MAT1322D Solution to Final Examination December 2017
Solution to the Final Examination

MAT1322D, Fall 2017

Part 1. Multiple-choice Questions (2 x 12 = 24 marks)
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1. The area of the region above the graph of y = x* and under the graph of y = 8 — x? in the first
quadrant is
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Solution. (F) Letx*=8—x% 2x*=8,x=2. Theareais

2
2 2 2 5 [2 2 _ X3 _32
'[0(8—x —x)dx_2I0(4—x)dx_2[4x—§} =3

x=0

2. Let R be the region above the parabola y = x* and under the line y = 2x. Solid B is obtained by
revolving R about the line y = 4. Then the volume of B is calculated by the integral

(A) [ ((4-x°) - (4-2x)")dx; (B) z ((4-x*)—(4-2x))dx;
(©) 7| ((4+x*) ~(4+2x)")dx; (D) 7[ ((4+X) ~(4+2x)%)dx
) z[ (4-2%° - (4-x*)?)dx; (F) 7o), ((4+%°)" - (4-2x)")dkx.
Answer. (A)

Ya y=4 77_

lin =4 — 2X
l Four=4 = X*
y =2X% y:x2
O » X
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3. Suppose a pool has the shape of an inverted truncated pyramid. The top of the pool at the
ground level is a square with side length 20 meters, and the bottom of the pool is a square with
side length 10 meters. The depth of the pool is 5 meters. The pool is filled with water with
density p kg / m>. Let x be the distance between a horizontal layer of water and the top of the
pool.

Y

20 »  ground level

T

5

4

—p| X [¢—

10—

Denote the acceleration of gravity be g m / sec®. Then the work, in Joules, needed to pump the
water in the pool to a point 2 meters above the ground is calculated by the integral

(A) Py (20-2%)(7 - x)dx; (B) pg], (20-2x)(x+2)dx
(C) 7pg j; (20— 2x)(7 — X)dx: (D) pg j:’(zo—zx)z(x +2)dx
(E) 7pg j05(20— 2%)2(7 - X)xdx : (F) zpg jos(zo— 2%)2(x + 2)dx

Solution. (D) A horizontal layer of water in the pool is a square with side-length
L(x)=10+2 (5—-x) =20 —2x.

The volume of this layer with thickness dx is V(x) = (L(x))* = (20 — 2x)%dx.

The weight of this layer of water is w(x) = pgV(x) = pg(20 — 2x)dx.

The work needed to pump this layer of water to a point 2 meters above the ground is
W(x) = w(X)(X + 2) = pg(20 — 2x)*(x + 2)dx.

The total work is
5
W = pgjo (20— 2X)%(x +2)dx .

4. Recall that the length of the arc y = f (x), a <x < b, is calculated by the formula

2

L= Lb 1+ (f'(x))’dx. Then the length of the arcy = In x — % 1<x<e,is
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1 2 . 1 2 i 1 2 .
(A) g(e +7); (B) g(e +5); © g(e +1);

1 2 i 1 2 . 1 2
(D) Z(e +7); (E) Z(e +5); (F) Z(e +1).

. L1 1. x 1 x2 (1 xY
Solution. (A) y'= ;—Z and (y")° _7_5 S L1+ (y)? _x_+§ o (X+Zj :

. 27¢ 2
L:I 1 X ax=|nx+ X =1+e——1=l(e2+7).
1\ x4 8|, 8 8 8

5. Suppose a surface of the shape of a disk of radius 5 meters is vertically partially submerged
into water, with density p kg/m®, so that the center is 2 meters under the water.

. m l water surface
¢< _____ <) 2.

Let x be the depth of a horizontal stripe of the surface. Let g be the acceleration of gravity. Then
the force, in Newtons, acting on the disk is calculated by the integral

(A) 2pgj_52x 5 _ (x—5)%dx; (B) 2pgjo7(x+2) 5 _ (x —5)%dx;
(C) ZpQI:O(X+2)\/52—X2dX; (E) 2pgfix 52 —(x—2)%dx;
(D) 2pgj:0x\/52—x2dx; (F) 2pgj07x 52 —(x—2)%dx .

Solution. (F) The area of a horizontal stripe with height dx on the surface at depth x is A(X) =
2/5° —(x—2)* dx. The pressure on this stripe is P(x) = pgx. The force acting on this this stripe

is F(x) = A(X)P(X) = 2pgx /5> — (x —2)* dx. The total force is F = Zng‘O7 XA/5° — (X —2)%dx .
6. The centroid of the region under the parabola y = x — x* and above the x-axis is

11 11 11
@ (5 3) @ (33) © (33)

11 11 11
()(12 2) ()(2 10) ()(10 5)
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Solution. (E) The massism = I:(x —x?)dx = % The moments are

3 4 571
Mﬁljl(x—xz)zdx:1 X X, X 1(1—1 1) £
20 213 2 5] 23 25 60

_ g, L
My = _[Ox(x—x )dX_E'

Then X = iz 1 , V= 1/60 1 . The centroid is (l,ij.
/6 2° 1/6 10 2 10
. . . 1\/§+1 . . .
7. Consider improper integral IO > dx. Which one of the following argument is true?
X
(A) Since \/_+l 2 n(O 1) andf —dx= Zj —dx converges, J' \/_ dx converges.
(B) Since \/§+1 2|n 0, 1) andj —dx= ZI —dx diverges, I \/_ dx diverges.
24X
(C) Since \/§+ 2\/_I n (0, 1) and I 2\/_d —2_[ —75 dX converges, _[1\/_+1
X2 + X + X
converges.
(D) Since \/3+1> £ in (0, 1) and _[ \/_d —ij —5 dx diverges, I \/_ dx diverges.
X“+ X 0 X
(E) Since \/;+1> —in (0, 1) and j —dx=—j —dx diverges, I J;+ dx diverges.
Z+x 2x
(F) Since \/_ 1> —in(0,1) and _[ —d _—j —dx converges, I \/_ dx converges.
+X 2X
Answer. (E).

8. Suppose Euler's method with step size h = 0.05 is used to find an approximation of y(0.1),
where y(t) is the solution to the initial-value problem y' = (2t — 1)(y + 1), y(0) = 1. Which one of
the following is closest to the answer? y(0.1) ~

(A) 0.905; (B) 0.845; (C) 0.815: (D) 0.742; (E) 0.707;  (F) 0.685.
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Solution. (C)
i ti Yi
0 0 1
1 0.05 1+0.05x% (2x0-1)x (1+1)=0.900
2 0.10 0.900 + 0.05x (2 x0.05-1) x (0.9 +1) =0.815
9. The sum of the series zﬂ isS=
n=0
43 45 29 25 13 23
A) —; B) —; C) —; D) —; E) —; F) —.
()14 ()14 ()9 ()7 ()9 ()7
['e) n+1 _ ngn 0 n+l 0 _ nen
Solution. (B) ZZ +3(2n1) > Z;n +Z( ;ZnS . The first series is a geometric series
n=0 n=0 n=0
with first term a; = 2 and common ratio r; = % . The second series is also a geometric series

with first term a, = 1 and common ratio r, = —g. Hence,

n

10. The interval of convergence of the series Zg—nx” IS

(A) -1.5<x<15; (B) —1.5<x<1.5; (C) -15<x<15;
(D) -15<x<15; (E) —o0<Xx<o0; (F) onlyatx=0.
n+l ., n+l n
Solution. (B) lim Zn—xl% = lim|2¥ :g|x|. When | x | < 3 this series is absolutely
noof 3 2" x n—wo| 3 3 2
convergent. When|x|> g , this series is divergent. When x = —g , this series becomes

Z%[_SJ =Y (-1)"; when x = g this series becomes Z ( j =>"1. Inboth cases, the
n=0 n=0 0 n=0

series diverges. Hence, the interval of convergence is (_E Ej (-1.5, 1.5).

11. Iff (x, y) = x°y* + 3xy + y°, then the gradient vector of f (x, y) at the pointx =2,y =—1 is
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(A) (1, ~1); (B) (=1, 1); (€ =1,-D); (D) (1, 1);
(BE) G 1) (F) (1,3).

Solution. (D) fx=2xy*+ 3y, fy=2x% +3x +3y’. Whenx=2andy=—1, grad f (2, -1) = (1, 1).

12. The directional derivative of the function z = In (2x* — y?) at the point x = 3 and y = 4 in the
direction of the vector u = (3, 4) is

A) L (B) —é; ©) —%; (D)é; € -2 @2

Solution. (D) The unit vector in the direction of uisv = (g gj Zy = ZL zy =
X

2_ 2!

y

2y _ _ _ _ _ .3 4
_2x2—y2' When x=3andy =4,2(3,4)=6,2,(3,4) =—4. Du(z) = 6-g+(—4)-g:

gl N

Part I1. Long Answer Questions (26 marks)

1. (5 marks) Use the definition of improper integrals to determine whether improper integral

Iw%dx is convergent or divergent. If it is convergent, find its value.

0 (x*+1)

Solution. [ —dx=|imjb+d = Liim "L qu="Liim [1 1 }—1. This
(x? +1)? b-0J0 (x? 41) 205091 2001 b°+1] 2

. . . . .1
improper integral is convergent, and its value is >

2. (5 marks) Find function y(t), where y(t) is the solution to the initial-value problem y' =y sin t,
y(0)=-

Solution. I idy =J' sintdt. In|y|=—cost+C,|y|=Ke " where K;=e“>0. Theny=
y

Ke™", where K = +K; 0. Whent=0, cost=1. y(0) =Ke " =—1. Then K=—e. Hence, y(t)

-——¢. ecost el cost'

3. (6 marks) Use an appropriate test method to determine whether each of the following series
is convergent or divergent.

2n - o | 1 = (n+1Y'
@ > O e R z(s_nj |

n=1 n n=2
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Solution. (a) Since this series is positive, we can use the limit comparison test. Let a, =

2 )
2n2 \/ﬁ,and let by = L Then lim = jjm 20 —WN > nn =lim 27 l/{ 2. Since series zl
n“+1 n ool noe nt 4l e 1+1/n =N
diverges, series ZZnZ—\/ﬁ diverges.
n=1
This question can also be solved by comparison test. ZnZ_—\E>L2:i. Since series
n“+1 2n° 2n

=1 1&1 n—-+/n

— == diverges, series diverges.
nZ::‘Zn Zzn g Z n’+1 g

(b) Since function f (n) =

n—oo

1 . .
is decreasing, and lim /n 1 =0, By the alternating series
+

test, this series converges.

(c) Use the root test. Let a, = (n—ﬂ) . limy/a, = “mn_+1 = % This series is convergent.

3n n—o n—w 3N

This question may also be solved by the ratio test.

Since
n+2 n+l
a 3(n+1) ne2 Y 3 )| 1 1\ 0N\ 1
lim =2 = lim =1lim ( ]: lim (1+_) |im(1+_j ==
n—om an n—w (n_l_lj n—om 3(n+1) n+1 3o n+1 n—w n 3
3n
<1.

This series is (absolutely) convergent.

4. (6 marks) The Maclaurin series of the function y = sin x is

2n+1 3 X5

X
Smx_nz(;( b’ @n+1)! 3 51

(@) (4 marks) Find the first three non-zero terms of the Maclaurin series of the function
F(x) = j:sin(ztz)dt .

(b(% (2 marks) Find The fifth and the seventh derivative of function F(x) at x = 0, i.e., F®(0) and
F*(0).
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0 2\2n+1 346 5410
Solution. (a) sin (2t%) = Z(—l)“& = 2t? _2_t+ 2t
~ (2n+1)! 31 5l

F(0 = [ 'sin(2t?)dt = [ Z( )" (Zt); j( . Zt 25t! —...jdt

xs—ix7+ix“—....
21 165

:§X3—£X7 32 N

T
42 1320 3

(b) F9(0) =0, F(0) = 7! (—zilj — 960,

5. (4 marks) Find the equation of the tangent plane of the graph of the equation
X’z + xy — yz° =1 at the point (2, 1, —1).

Solution. Let F(x,y, z) = X’z + xy — yz° + 1.

ThenFy=2xz+y, Fy=x— 23, and F, = x* — 3yz%. Hence, Fy(2, 1, —1) = -3, Fy(2,1,-1)=3,and
F.(2,-1,3)=1.

The equation of the tangent plane at the point (2, 1, —1)is -3(x —2) +3(y— 1)+ (z+ 1) =0, or
X—-3y—-z=4,



