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Question 1 Continuous-time Fourier transform, continuous time LTI systems 125

Q1.1 A causal and stable LTI system has the following frequency response,

H(jo) =322
(jo)*+4jo+3
a) Find the impulse response h(t) of that system. ( /5)

b) If an input x(t) = te‘ztu(t) is applied to the system, find the output signal y(t). ( /5)
c) Find a differential equation describing the relation between the input x(t) and the output y(t) of that
LTI system. ( /5)
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Q1.2 Find the total energy (i.e., j|x(t)|2dt) of the following signal: x(t) = . The use of property

t=—00

sin(20t)
mt

tables is recommended. ( /5)
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Q1.3 For a given stable LTI system, if the input is Xx(t) = e *'u(t) , the output is y(t) =e*u(t) —e"u(-t).
Find the frequency response H(jw) and the impulse response h(t) of that system. ( /2+3)
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Question 2 Discrete-time Fourier transform /15
n n
Consider a discrete time LTI system with the following impulse response: h[n]= (%) u[n]+%(%j u[n].

a) Determine the difference equation relating the input x[n] and the output y[n] of that system. ( /10)
b) Determine the output y[n] of the system if the input is x[n] = S[n]+J[n-5]. ( /5)
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Question 3 Sampling /120

Q3.1 Let x(t) and g(t) be two real-valued baseband signals with their maximum frequencies being @, and

2 w,, respectively. Determine the minimum sampling rate required to sample the following signals without
loss of information, i.e., the Nyquist rate:

a) x()xg()+3x(t) (/5
b) x(t)x g(t)+3x(t) (/5)
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. 2
Q3.2 A continuous-time signal x_(t) = (mj is uniformly sampled with a sampling period
T

T =fi = 2—”, to produce a discrete-time signal x, (t), with its Fourier transform being denoted by X ;(jo)
S a)s

a) For a sampling frequency «; =100z, plot X ;(jw). ( /5)
b) Is it possible to reconstruct x;(t) from the sampled signal x, (jw), using a lowpass filter? Explain. ( /5)
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Question 4 Bode plot and filtering 120

Q4.1 The following system can be modeled as a second-order LTI system with the standard form:
a) Write the differential equation that characterizes the system (using R, L, C, with no numerical values in
the expression) (/3)

b) Write the frequency response of the system (using R, L, C, with no numerical values) ( /3)

c) Determine if the system is under, critically or over damped. Determine if the impulse response h(t) of
the system contains oscillations or not. ( /2)

d) If the value of R can be tuned, determine the value of R for the system that is critically damped. (/2)

R=1k(} L=ImH
ANA—TTT T

+
x(1) <~> C=100 nF == y(r)

Note: x(t) is the input voltage (in Volts), and y(t) is the output voltage over the capacitor (in Volts).
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Q4.2 An LTI system has the following transfer function:
10%( jo+100)
(j+1000) (( jew)? +9000( jw)+10°)

a) Use straight line approximation, draw the Bode plot of the magnitude response. ( /4)
b) What type of filter is it? (/1)

H(jo)=
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Question 5 Laplace Transform and LTI System Analysis 120

Q5.1 Consider a continuous-time LTI system for which the input X(t) and y(t) are related by the
following differential equation:

2
YU 6y - x0.
a) Determine the system’s transfer function H(s). ( /5)
b) Sketch the pole-zero pattern of H(s) in the s-plane. ( /5)
c) Determine h(t) for each of the following cases: (i) The system is stable. (ii) The system is causal.

(iii) The system is neither stable nor causal. ( /6)
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Q5.2 A causal LTI system S has the block diagram representation shown in the figure below. Determine the
differential equation relating the input x(t) and output y(t) of the system. ( /4)

X(t) — 3/s =®—> y(t)

\

g

N
A

1/s
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A few formulas

Euler
e’ = cos(8) + jsin(0)
el?+e )0 ell g0
cos(d) = sin(0) =———
2]
Summations geometric series
0 n2+1 azl
> a |a| <1 Z a“
k=n, k=n, 1 a n, 2 n
© ng ng+1
1— a=l
dak=— laj<1 D a“=
k=0 —a k=0 l1-a n 20

Even and odd parts

X, (t) =%x(t) +%x(—t) X, (t) = %x(t) —%x(—t)

Xe[n]=%x[n]+%x[—n] xo[n]%x[n]—%x[—n]
Convolutions

y(t) = x(t)*h(t) = J_w X(r)h(t-7)dz
y[n]=x[n]*h[n]= > x[k]h[n—K]

k=—o0
h(t) response for differential equations describing

LTI systems (single order roots)
N odfy(t) & dfx(t)

23 g "2 g

k=0 k=0

h(t) = ZAkesktua) s, Sl

h[n] response for difference equations describing
LTI systems (single order roots)

ZN:aky[n— k]= ibkx[n—k]
h[n] = g A uln]+ Mi‘j B.o[n—K]

LTI systems and eigenfunctions
est LTI (cont.) H (S)est
H(z)z"
eja)t LTI (cont.) H (Jw)ejwt
LTI (discr.) H (eja))eja}n
LTI (cont.)

cos(wt) — = |H (jo)|cos(at + £H (jo))

Zn LTI (discr.)

eja)n

cos(wn) —=THdser) |H (ej“’)| cos(wn + £H (e3?))

Standard first and second order low-pass systems,
continuous time

(02

. 1 L ,
H{je)= 1+ jor HJe)= (ja))2 +2§a)n(ja))+a)n2

Standard first and second order recursive systems,
discrete time

H(e)=

T la|<1

1
1-2rcos@e i? 4 r2g %

H(e!”) = 0<r<1,0<0<z

Continuous time sampling

Xo(®)=x(t)xpt) X [N]=x(nT)
%ixu(w—kws» o, =L
k=—0

Xq(&") =X, (jo f) =X, (jo/T)
Ho(jo) = e T2sin(wT/2)/(0/2) (sample and hold)

X, (jo) =

Other formulas
Acos(¢+6) = Asin(p+ 0+ /2) = Bcosg—Csin ¢

A?=.,/B?+C? 0= tan'l(%j
ae’ +a’e”) = 2Re{ae’} = 2|a|cos(4 + <a)
COSXCOSY = %[cos(x— y)+cos(x+Y)]

sinxcosy = %[sin(x— y)+sin(x+ y)]

sinxsiny :%[cos(x— y) —cos(x + y)]

ax

Ixeaxdx = e—z(ax—l) +c
a

cosax Xxsinax
'[xcosax dx = > +cC
a a
) sinax Xcosax
Ixsm ax dx = o +C
a a
datan(x) dtan(x) 1
dx dx 1+ x?
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Properties — Continuous time Fourier series (C.T.F.S.)

Table of continuous time Fourier series (C.T.F.S.)

Definitions:
_1 ~ jkant < ikt
A = [ e 0= 3 ae

a, = TEJ'T x(t)dt

X(t) CT.F.S. a, y(t) CT.FS. bk

X(t) periodic with period T sec.,

X(t) periodic, Fourier series

Fundam. angular frequency @, =27 f, =2x/T rad./sec.

Linearity: Ax(t)+ By(t)& Aa, +Bhby

Shifting: x(t—t0)<—>C'T'F'S' e‘jk""Uthk

Scaling: x(at)& ay

(a>0, period T/a)

Flipping: x(—t)& a_y

Conjugate: X" (t)«=125 3",

X' (~t)«STES o

Symmetries:
if x(t) isreal: a =a_,, |a] =|a_k| Lay =-Za,

X(t) real andeven: a, real and even a, =a_
X(t) real and odd: a, imaginary and odd a, =-a_

, 2r 1 coefficients ay
period T =— =— sec.
@y o
ejwOt al =1
a, =0 elsewhere
cos(mpt) a,a1=12
a =0 elsewhere
sin(agt) a,a,=1(2j)
a, =0 elsewhere
1 t|<T, sin(kayT,;
||<1 a, = ( 01) K0
0 T<|t|<T/2 Kk
iodi 2T, To
(periodic T ) a =SL-21% y_g
T
1 ao =1
a =0 elsewhere
i S(t-nT) 8 =%
N=—o0 K T

Periodic convolution:

jT X(7)y(t—7)dr «=TF2 5T b,

MOduIatiOn: X(t)y(t)(&) ak *bk = Z a|bk_|

|=—o0

ejmwot X(t) CT.F.S. ak_m

Differenciation:

dx(t) crTFs. .
< > jkana
at JKayay

t

3
Integration: j x(r)d7 <SSy jkk (if ap =0)
Wy

T=—00

Parseval: le|x(t)|2 dt = i 3y [
T

=—00
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Properties — Discrete time Fourier series (D.T.F.S.)

Table of discrete time Fourier series (D.T.F.S.)

Definitions:

1 -iZyn (k2
a, =— > x[nle il x[n]= > ae N
N n=<N> k=<N>
1
8,=-— > Xn]
N n=<N>

X[n] DT.F.S. a, y[n] DT.F.S. bk

x[n] periodic with period N samples (fundamental angular

frequency ay ZZW” rad./sample)

DT.F.S.

Periodicity: X[n]«————a, =a,,y
Linearity: Ax[n]+ By[n]<LF'S'>Aak + Bby
Shifting: x[n— no]&)e_"k%% a,
Flipping: x[—n]&) a_y
Conjugate: x*[n]<LF'S'> afk

X [-n]« 212, o

Symmetries:
if x[n] isreal : a =a_, [a] =|a_k| Za =-Za,

x[n] real and even : @, real and even a, =a_,
X[n] real and odd: a, imaginary and odd a, =—a_

Periodic convolution:

> x[mly[n- m]«2LE2 s Na, by

m=<N>

Modulation: x[n]y[n]«2T=2— 3" ap,_,

x[n] periodic, Fourier series coefficients a,
period N samples | (periodic with period N)
. On - - -
el If x[n] periodic with @, =2”Tm:
8 =1 k=mm+N,m£2N,...
a, =0 elsewhere
cos{epn) If x[n] periodic with @, ZZ”T”’:
a, =1/2
k=+m,#m+ N,tm=£2N,...
a, =0 elsewhere
sin(ayn Lo 2zm
(con) If x[n] periodic with @, =
a, =1/(2])
k=+m,£m+ N,£tm+2N,...
& =0 elsewhere
L fnl<Ny sin(z”k(NﬁJ/z)j
0 Ny<[n[<N/2 |, __\N
(periodic N, N sin(”* k)
N even) N
k#0,£N,£2N,...
a, =(2N; +1)/N k=0,+N,42N,...
1 a, =1 k=0,+N,+2N,...
a, =0 elsewhere
* 1
> S[n-mN] ay =—
mM=—o0 N

|=<N>
jmz—”n
e N X[n](ﬂ)ak_m
n
ferm © _ DT.FS. | 1
Accumulation: »" x[m] ——~ &
mM=—co _Jki
(if 3 =0)
Parseval: - > |x[n]|2= > |ak|2
N n=<N> k=<N>
Duality : if x[n]<£>al< then a[n]ﬂ)ix_k

N
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Properties — Continuous time Fourier transform (C.T.F.T.)

Table of continuous time Fourier transforms (C.T.F.T.)
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Definitions: signal x(t) typ. aperiodic X(jo) (@ inrad./sec.)
X(ja))=j.j:X(t)e_j“’tdt x(t)=$'[_+:X(jw)ej“’tda) if x(t) is periodic, with o f 8.5 (— kap)
. 2 1 =
x0T 5 X (jo)  yO) <Y (jo) period T =" —= ¢
@ in rad./s+e£. clat 2706 (0 — )
X(jo)= Y 27 aS(w—kay) if x(t) periodic cos(aygt) 78 (0 — wy) + 75 (0 + wy)
k=—c0
sin(apt /4 V2
Linearity: ax(t) +by(t)«<""—aX (jw) + bY (jo) (1) _-5(“’_“’0)_75(“”“’0)
shifting: X(t—ty) «———e " X (jo) {1 t]<T, 2 5 SINKAT) 5
" - - 0
Scaling: x(at)<i>i x (32 0 T<|t|<T/2 K
El (periodic T) - k=0
T
Flipping: X(—t) <" X (- jo) 715(60) = 2Tyy6 (@)
Conjugate: x*(t)ﬁi)x*(—ja)) k=0
N CTET . 1 276 (w)
X (-t)«——X (jo) o +o o0
Symmetries: 2 S(t-nT) w5 D, S(w—kay) o =T
* A n=—ow k=—0
if x(t) isreal: X(jo)=X (-jw), 1 |f<T, 2sin(oT;)
X (jo)|=[X (jo)|, 2X(jo) =-2X (= jo) 0 [>T, @
X(t) real and even: X (jw) real and even X (jw)= X (-jw) Sin(Wt
x(t) real and odd: X (jw) imag., odd X (jo) = —X (- jw) % W >0 {1 o] <W
Convolution: 0 |w| >W
w CTFT ) o(t) 1
X(t)*Y(t)=I_OOX(T)Y(t—T)dT © X(jo)Y(jo) u(t) 1
Modulation: j_a)+”5(a’)
CTFT © -
XOYO) © —X(j0)*Y(jo) == | X(JO¥ (jl-0)do | | e™u®)  Refa}>0 L
27 27 i a+jo
elaty(t) s X (j(@— ap)) —ey(-t)  Re{a}<0 1
a+jo
ctrr 1. 1.
cos(a)ot)x(t)<——>§X(J(a)—wo))+EX(J(a)+ @)) (1 1
v . 'e‘atu(t) Re{a}>0 | ———
Differenciation: %& jo X (jo) (n ‘nl' (a~ 1“")
t crer 1 - & U (a+ o)
Integration: [ x(r)dz == X (jo)+ 7X (j0)5(w) (n-1)! (a+ jo)
= Jo Re{a}<0
Differenciation in freq.: tx(t) <=2 jw e~ sin(wpt)u(t) 0)02 ~
p— : “ a>0 @20 a,wgreal (jo+a)” +ap
Integration in freq.: :
1 CTET (@ o .. e~ cos(apt)u(t) Jo+a
——X({) + zx(0)o(t) «———| X d . 2
jt )+ mx(O)50) '[—00 () a>0 @,>0 a,wreal (jo+a)” +ay’
Parseval: I_+;)>O|x(t)|2 dt = ZLE:|X (jo) do —e~* sin(apt)u(-t) % ~
S ” a<0 0,20 aamyreal (jo+a)” +ay
Duality : if x(t)«——— X(jw) then _ :
y ( ) creT (J ) . e at COS(a)Ot)U(—t) - Ja)-;a .
X ()< >27 X(—jo) a<0 20 aampreal (Jo+a)” +a




Properties — Discrete time Fourier transform

Table of discrete time Fourier transforms (D.T.F.T.)

(D.TFT) signal x[n] typ. aperiodic X (e1?) (periodic 27, @ in
Definitions: . rad./sample)
. 0 . +7Z‘ - - - - - - -

X (e1”) = x[nle~ie"  x[n]=—["" X (!*)e}"dw if x[n] is periodic, with 0 2

ng‘w 2z J“” period N samples Z”kZ a@(a;—kW)

DTFT ' DTFT ' . ==

x[nN«——— X (') y[nl«———>Y(!) o jon , i S an _122)
o in rad./sample = 0
X (e)?) = f 2ra.5(w—k2Ty if x[n] periodic cos(agn) o

= N ﬂz o(w—wy—127)

X - |=—o0

Periodicity: x[n]«—21—1— X (e1?) = X (e(@*+27)) .
Linearity: ax[n]+by[n]«—=""—saX (e1”) + by (e1*) +”|; (@ + g —127)
Shifting: x[n—ny]«—se 1@ X (eJ?) n, integer sin(won) s "
Expansion, insertion of zeros: Tlgw (@~ —127)

DTFT j
X [NJ«——— X (/)

Xgo [N =X /K]

where k is a positive integer

if nis a multiple of k

_ﬁ_ Z o(w+awy—127)

l=—n

X [n]=0 elsewhere
Flipping: x[-n]«21 X (e712)

Conjugate: X [n]«—21— X " (e71®)

X [-n]«—2 5 X " (1)

1 |n=N
0N <|n| <N/2
(periodic N, N even)

+00
27 z ao(w— k%)

k=—o0

1

2 i S(w—12x)

|I=—0

Symmetries: s 2r & 2z
. . S[n-mN 2N Sw-mZ
if [n] isreal : X (el®)=X"(e"1®), m;w Ln-mN] N 2 Olemmap)
‘X(ej“’)‘:‘X(e’j”’)‘, IX(839) = —/X (671) {1 In|< N, sin(a(N, + 15)) /sin(5)
x[n] real and even : X (1) real, even X (e1°) = X (671) '0(\/!/n|)> Ny
) . : sin(Wn <lo| <
x[n] real, odd X (e'“) imag., odd X (e!“) =-X (e71”) 0<W <7z L O<oj<w period. 27z
—— zn 0 W<|a)|£7z
Convolution:
® DTFT ) ) o[n] 1
x[n]*y[n]= > x[kly[n—-k] < X ()Y (e’*) u[n] ©
k=—o0 ot Z S(w—k2r)
Modulation: x[n] [n]&ij X (1) (e1*)do e
-Xihly o7 dox a"uln] |a|<1 1/(1-ae”i?)
el [n]«2TEL 5 X (e (@) —a"u[-n-1] [q|>1 1/(1-ae”i?)
Accumulation: n+r-n! | 1
n DTFT _ 40 ( | 1)' a'u[n] |a|<1 —_—
> Al & X () +zX () Y s(@-mez) || ™MD (1-ae)
— —e — : . :
n r:j)( i r" sin(m,n)un] rsin(w,)e '
Differenciation in freq.: nx[n]«—2—"—s j Cfe ) 0<r<l 0<@y<r7@ 1-2rcos(m,)e ' +rie 1%
a

Parseval: +ZOO“ X[ —ij ‘x(ej”)‘zda)
= T2l

r" cos(e,n)u[n]
0<r<l O<@y<r

1-rcos(m,)e
1-2rcos(m,)e ' +rie 1%

Duality : If x[n]«221— X (e/?) then X ()« x_,
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—r"sin(w,n)uf[-n-1]
r>1 0<ey<rn

rsin(w,)e”

1-2rcos(m,)e ' +rie 1%

—r" cos(m,n)u[-n—-1]
r>1 0<eg,<r

1-rcos(m,)e

1-2rcos(m,)e ' +rie 1




Properties — bilateral (two-sided) Laplace transform

Table of bilateral (two-sided) Laplace transforms

Definitions: Signal x(t) Laplace ROC
0 o+ joo t f
X (S) = I+ X(t)e_Stdt X(t) = LJ‘ +_J X (S)eStds ransform X (S)

—o0 2rjdo-]® o(t) 1 Vs
X(t)«—>X(s) ROC, y(t)«——Y(s) ROC, u(t) i Re{s}>0
Linearity: ax(t) + by(t) «—— aX (s) + bY (s) —u(-t) % Re{s}<0

ROC, N ROCy e—atu(t) 1 Re{s}>-a
Shifting: x(t—ty)«——>e X (s) ROC, s+a
unchanged —e y(-t) 1 Re{s}<-a
. 1 S S+a
Scaling: x(<31'[)<L>H X(g) I o 1 Re{s}>-a
e %u ;
: 1 (n-1)! (s+a)
ROC, dilated factor |a| or compressed factor —, -
X | | p |a| ~ tn 1 e—atu(_t) 1 Re{s}<_a
n
and ROC, inversed if a<0 (n-D! (s+a)
_at .- R _
Flipping: x(~t)«"— X (=s) ROC, inversed e~ sin(agt)u(t) (;"—202 efsy>-a
* *x, * > S+a + @,
Conjugate: X' (t)«—-—>X"(s") ROC, unchanged @=>0  awpreal °
Symmetry: if x(t) real : X(s)=X (s), T2 2
|X(s)|—|X(s*)| @20 a,wpreal (s+a)” +ap
: —e % sin(ampt)u(-t) @ Re{s}<-a
Convolution: (s+ a)2 + 2
. " | LT (o @y =0 a,wgreal 0
xO*y) =] x@)yt-1)dr X E)Y () e cos(axt)u(_Y) sta | Ref<a
ROC, nROC, 0,20 a,ayreal (s+a)” +ay

Modulation: esotx(t)L)X(s—so)
ROC, shifted to right by Re{sy}

Differenciation: %(—LT—m X(s) ROC,

unchanged

Integration: jioo X(z’)dr(L)% X(s)

ROC, n(Re{s}>0)

dX(s)
ds
ROC, unchanged

Differenciation in freq.: —tx(t)<L>
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