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DISCRETE MATHEMATICS FOR COMPUTING Instructor: Elizabeth Maltais

MAT1348C — Test 1 — Tuesday, January 24, 2017

INSTRUCTIONS
o Clearly write your name and student number on this test, and sign it below to confirm that
you have read, understand, and will follow these instructions:
¢ This is a 75-minute closed-book test. No notes are allowed. No calculators are allowed.
o Put away everything except a few pens or pencils, an eraser, and your student id. card.

¢ The exam consists of 9 questions on 9 pages. Page 9 contains a Table of Logical Equivalences
to use in Question 9.

¢ Questions 1-4 are short-answer. Write the final answer in the appropriate answer box. You
do not need to show any other work.

o Questions 5-6 are true—false. In each part, you must circle the correct response. You do not
need to justify your answers.

¢ Questions 7-9 are long-answer. To receive full marks, your solution/proof must be complete,
correct, and show all relevant details.

o Read all questions carefully and be sure to follow the instructions for the individual problems.
You may ask for clarification.

¢ For rough work or additional work space, you may use the backs of pages. Do not use any of
your own scrap paper.

¢ You must use proper mathematical notation and terminology.

Cellular phones, unauthorized electronic devices, or course notes are not allowed
during this test. Phones and devices must be turned off and put away in your bag.
Do not keep them in your possession such as in your pockets. If caught with such
a device or document, academic fraud allegations may be filed which may result in
you obtaining zero for this test.

' By signing below, you acknowledge that you have read, understand, and will
comply with the above instructions.

FaMiLy NAME: STUDENT NUMBER:

FIRST NAME: TSIGNATURE:




Please rewrite your name and student number here:

FaMmiLy NAME: FIrRsT NAME:

STUDENT NUMBER:

Do not write in this table.

Question Ql Q2 Q3 Q4 Q5 QG Q7 Q8 Q9 Total

Maximum points | 2 pts | 2 pts | 3 pts | 6 pts | 3 pts | 4 pts | 5 pts | 5 pts | 6 pts | 36 points

Marks obtained

SHORT-ANSWER QUESTIONS.

Write your final answer in the answer box. No justification is needed.

Q1. [2 points]
Let X be a compound proposition consisting of propositional variables p, ¢, and r. Suppose
that X is true if and only if exactly one of p, ¢, and r is false.

Give a disjunctive normal form of X. Do not simplify your answer.

DNF: ( pAgATD) V(p A9/ r) V(" P ’\ﬂ/\‘“)




Q2. [2 points] Complete the following definition:

Propositions P and @ are called logically equivalent if

P is atautology-

Q3. [3 points]

Using only the propositional variable p and the logical connectives — and A, give an example of
a compound proposition that is

i. a contradiction
ii. a tautology
iii. a contingency

Note. Each of your propositions must only use the variable p. Each must include both the
logical connectives = and A and no other logical connectives.

i. a contradiction: P/\'IP

ii. a tautology: 3(pA1p) (Hhere. are othar possible answers)

iii. a contingency: -7P/\-1P




Q4. [6 points] Consider the following propositional variables:

“The missing skier is found.”
“The missing skier is wounded.”

“The rescue team returns safely.”

xS

“The rescue mission is successful.”

Translate each of the following sentences into compound propositions using propositional vari-
ables F', W, R, and S. Parentheses [| are included to clarify the structure.

i. The rescue mission is unsuccessful only if the missing skier is not found.

i. Compound proposition: _IS —> F

ii. In order for the rescue mission to be successful it is sufficient that [the missing
skier is not wounded and the rescue team returns safely] .

ii. Compound proposition: (‘7 W/\ R) Y S’

iii. [The rescue mission is unsuccessful unless the missing skier is found] if and only if
[the missing skier is wounded but the rescue team returns safely] .

iii. Compound proposition: (‘]s V F> <—> (V\//\ R)




TRUE-FALSE (QUESTIONS.

Circle the correct response, T (true) or F (false). No justification is needed.

Q5. [3 points]
Let X be the following compound proposition consisting of propositional variables p1, po, ..., pn, and c.

X: (mVpaV---Vp,) —c

Regarding the compound proposition X, determine whether each of the following statements is
true or false:

(a) If at least one of py, pa, ..., py, is true, then X will certainly be true. T @

(b) If ¢ is true, then X will certainly be true. @ F

(c) If p1,po,...,pn are all false, then X will certainly be false. T @
Q6. [4 points] Determine whether each of the following statements is true or false:

(a) If P and @ are any two contradictions, then P = Q). @ F

(b) If compound propositions P and ) are logically equivalent, then
P @ @ is a contradiction T ) F

(c) If A, B, C, and D are any propositions such that the set {A, B, C}
is inconsistent, then (A A B A C) — D is a tautology. @ F

(d) If A, B, and C are any propositions such that the set {A, B, C} is
consistent, then AV BV C'is a tautology. T @



LONG-ANSWER QUESTIONS.

Detailed solutions are required.

Q7. [5 points]

On The Island of Knights and Knaves, as you know, there are two types of inhabitants, indis-
tinguishable by sight: knights, who always tell the truth, and knaves, who always lie. Strolling
on The Island of Knights and Knaves, we meet two inhabitants A and B.

Using whichever method you prefer (the truth table method or by reasoning in words), answer
the questions below. You must justify your claims with an explanation.

i. Person B says: “I am a knave if and only if A is a knave.”

What do you conclude about the types (knight or knave) of persons A and B? Be as
precise as possible.

(Truth Table Method) ) )
Define T-am-a-Knight atoms:  Q.: A is o tinight.
b: *Bisa tnight”

Translafe: Bsoys Tb<>1a

b |1b : L
- : = «—Bis o knight ond his stodement is T (possible) < These ate the only possibilities.

T . .
Fl F 4—Bisa hnale andhis Statemat is  ( possible) Ip"\ imﬁpo;s.w S@narios,
T F <4Bisa Knight but his stadement is F (;W\Possibbg) iS a Knight:
T« B isa bnate but hisstatement is T (impossilo(g_).

& A1s abnight but We cannot determing what B is yet:

mT e

ii. Suppose, after person B speaks (as in part i.), person A then says “B is a knave but I
am not.” What do you conclude now?

(gf\aﬁm? Giventhat A is a Bnight™ (from part i) we Know his statement must be True.
s, Bisaknave and kis not a Knaje must be True

6o BMmust bea Knaie (and A is Shill a Hvu'ghﬂ.



Q8. [5 points] Let X be the following compound proposition:
X: (PoQ)A(PVR)— (QAR)

i. Construct a complete truth table for X, showing all relevant work.

ii. Is X a tautology, a contradiction, or a contingency? Write your answer in the box below.

X
Pa r__|POR|PVR |(Pe)APVR| RAR |((Pos)A(PYR))->(RAR)
TT T F | T F T T
TTF F T F F T
T FT T T T E F
T F F T T T F =
FTT | T | 7T T T T
FTF| T | F E F T
FE FT | F | T = F T
FFFIF|F[] F|F T

ii. | Proposition X is Con']'mﬁenc_\/.




Q9. [6 points]

Let x and y be propositional variables. Prove each of the following using only the equivalences
listed on Page 9. Justify each step by giving the name or number of the corresponding

equivalence on Page 9. Do not skip steps or combine several equivalences into a single step. Do
not omit necessary parentheses.

i. Prove the following: y A —(z Ay) = -z Ay
yA(xny) = yA(7xv1y) (DeMorgan's 1a)
= (4 Viyary) (pistribuive + 13)
= (y190V( F) (Negation +5)
= YAIX (Tdenkly # 6)
= 7XAy (Commutative 4 14)

ii. Prove the following: (z — —y) A (y = x) =~y

(>AY>X) = (14V7y) Ay>x) (Implication 1)
= (1%V7Y) ABYVx) (Tmplcation #1)
= (yva) AGyvx) (commutative +13)
= YV (FxAX) (Distibufive t17)

=y V (F) mﬂﬂmw5>
=7y (Tdery % )



Table of Logical Equivalences You may detach this page.

Equivalence Name

1. P—-Q=-PVvVQ Implication Law

2.| PoQ=(PAQ)V (P A=Q)
Biconditional Laws
3.] P+>Q=(P—-Q) ANQ—P)

4. Pv-P=T
Negation Laws
5. PA-P=F
6. PVF=P
Identity Laws
7. PAT=P
8. PVT=T
Domination Laws
9. PAF=F
10. PvP=P
Idempotent Laws
11. PAP=P
12. -—P=P Double Negation Law
13. PvQ=QVP
Commutative Laws
14. PANQ=QAP

15. (PVQ)VR=PV(QVR)
Associative Laws
16. (PNQ)ANR=PA(QAR)

17.| PV(QAR)=(PVQ)AN(PVR)
Distributive Laws
18. | PAN(QVR)=(PAQ)V(PAR)

19. “(PANQ)=-PV-Q
De Morgan’s Laws
20. “(PVQ)=-PAN-Q




