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1. Determine the exact value of P(X > ¢) as a function of ¢ and the bound on the probability provided
by the Markov inequality in the cases that (a) X is a random variable uniformly distributed on the
interval [0,b], and (b) X is a an Rayleigh random variable, and (c) X is a discrete random variable
equally likely to be any natural number value from 1 to N. Compare.

2. Determine the exact value of P(|X —E{X}| > ¢) as a function of ¢ and the bound on the probability
provided by the Chebyshev inequality in the cases that (a) X is a random variable uniformly
distributed on the interval [—b,b], and (b) X is a Laplacian random variable with parameter «.
Compare.

3. From the text: 4.102.

4. We know that if X is a real random variable with a mean value and « is a real number, then
E{aX} = a&{X}, Show that if Z is a complex random variable with a mean, then for any complex
value 8, E{0Z} = BE{Z}. Hint Remember that in class we defined the mean of a complex random
variable W to be E{W} £ £{Re[W]} + jE{Im[W]}.

5. A discrete random variable X can have values —1, 0, and 1, each with equal probability. Find the
characteristic function of X and from this, use the moment theorem to find the moments of the
random variable.

6. Find the characteristic function of Y = aX + b in terms of the characteristic function of X, and
then use that and the moment theorem to show that the mean of Y is a£{X} + b provided X has
a mean.

7. Show that the characteristic function of a Cauchy random variable X is ®x(w) = e« What
does the moment theorem say about the mean value of X7
Hint: o + w? = (a + jw)(a — jw).

8. From the text: 5.2. Assume each coin flip is an independent experiment.

9. For a pair of random variables X and Y, each of the events below can be expressed in the form
(X,Y) € Z for some region Z in R2. Sketch Z for each case.

(a) 3X—5Y >10, (b) min{X, Y} >1, (c)X/Y <0, (d)X2Y?2<1, (e) max{|X],|Y]} < 1.
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1, if ¢ <0;

1/ (a) If X ~U(0,b), then E{X} =1band P(X >¢)=( 1 - g, if 0 <c<b; The Markov inequality states that for
0, if ¢ > 0.

X>c¢ = e=<*/20" The Markov inequality states that for

PO )N _ -

L t >
(c) If X is equally likely to be aiff” value from 1 to N, then £{X} = (N + 1) and

1, if c <0;
PX>c)=q1- ifo<e<n;
0, ife> N,

where |x] denotes the largest integer less than or equal to . The Markov inequality states that for ¢ > 0,

PX>c) < (]\72;1)

... (over)
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0, if ¢ > b;
2/ (a) If X ~ U(=b,b), then E{X} = 0, var(X) = b?/3, and P(|X — E{X}| > ¢) = P(|X]| > ¢) = { 1- g, if 0 <e< b
1, if ¢ <0.
b2
The Chebyshev inequality states that for ¢ > 0, P(|X]| > ¢) < 32
c
A —Qc 'f O.
(b) If fx(z) = tae=?#l then £{X} = 0, var(X) = 2/a?, and P(|X — E{X}| > ¢) = P(|X| > ¢) = { i ’ ?f ¢ z 0
, if ¢ <0.
The Chebyshev inequality states that for ¢ > 0, P(|X]| > ¢) < 23
3/ (4.102)
P ’ 1 Jjwx d ejww b . b
(a) x(w) = /_b %e T = 2jb|_, = sinc(bw/T).
d d sin(bw) bwcos(bw) —sin(bw) . (1)
b) &%) (W) £ —Px(w) = — = fw#0; oy (0) = X} = 0.

d? d bwcos(bw) —sin(bw 2 — b*w?]sin(bw) — 2bwbw cos(bw)
(I%?) (w) L w(bx(w) _ ) ( ) [ ] ( )

= if 0.
dw bw? bw? ifw#
To get the value at w = 0 we find the limit of the above expression as w — 0 applying I’'Hopital’s rule:

—b? b
2@ (0) = i TP e ey = ()4 = 2

Thus var(X) = £{X?} — £2{X} = ;b
4/ From the definition of the expectation, we observe

E{PZ} = E{Re[BZ]} + jE{Im[FZ]}
= E{Re[f]Re[Z] — Im[S]Im([Z]} + jE{Re[S]Im[Z] + Im[5]Re([Z]}
= Re[B]€{Re[Z]} — Im[B]E{Im[Z]} + jRe[S]E{Im([Z]} + jIm[5]€{Re[Z]}
= [Re[f] + jIm[S]]E{Re[Z]} + j[Re[f] + jIm[A]]E{Im[Z]}
= BlE{Re[Z]} + jE{Im[Z]}
= pE{Z}

as claimed.

... (over)
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5/ dx(w) = E{e/ X} = %[ejw(_m +e7% + /] = L[1 + 2cos(2w)] = £ + 2 cos(2w). Then

3
—22"sin(w), ifn=1,59,..; 0, ifn=1,59,..;
() —22"cos(w), ifn=26,10,..; (n) —32mtifn =2,6,10,.. ;
Px (W) =79 9on . . =  &x(0) = .
22" sin(w), ifn=3,7,11,.. ; 0, iftn=3,7,11,..;
22" cos(w), ifn=4,8,12,..; 27T ifn=4,8,12,....
The Moment Theorem gives us, for n > 0,
0, if n is odd;
E(X"} = (=)o) = 1L, ifn=0
220 ifn=2,4,6,..

6/ (I)Y(w) _ E{ej“’Y} _ g{ejw[aXer]} _ S{ejwbejan} _ ejwa{eja“’x} _ ej“’bq)x(aw),
Now by the product rule, ®4 (w) = ae’“*®’ (aw) + (jb)e’** Py (aw), so P4 (w) = a®l(aw) + jb. This gives us that

DL, (0) = ajE{X} + jb, which gives us E{Y} = —jPL,(0) = a&E{X} + b as required.

1
7/ The characteristic function of X at —w is F{fx(z)} = .7:{37}. But

T a2+ x?

o 1 o 1 1 1 1

[

T2 +22 7 (a+jz)(a— jz) T or'a+t g afj:r]

We know from Fourier analysis that the Fourier transform of h(t) = e~ *'u(t) is H(f) = if @ > 0, so by duality,

a4+ jw
the Fourier transform of H(z) is 2mh(—w).giving us that the Fourier transform of ) is 2me*u(—w), and the
a+jz
1
Fourier transform of ] is 2me”*“u(w). This allows us to conclude that that the the Fourier transform of fx ()
a—jx

is e u(w) + e*“u(—w) = e~*“l, and so the characteristic function of X is

Ox(w) = e olmwl = g—alvl

The Moment Theorem states that E{X} = —j®% (0), but here ®% (w) does not exist at w = 0 (a corner point of Px (w)),

which agrees with the result that £{X} does not exist.

8/ (5.2)
(a) Each person’s outcome can be described as an ordered pair of toss results, so for both persons we can have a pair
of such pairs giving outcomes as ((H, H), (H,T)) simplified as (HH, HT):
—— —

Carlos Michael

S={(HH,HH),(HH,HT),(HH,TH),(HH,TT),(HT,HH), (HT, HT), (HT,TH), (HT,TT)
(TH,HH),(TH,HT),(TH,TH),(TH,TT),(TT, HH),(TT, HT), (TT,TH), (TT,TT)}

The values for (X,Y) for each point in S listed in the order above are respectively
(0,4),(1,3),(1,3),(2,2),(1,3),(0,2),(0,2), (1,1), (1,3),(0,2),(0,2), (1,1),(2,2),(1,1),(1,1),(0,0)

There are 6 possible values for (X,Y): (0,0),(0,2),(0,4),(1,1),(1,3),(2,2) (the range of (X,Y)).

... (over)
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8/ (continued)
(b) All the singletons for the samplespace in (a) are equiprobably, so

P(X=0,Y=0)=P{(TT,TT)}) = &;
P(X=0,Y=2)=P({(HT,HT),(HT,TH),(TH,HT),(TH,TH)}) = 1;
PX=0,Y=4)=P{(HH,HH)}) = 1—16;

P(X=1,Y =1)=P{(HT,TT),(TH,TT),(TT,HT),(TT,TH)}) = 1;
P(X=1,Y =3)=P{(HH,HT),(HH,TH),(HT,HH),(TH,HH)}) = 1;
P(X=2Y=2)=P({(HH,TT),(TT,HH)}) = &.

(¢) P(X+Y =1)=P() =0,
P(X+Y =2) = P({(HT,HT),(HT,TH),(TH,HT),(TH,TH), (HT,TT),(TH,TT), (TT, HT), (TT,TH)}) = L.

9/ For (a), Z is the region to the right and below the line 3z — 5y = 10; for (b) we note that min{xz,y} > 1 is equivalent to
requiring z > 1 and y > 1; for (c) we see simply that x and y must be nonzero and have different signs; for (d) we see that
the condition x3y? < 1 is equivalent to the condition |ry| < 1 and thus is the region bounded the two hyperbolas zy = 1
and zy = —1; and lastly, for (e) we note that max{|z|, |y|} < 1 is equivalent to requiring |z| < 1 and |y| < I:

©P. Galko; This document may not be photographed, scanned or otherwise copied in any way without written
permission. These solutions may only be distributed to students registered in ELG 3126/3526 in the Winter 2023 term.

4




