = (55 —30)-25
iv. Both firms cheat
2 marks Using the results from part (c) we have:
™ = (P—MCl)ql g = (P—MCQ)QQ
m = (50 —20)-30 me = (50 —30)-20
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The payoff matrix is thus given by:

Table 1: Payoff Matrix for Collusive Game

Firm 2
Collude Cheat
Firm 1 Collude | (800,800) | (700,625)*
Cheat *(900,600)* | *(900,400)

Page 6 of 9

Therefore, the Nash Equilibrium is (CHEAT,COLLUDE). The col-
lusive outcome is not a Nash equilibrium because Firm 1 can al-
ways do better by expanding their output. However, notice now
that Firm 2 always wants to collude. The reason is that it gives
them access to a technology that allows them to produce at a lower
cost. This benefit outweighs the loss to Firm 2 of Firm 1 cheat-
ing on the collusive agreement and increasing the amount they

produce.
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2. (a) In order to determine the critical discount factor we need to determine
the payoff matrix with the following scenarios:

Both firms collude

Firm 1 cheats

Firm 2 cheats

Both firms cheat and compete over prices (i.e. Bertrand competi-
tion)

Both firms collude
In this situation, both firms split the monopoly profits. The max-
imization problem now becomes:

h{[gf{ﬂz(l30—@)-@—10-@

The first-order condition is given by:

or
GG = 130-20-10=0

Thus, the equilibrium quantity is:

®

Substituting equation (8) into the demand function yields the fol-
lowing equilibrium price:

P =130-60

P =170 (9)
The monopoly profits are:

T = (P-MC)-Q
7 = (70 —10)- 60
= 3600

Thus, the profits for each firm if they split the monopoly profits
are:

m = 1800] |my = 1800
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ii.

1il.

1v.

Firm 1 cheats

In this situation, Firm 2 sets a price of P, = 70. Firm 1 can
undercut Firm 2 and charge a price of P, = 70 — ¢ and serve the
entire market. Thus, Firm 1 receives approximately the monopoly
profits and Firm 2 earns zero profits:

) %3600‘ ]m:o\

Firm 2 cheats

In this situation, Firm 1 sets a price of P, = 70. Firm 2 can
undercut Firm 1 and charge a price of P, = 70 — ¢ and serve the
entire market. Thus, Firm 2 receives approximately the monopoly
profits and Firm 1 earns zero profits:

[ = 0] | ™ A~ 3600

Both firms cheat

In this situation each firm will continue to undercut the other firm’s
price until price equals marginal cost. Thus, P, = P, = 10. Since
price equals marginal cost, each firm’s profits will be equal to zero.

=0  [m=0

The payoff matrix is thus given by:

Table 2: Payoff Matrix for Collusive Game

Firm 2
Collude Cheat
Firm 1 Collude | (1800,1800) | (0,3600)

Cheat (3600,0) (0,0)

The critical discount factor that sustains collusion as a Nash Equi-
librium to an infinitely repeated game is determined by comparing
the payoff a firm receives colluding and splitting the monopoly
profit (i.e. VM), with the payoff the firm receives from cheating
(ie. VO).
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The payoff a firm receives from always colluding is:

VM:Z(SH-BOO
t=1
1800
M:—
v 1—6

The payoff a firm receives from cheating is:

Ve =3600+ 4610

=2
V¢ = 3600
1 mark Collusion can be sustained if:
yMo> yC
1800
—— > 3600
1—-6 —
1800 > 3600 — 3600 -4
36006 > 1800
0 >0.50
2 marks

(b) Bertrand competition is more likely to sustain collusion because the
punishment is harsher (0 < 1600), and is also more than sufficient to
make up for the increased incentive to deviate under Bertrand compe-
tition (i.e. if the firm cheats they receive monopoly profits).
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