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1. Suppose that X, Y are two random variables with means 1 and 2 (respectively) and correlation
matrix

16 3
RXY‘{:& 9]

Find the covariance matrix Cxy. Also, find the mean, mean square value, and variance of W =
3X-2Y — 1.

2. A complex-valued random variable Z is defined by Z £ X + Y, where X and Y are independent
identically distributed real random variables uniformly distributed on (0, 2).

(a) Find the mean and variance of Z.
(b) What is the covariance of Z and W £ X — jY. Are Z and W uncorrelated? orthogonal?

3. Suppose 8 ~ U(—m,7,), and Z and W are two complex random variables defined by Z = exp(j0)
and W £ exp(—;6). Find (a) the variance of Z and (b) of W, (c) their correlation, (d) covariance

and (e) their correlation coefficient. Repeat this for the case that 6 ~ U(—3m, i7,).

4. Suppose that X, Y are two jointly Gaussian random variables with means 2 and 1 (respectively)
and covariance matrix
4 -1
Cxy =

-1 9

Find the mean, mean square value, and variance of W = 2X — 3Y + 2. Find the density function
of W and the numeric value of P(W > 0).

5. Suppose that X, Y are two jointly Gaussian random variables with means 0 and 1 (respectively)
and covariance matrix
Cun — 4 1
X711 16

Find the density function of Z = X2 +4Y?2 4+ 4XY + 2X +4Y.
Hint: Observe that Z = (X +2Y +1)? — 1 to make this simple by first considering W = X +2Y +1
and its distribution..

6. Suppose X and Y are two jointly Guassian random variable with joint pdf

2,2
fXY(xay) _ a67(4z +y +21y74w72y+4)/4.

Find the value of a, £{X}, £{Y}, var(X), var(Y) and cov(X,Y).
Hint: Start by finding the means of X, Y noting that the joint density function always peaks at

(1x, try ). Then compare the form of the density function to the general form of the density function
of jointly Gaussian random variables to determine all the parameters.
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1/ E{[X Y]} =[1 2]. Since Cxy = Rxy — &{[X, Y]} &{[X, Y]} we have

oor- 8§ =[5 3] -2 ]
E{W}=36{X} —26{Y}-1=3-4—-1=-2;

43

2 -7

E{W?} =var(W) + E2{W} = 143 + 4 = 147.

var(W) = var(3X — 2Y) = [3 2] Cxy [_3 } —[3 -2] [ } — 143;

2/ (a) E{X}=E{Y}=1,50 E{Z} £ E{X} +jE{Y} =1+ 3. Thus var(Z) = E{|Z|?} — |E{Z}|? = E{|Z|?} - 2.
E{|Z|*} = E{X2 + Y2} = £{X?} + £{Y?} = 26{X?} since X and Y have the same distribution.

2

2
E{X?} = / 12 = 1a®
0

0

Hence var(Z) = 2.

(b) cov(Z, W) = E{Z*W} — E{Z*}e{W} = E{(X —jY)*} - E{X — jY}? = £{X? - Y?} - 2jE{XY} — (1 - j)?,
Thus, since X and Y are independent identically distributed random variables,
cov(Z, W) = -25E{X}E{Y}+2j =-2j+25=0.
cor(Z, W) = cov(Z, W) + (1 — j)* = —2j.

The random variables Z and W are uncorrelated but not orthogonal.

3/ Since Z is a function of 6, the mean of Z the mean can be calculated in terms of the density function of 8:

s

&z}:/fnJWM@d¢='L/Wemd¢=ﬁ;é¢ _o.

2 J_,

—T

Likewise -

—T

E{W} — /_ e_j¢f9(¢) dop = %/_ e J? do = j;%e—ﬂb

cor@.2) = (2Pt = [P ha(@)ds = [ fa(o)do=1;

cor(W, W) = £{|W*} = / T e fo(6) di = / " fol)dé = 1;

cor(Z, W) = E{Z*W} = /jo [e™99)2 fo(¢) dop = L /7r e dg = 0.

2 J_,

.. . (problem continued on the next page)
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3/ (continued)
This then give us that

var(Z) = cor(Z,Z) — |E{Z}* = 1,
var(W) = cor(W, W) — [E{W}|* = 1,

cov(Z, W) =cor(Z, W) — [E{Z}]"E{W} =0, = pzw = cov(Z, W) -0
var(Z)var(W)
Now if we repeat this for @ ~ U(—n/2,7/2) these results become
0o 1 /2 1 . w/2 2
&{z} = / e’ fo(¢) dd = —/ dp = —e?| == ~0.63662;
-0 71' _7"/2 JT —7'r/2 ™
0o ) 1 w/2 ) -1 ) /2 9
E{W} = / e 7% fo(¢) dp = —/ e I?dp = —e I = = ~0.63662;
—0 T J 72 Jm —7/2 ™

cor(2.Z) = E{|Z]*) = / 2 o (6) di = / " fal@)do=1;

cor(W, W) = £{|W*} = /_ 92 fo(6) d = /_ fo(¢)dé = 1;
/2

CorZ.W) = EZW) = [P a(0)do = e
—o0 —m/2

127

2 2
var(Z) = cor(Z,Z) — |E{Z}* = 1 — (;) ~ 0.59472;
2
var(W) = cor(W, W) — [E{W}2 =1 — (3) ~ 0.59472;
Vs

cov(Z, W) =cor(Z, W) — [E{Z}]"E{W} =0— (%)2 ~ —0.40528,;
cov(Z, W) _ 4
var(Z)var(W) 4 —7?

PZW = ~ —(0.68148.

4/ We know that since X and Y are jointly Gaussian that W is a Gaussian random variable. The mean of W is
E{W} =2E{X} -38{Y}+2=3.
The variance of W is the variance of 2X — 3Y which is
var(2X — 3Y) = 2%var(X) + (—3)?var(Y) + 2 x 2 x (=3) cov(X,Y) = 16 + 81 + 12 = 109.
Thus the mean square value of W is E{W?} = var(W) + £2{W} = 118. The density function of W is then that of a

N(3,109) random variable:

fvv(w) _ 1 e—(w—3)2/218.

V2187
and so P(W > 0) = Q([0 — 3]/v/109) = 1 — Q(3/+/109) ~ 1 — Q(0.2873) ~ 0.6131.
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5/ Define W = X +2Y + 1 so that Z = (X +2Y +1)2 — 1 = W? — 1. We can then find the density function of Z by first
finding the density of W, the the density function of W2 and finally of the density function of Z:

f2(2) = fws1(2) = fwa (2 1), fw2(w)={fW(ﬁ);L¢f;W(_ﬁ)v ifw >0

0. otherwise.

We know that since X and Y are jointly Gaussian, W is a Gaussian random variable. The mean of W is
E{W} =E{X} +28{Y}+1=3,
and the variance of W is the variance of X +2Y:
var(X 4 2Y) = var(X) + 2%var(Y) + 2 x 2cov(X,Y) =4 + 64 +4 = 72.

Thus the density function of W is then that of a N(3,72) random variable:

fw(w) _ 1 e—(w—3)2/144_

V144w

Thus the density function of W2 is

e~ (VI—32/144 | o~ (Vw+3)*/144

, ifw > 0;

fwez(w) = 24\ /mw) n

0, otherwise.
We then finally have
e—(\/m—3)2/144 +e—(¢m+3)2/144

if z > —1;
fz(z) = 24./7(z + 1) ’ ’
0, otherwise;

which simplifies to
e—(2+10)/144

f2(2) = ¢ 24 m(z+1)
0, otherwise.

[67\/24»1/24 + 6VZ+1/24L lf > 71,

6/ The simplest way to find the required information is to first note that the joint density function of jointly Gaussian random
variables fxv (z,y) peaks at x = E{X}, y = E{Y}. The given function peaks where (422 + y* + 2zy — 4z — 2y + 4) has
its minimum. We find this by setting the gradient of the function to zero:

d
%(4z2+y2+2xy—4x—2y+4):81:+2y—4:O
)
a—y(4z2+y2+2zy—4x—2y+4):2y+2x—2:0.

The solution to these simultaneous equations is z = %7 y= %, telling us that £{X} = %, E{Y} = % Now we will try to
express the given function in the standard form for the joint pdf of jointly Gaussian random variables:

_ 1 (z —20)* | (y—w0)* 2pxy(r—20)(y — %) 2
fXY(xay) - QWWU)(O'Y exp(—%[ 0,%( + O_%( - oxXOY }/(1 - pXY))

For this x¢ = % and yg = %, and we observe

(4 +y* + 2oy —doz —2y+4) =4z — 3+ (y— 2)° +2(z - Hy—3) + 5.

.. . (problem continued on the next page)
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6/ (continued)

Thus

2
qe— Wyt 2oy —da—2y+4) /4 _ | —2/3,~[(@—3)"+ 5 (=3 +3(@—3)—3)]

To match the form then of the joint density function,

PXY
20%((1 - p%(Y) = 17 20’%{(1 - pg{Y) = 47 (1 — pg )JXJY =
XY

N[—=

From the first two we get 0%0% (1 — pky)? =1 = oxoy(l — pky) = 1, making the last equation pxy = 3. Then
ok = var(X) = 2, 0% = var(Y) = &, and cov(X,Y) = pxyoxoy = 3. For the final parameter, o, we note that

1 \/g 62/3\/§

=—,s0Qa= .

2m\/1 — pky oxoy AT 47

ae—2/3 =
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