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Ch. 12: Testing Hypotheses about Proportions 
(1 of 3)

Learning Objectives

1) Specify business issues in terms of hypothesis tests

2) Perform a hypothesis test about a proportion

3) See the relationship between hypothesis tests and 
confidence intervals

4) Estimate how powerful a hypothesis test is

5) Perform a hypothesis test comparing two proportions

6) Calculate a confidence interval for the difference between 
two proportions (11.6)
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Ch. 12: Testing Hypotheses about Proportions 
(2 of 3)

How does the S&P/TSX index move? 
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Ch. 12: Testing Hypotheses about Proportions 
(3 of 3)

Is the Toronto Stock Exchange (TSE) just as likely to 
move higher as it is to move lower on any given day? 
Some analysts believe that the up and down days are 
split 50/50.

To test this out, we collect data for 1000 days and find 
that the proportion of up days is 0.515. That is more “up” 
days than “down” days.

But is it far enough from 50% to cast doubt on the 
assumption of equally likely up or down movement?
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12.1 Hypotheses (1 of 8)

To test whether the daily fluctuations are equally likely 
to be up as down, we assume that they are, and that 
any apparent difference from 50% is just random 
fluctuation.

Null Hypothesis: 

True proportion of up 
days = 50%
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12.1 Hypotheses (2 of 8)

The null hypothesis, H0, specifies a population model 
parameter and proposes a value for that parameter. 

We usually write a null hypothesis about a proportion in 
the form H0 : p = p0. 

For our hypothesis about the TSE, we need to test 
H0 : p = 0.5.

The alternative hypothesis, HA, contains the values of 
the parameter that we consider plausible if we reject the 
null hypothesis. Our alternative is HA : p ≠ 0.5.
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12.1 Hypotheses (3 of 8)

Additional example: 
A supplier of stainless steel kitchen utensils is having 
0.86% of its merchandise returned as a result of corrosion 
of the steel.
The company improves the quality control on the 
production process, monitors 2000 shipments chosen at 
random, and has 0.53% of the merchandise returned for 
corrosion issues. 
We are hoping that the proportion of merchandise 
returned will go down.

0
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12.1 Hypotheses (4 of 8)

In our example about the TSE, the alternative 
hypothesis is known as a two-sided alternative, 
because we are equally interested in deviations on 
either side of the null hypothesis value.

AH : 0.5.p ≠

In our example about returned merchandise, the 
alternative hypothesis is called a one-sided alternative 
because it focuses on deviations from the null 
hypothesis value in only one direction.

AH : 0.0086p <
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12.1 Hypotheses (5 of 8)

What would convince you that the proportion of up days 
was not 50%? 
Start by finding the standard deviation of the sample 
proportion of days on which the S&P/TSX increased.
• We’ve seen 51.5% up days out of 1000 trading days. 
• The sample size of 1000 is big enough to satisfy the 

Success/Failure condition. 
• We suspect that the daily price changes are random 

and independent
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12.1 Hypotheses (6 of 8)

If we assume that the TSE increases or decreases with 
equal likelihood, we’ll need to center our Normal sampling 
model at a mean of 0.5. 

In other words, we suppose that the true proportion is           
p = 0.5 (H0 : p = p0 = 0.5)

Then, the standard deviation of the sampling model is:                                                    

For the mean, μ, we use p = 0.50, and for σ we use the 
standard deviation of the sample proportions
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12.1 Hypotheses (7 of 8)

How likely is it that the observed value would be 
0.515 – 0.5 = 0.015 units away from the mean?

Looking at a picture, we can see that 0.515 doesn’t 
look very surprising
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12.1 Hypotheses (8 of 8)

What NOT to Do
• Don’t fudge the null hypothesis so that you can prove 

something you want to prove.
• Don’t fudge the alternative hypothesis so that you can 

prove something you want to prove.
• Don’t put the issue that you are investigating into the null 

hypothesis. It should go in the alternative hypothesis.
• Don’t have different numbers in the null and alternative 

hypotheses. The numerical values are always the same.
• Always have the equality sign in the null hypothesis.
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12.2 A Trial as a Hypothesis Test (1 of 2)

We started by assuming that the probability of an up day was 50%. 

Then we looked at the data and concluded that we couldn’t say otherwise 
because the proportion that we actually observed wasn’t far enough from 50%.

This is the logic of jury trials. In British common law, the null hypothesis is that 
the defendant is innocent.

The evidence takes the form of facts that seem to contradict the presumption 
of innocence. For us, this means collecting data.

The jury considers the evidence in light of the presumption of innocence and 
judges whether the evidence against the defendant would be plausible if the 
defendant were in fact innocent.

Like the jury, we ask: “Could these data plausibly have happened by chance if 
the null hypothesis were true?”
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12.2 A Trial as a Hypothesis Test (2 of 2)
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12.3 P-Values (1 of 4)

The P-value is the probability of seeing the observed data 
(or something even less likely) given the null hypothesis.

A low enough P-value says that the data we have 
observed would be very unlikely if our null hypothesis 
were true. If you believe in data more than in assumptions, 
then when you see a low P-value you should reject the 
null hypothesis.

When the P-value is high (or just not low enough), data 
are consistent with the model from the null hypothesis, 
and we have no reason to reject the null hypothesis. 
Formally, we say that we “fail to reject” the null hypothesis.
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12.3 P-Values (2 of 4)
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12.3 P-Values (3 of 4)
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12.3 P-Values (4 of 4)

What to Do with an “Innocent” Defendant

If there is insufficient evidence to convict the defendant 
(if the P-value is not low), the jury does not conclude 
that the null hypothesis is true and declare that the 
defendant is innocent. Juries can only fail to reject the 
null hypothesis and declare the defendant “not guilty.”

In the same way, if the data are not particularly unlikely 
under the assumption that the null hypothesis is true, 
then the most we can do is to “fail to reject” our null 
hypothesis.
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12.4 Alpha Levels and Significance (1 of 4)

We can define a “rare event” arbitrarily by setting a 
threshold for our P-value. If our P-value falls below that 
point, we’ll reject the null hypothesis. 

We call such results statistically significant. 

The threshold is called an alpha level. Not surprisingly, 
it’s labeled with the Greek letter α.
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12.4 Alpha Levels and Significance (2 of 4)

The alpha level is also called the significance level. 

You must select the alpha level before you look at the 
data.

Conclusion
If the P-value < α, then reject H0.
If the P-value ≥ α, then fail to reject H0.
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12.4 Alpha Levels and Significance (3 of 4)

Many statisticians think it’s better to report the P-value 
than to choose an alpha level and carry the decision 
through to a final reject/fail-to-reject verdict.

It’s always a good idea to report the P-value as an 
indication of the strength of the evidence.

Sometimes it’s best to report that the conclusion is not 
yet clear and to suggest that more data be gathered. In 
such cases, it’s an especially good idea to report the P-
value.
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12.4 Alpha Levels and Significance (4 of 4)

For large samples, even small, unimportant 
(“insignificant”) deviations from the null hypothesis can 
be statistically significant. 

On the other hand, if the sample is not large enough, 
even large, financially or scientifically important 
differences may not be statistically significant.

It’s good practice to report the magnitude of the 
difference between the observed statistic value and the 
null hypothesis value (in the data units) along with the 
P-value.
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12.5 The Reasoning of Hypothesis Testing 
(1 of 8)

Hypothesis Testing in a Nutshell
Plan

1. Hypotheses (formulate them)
2. Alpha (choose it)
3. Assumptions (check them)

Do
4. Data (collect it)
5. Statistical test (calculate the P-value)

Report
6. Statistical significance (how significant?)
7. Hypotheses (reject the null or don’t)
8. Business significance (e.g., how can we figure out the impact on 

profits?)
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12.5 The Reasoning of Hypothesis Testing 
(2 of 8)

PLAN
1. Interpret the business situation in terms of hypotheses

General Principle New Video Recommendation Algorithm

Choose a numerical parameter that is important
to the business context.

We want to know the proportion, p, 
of customers satisfied with our video 
recommendations.

Decide whether the business situation needs
you to investigate whether this parameter has
increased, decreased, or changed in either
direction.

We want to see whether p has 
increased.

Formulate the null hypothesis related to this
parameter: H0: p = p0

H0: p = 0.67

Formulate the alternative hypothesis. The sign
depends on whether we are investigating an
increase (HA: p > p0), a decrease (HA: p < p0), or
a change in either direction (HA: p ≠ p0).

HA: p > 0.67
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12.5 The Reasoning of Hypothesis Testing 
(3 of 8)

2. Interpret the business situation in terms of a significance level,α

General Principle New Video Recommendation Algorithm

Choose a value of a that corresponds to 
the
business context. Here is one way of 
doing that.
α = 0.001 for a life/death business where 
we need to be super sure of getting 
things right.
α = 0.01 for a business situation in which
things can be measured pretty 
accurately.
α = 0.05 for behavioural situations where
parameters are open to interpretation.
Other ways of choosing α may also be 
used.

α = 0.05 since we are surveying 
customers and they may interpret 
“satisfied” in different ways.
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12.5 The Reasoning of Hypothesis Testing 
(4 of 8)

3. Check the assumptions and conditions for using the Normal model.

General Principle (these allow us to use a 
Normal distribution for our statistical test)

New Video Recommendation Algorithm

Independence Assumption We survey customers who do not 
know each other.

Randomization Condition We choose our sample of customers 
at random.

10% Condition We surveyed 1000 customers, which 
is less than 10% of our total number of 
customers.

Success/Failure Condition for the parameter 
value in the null hypothesis, p0

p0 = 0.67 and n = 1000
Therefore, np0 = 670 >10
Also n(1 – p0) = 330 >10
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12.5 The Reasoning of Hypothesis Testing 
(5 of 8)

DO
4. Gather data.

General Principle New Video Recommendation Algorithm

Do a survey or collect measurements from 
a production line or from company 
records.

We surveyed n = 1000 customers and 
found 𝑝̂𝑝 = 0.71
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12.5 The Reasoning of Hypothesis Testing 
(6 of 8)

5. Apply the statistical test, calculating a P-value.

General Principle (we are using the 
“one-sample test for proportions” also 
known as the “one-proportion z-test”)

New Video Recommendation Algorithm

𝑆𝑆𝑆𝑆 𝑝̂𝑝 =
𝑝𝑝0(1 − 𝑝𝑝0)

𝑛𝑛 𝑆𝑆𝑆𝑆 𝑝̂𝑝 =
0.67 × 1 − 0.67

1000
= 0.0149

𝑍𝑍 =
𝑥𝑥 − 𝜇𝜇
𝜎𝜎 𝑧𝑧 =

0.71 − 0.67)
0.0149 = 2.69

Look up the probability, PTab, in Table Z, 
Appendix B. 
For (HA: p > p0), P-value = 1 – PTab
For (HA: p < p0), P-value = PTab
For (HA: p ≠ p0), P-value = 2 × (1 – PTab)

From the table, the probability of being 
lower than 0.71 is PTab = 0.996.
We have HA: p > 0.67.
Therefore: P-value = 1 – 0.996 = 0.004.
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12.5 The Reasoning of Hypothesis Testing 
(7 of 8)

REPORT
6. Interpret the P-value in terms of statistical significance.

General Principle New Video Recommendation Algorithm

If P-value < α, then we have a result that 
is statistically significant at the level α.

P-value = 0.004 < α = 0.05
Our survey results are statistically 
significant at the 5% level.

7. Interpret the P-value in terms of your original hypotheses.

General Principle New Video Recommendation Algorithm

If the results are statistically significant, we 
can reject the null hypothesis.

We reject the null hypothesis that the 
proportion of customers satisfied with 
our video recommendation algorithm 
remained unchanged at 0.67.
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12.5 The Reasoning of Hypothesis Testing
(8 of 8)

8. Interpret these results in the business context.

General Principle New Video Recommendation Algorithm

State what the P-value and your decision 
about the null hypothesis mean in the 
business context.

For this type of situation, we would 
have been happy with a 5% 
significance level. In fact, our P-value 
is 0.4%, indicating a result that is even 
more significant. The increase in the 
proportion of satisfied customers is 
very significant. We are very sure that 
the new video recommendation 
algorithm has increased customer 
satisfaction.
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Using EXCEL
39
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Using EXCEL
40

Home Field Advantage

Data
Sample Size 2429
Number of Successes 1263
Confidence Level 99%

Sample Proportion 0,519967065
Z Value -2,5758
Standard Error of the Proportion 0,0101
Interval Half Width 0,0261

Interval Lower Limit 0,4939
Interval Upper Limit 0,5461

Intermediate Calculations

Confidence Interval
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Using EXCEL
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Using EXCEL
42

Home Field Advantage

Data
Sample Size 2429
Number of Successes 1263
Confidence Level 99%

Sample Proportion 0,519967065
Z Value -2,5758
Standard Error of the Proportion 0,0101
Interval Half Width 0,0261

Interval Lower Limit 0,4939
Interval Upper Limit 0,5461

Intermediate Calculations

Confidence Interval
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Using Minitab

• From the “Stat” Menu, select 
“Basic Statistics”, then “1 
proportion”.

• Select “summarized data” and 
“perform hypothesis test”.

• Summarize the data as “number 
of trials” = 2429, and “number of 
events” = 1263.

• Under “Options”, specify the 
value of p0 = .50, the “>” 
alternative, the “99%” confidence 
level since α is 1%, and click on 
the use of the normal 
approximation if appropriate.

• We obtain the following output:
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12.6 Critical Values (1 of 3)

A critical value, z*, corresponds to a selected confidence 
level.

Before computers and calculators were common, P-values 
were hard to find. It was easier to select a few common 
alpha levels and learn the corresponding critical values for 
the Normal model.

You’d calculate how many standard deviations your 
observed statistic was away from the hypothesized value 
and compare that value directly against the z* values. Any 
z-score larger in magnitude than a particular critical value 
will have a P-value smaller than the corresponding alpha.
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12.6 Critical Values (2 of 3)

With technology, P-values are easy to find. Since they 
give more information about the strength of the 
evidence, you should report them.
Here are the traditional z* critical values from the 
Normal model:
Table 12.2 Critical values, z*, for different types of 
hypothesis test.

α One-Sided Two-Sided
0.10 1.28 1.645
0.05 1.645 1.96
0.01 2.33 2.576
0.001 3.09 3.29
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12.6 Critical Values (3 of 3)

.

46

α One-Sided Two-Sided
0.10 1.28 1.645
0.05 1.645 1.96
0.01 2.33 2.576
0.001 3.09 3.29



Copyright © 2018 Pearson Canada Inc.

47



Copyright © 2018 Pearson Canada Inc.

48



Copyright © 2018 Pearson Canada Inc.

12.7 Confidence Intervals and Hypothesis 
Tests (1 of 4)

Because confidence intervals are naturally two-
sided, they correspond to two-sided tests. 

In general, a confidence interval with a confidence 
level of C% corresponds to a two-sided hypothesis 
test with an α level of 100 – C%.
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12.7 Confidence Intervals and Hypothesis 
Tests (2 of 4)

A one-sided confidence interval leaves one side 
unbounded.
A one-sided confidence interval can be constructed 
from one side of the associated two-sided confidence 
interval.
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51

For convenience, and to provide more information, we 
sometimes report a two-sided confidence interval even 
though we are interested in a one-sided test.

12.7 Confidence Intervals and Hypothesis 
Tests (3 of 4)
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12.7 Confidence Intervals and Hypothesis 
Tests (4 of 4)

Although a hypothesis test can tell us whether the 
observed statistic differs from the hypothesized value, it 
doesn’t say by how much. The corresponding confidence 
interval gives us more information.
• For a confidence interval, we estimate the standard 

deviation of p̂ from p̂ itself, making it a standard error,

ˆ ˆˆ( ) .pqSE p
n

=

• For the corresponding hypothesis test, we use the 
model’s standard deviation for p̂ based on the null 
hypothesis value p0, 0 0ˆ( ) .p qSD p

n
=
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12.8 Comparing Two Proportions

In addition to hypothesis tests about the proportion of one 
population, we can test the difference between the 
proportions in two populations.

Two-Proportion z-Test for equal proportions
Testing whether two proportions are equal.
In order to test

we calculate the test statistic:

Where

and

We then obtain the corresponding P-value from the 
table for the Normal distribution.

0 1 2

A 1 2

H : 0
H : 0

p p
P p
− =

− ≠

1 2

1 2

ˆ ˆ
ˆ ˆ( )

p pz
SE p p

−
=

−

1 2
1 2

1 1ˆ ˆ( )SE p p pq
n n

 
− = +  

1 2

1 2

and 1 .x xp q p
n n
+

= = −
+
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Minitab
57

• Select “two-proportions test” under “Basic Statistics”
• No pooled variance
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Minitab
58

• Select “two-proportions test” under “Basic Statistics”
• pooled variance
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12.8 Example

A survey of 1002 U.S. and 1980 Britain adults by Angus Reid Strategies 
showed that 36% and 41% of them agree with a free-trade agreement 
between the two countries. Is there a difference between the support for 
a free-trade agreement in the U.S. and Britain?

Checking assumptions and conditions 
• Independence Assumption: The two samples are independent 
• Randomization Condition: People in each sample are selected at 

random 
• 10% Condition: Both samples are less than 10% of their respective 

populations 
• Success/Failure Condition

1002 ∗ 0.36 = 360.12 > 10; 1002 ∗ 0.64 = 641.28 > 10
1980 ∗ 0.41 = 811.8 > 10;   1980 ∗ 0.59 = 1168.2 > 10
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12.8 Example

Formulating the hypotheses: The null hypothesis is that 
support for free-trade is not different in the two countries. The 
alternative is that there is a difference 

H0 : p1 = p2 ; HA : p1 ≠ p2

Calculations:

Conclusion: The P-value is less than 0.05. Clearly, there is a 
difference between the levels of support for a free-trade 
agreement between Britain and U.S. at the 95% significance 
level.
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12.8 Example
61

• Select “two-proportions test” under “Basic Statistics”
• pooled variance
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11.6 Confidence Interval for the Difference 
Between Two Proportions (1 of 2)

How to develop a confidence interval for the difference 
between the proportions of two populations?

1) Take a sample of size n1 from the first population.
2) Take a sample of size n2 from the second population.
3) Calculate the standard error of proportion for the first 

sample.
4) Calculation the standard error of proportion for the 

second sample.
5) Calculate the square root of the sum of the variance of 

the two samples. 
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11.6 Confidence Interval for the Difference 
Between Two Proportions (2 of 2)

Use the formula below to calculate the confidence interval 
for the difference between two populations:

Confidence Interval for the Difference Between Two 
Proportions

The confidence interval for the difference between two 
proportions is

where z* is the critical value and

*
1 2 1 2ˆ ˆ ˆ ˆ( ) ( ),p p z SE p p− ± × −

1 1 2 2
1 2

1 2

ˆ ˆ ˆ ˆˆ ˆ( ) .p q p qSE p p
n n

− = +
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Minitab
• Select “two-proportions test” under “Basic Statistics”

• No pooled variance (99%  and 95% CIs)
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12.9 Two Types of Errors (1 of 4)

We can make mistakes in two ways:

I. (False Hypothesis) The null hypothesis is true, but 
we mistakenly reject it.

II. (False Negative) The null hypothesis is false, but 
we fail to reject it.

These two types of errors are known as Type I and Type 
II errors.
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Here’s an illustration of the situations:

67

12.9 Two Types of Errors (2 of 4)
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12.9 Two Types of Errors (3 of 4)

When you choose an α level, you’re setting the probability of a 
Type I error to α.

A test’s ability to detect a false hypothesis is called the power of 
the test.

The null hypothesis specifies a
single value for the parameter.
So it’s easy to calculate the 
probability of a Type I error. 
But the alternative gives a 
whole range of possible 
values, and we may want to 
find a β for several of them.

We assign the letter β to the 
probability of a Type II error.

The choice of which β to pick is 
not always clear. One way to 
focus our attention is by 
thinking about the effect size. 
That is, ask: “How big a 
difference would matter?”
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The only way to reduce both types of error is to collect 
more data.

Whenever you design a survey or experiment, it’s a 
good idea to calculate β (for a reasonable α level). 

Use a parameter value in the alternative that 
corresponds to an effect size that you want to be able to 
detect.
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What Can Go Wrong? (1 of 2)

• Don’t base your null hypotheses on what you see in 
the data.

• Don’t base your alternative hypothesis on the data 
either. 

• Don’t make your null hypothesis what you want to 
show to be true.

• Don’t forget to check the conditions.
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What Can Go Wrong? (2 of 2)

• Don’t believe too strongly in arbitrary alpha levels.

• Don’t confuse practical and statistical significance.

• Don’t forget that despite all your care, you might make 
a wrong decision.
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What Have We Learned? (1 of 4)

• We’ve learned to use what we see in a random 
sample to test a particular hypothesis about the world.

• We’ve learned that testing a hypothesis involves 
proposing a model and then seeing whether the data 
we observe are consistent with that model or so 
unusual that we must reject it.
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What Have We Learned? (2 of 4)

• We start with a null hypothesis specifying the 
parameter of a model we’ll test using our data.

• Our alternative hypothesis can be one- or two-sided, 
depending on what we want to learn.

• We must check the appropriate assumptions and 
conditions before proceeding with our test.

• The significance level of the test establishes the level 
of proof we’ll require.
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What Have We Learned? (3 of 4)

• The hypothesis test gives us the answer to a decision 
about a parameter; the confidence interval tells us the 
plausible values of that parameter.

• If the null hypothesis is really true and we reject it, 
that’s a Type I error; the alpha level of the test is the 
probability that this happens.

• If the null hypothesis is really false but we fail to reject 
it, that’s a Type II error.
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What Have We Learned? (4 of 4)

• The power of the test is the probability that we reject 
the null hypothesis when it’s false. The larger the size 
of the effect we’re testing for, the greater the power of 
the test in detecting it.

• If we have independent samples from two different 
populations, we construct a hypothesis test to 
compare the two populations with each other.
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