Math 208
Instructor: Robert Mearns

Section 2.5 Exponential Function, Part 1: Simple and Compound Interest

1. What is an Exponential function ?
a) Example: There are 1000 bacteria in a culture at time = 0 hours (start of the measurement)
and the number of bacteria double every hour:

Time: t ~ Ohr 1hr 2hr 3hr........

Number of bacteria: B ‘ \ 300 200D Ubfo \ 000
|

Formula is: B—_ \OOQXQJC (B = total number of Bacteria,
T t = elapsed time after start in hours)

This is an Exponential function

b) Definition of Exponential function: j(hq = g \AWQ asp @7{ \} C N e epld
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c) Note: f(x) = Variable | F\OJ& L)&‘(VD/\(A/\ANQ Gl AINNEN
f(x) = ConstantVariable (constant > 0 and constant’# 1)
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2. Evaluating Exponential forms (by hand and by calculator)

Calculation by hand

Calculation by calculator

a) Integer Exponents

(~4) 2 = (~4)(-4) = 16

(- u\q =

il e, AL BCSCL R L
i 1 (/g )
b) Rational exponent| (—32) s _C)‘ﬁ_ o
(numerator = 1) Because:S&\ Q EQB - &

—d wL'\r-QA .\XH\QM g \f\m/) = A

(-9yz L (_“&
’ Because: | Oj» E (Co( (ﬂ/(//
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c) Rational exponent (_9)2 K L> ™ NE < 0&\ 3/02

(numerator # 1)

Do in 2 steps:
Root then power
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Calculation by hand Calculation by calculator
23 =(2)(2)(2)=8 2"3=8

rfe N 27 ¢19- V4.0 ¢9

Base >0 24 = (2.)(2).(2)(2) =16 274 =16

d) Decimal exponent

(Rational or Irrational)

To see what occurs here consider the graph of Exponential function y = 2* , x contained in R
Results above can be interpreted as points on the graph of function y= 2~*

X |3 3617 4
240V aay ¢

e) Decimal exponent | (—2) evenexponent = —- 1\ J¢& even / odd applies to integers only
(Rational or Irrational)| (—2) °ddexponent — -\ ¢ and not decimals.

Base < 0 (—2) decimal exponent — D MLE (_ ;\ (E QQ},) — O 17 */;

- Exponential function f(x) = a*, x contained in R must have  — > ) @# \ o

- Calculators use Exponential function for decimal exponents — (- OH\ A (Q /ﬂ _ & M\/\ ( 0% 6\ —



3. Sketching graphs of the Exponential Function

a) The basic exponential function, base a, is f(x) = a*, wherea>0,a # 1
_ X -3 -2 -1 01 2 3
Ex: Considery=2* f(x)| 273 272 271 20 o1 p2 p2
\
sy 2uy

-3 -2 1 1 2 3

b) The graph translation ideas for the Quadratic work for all functions (including Exponentials)
ADD c to x — graph shifts WV\“Z aN‘w\\'B W&&

SUBTRACT ¢ from x — graph shifts \~otC ol ciw
Replace x with - x — graph is (g&%\«u}@& N W= QAT

ADD c toy — graph shifts vertically DOWN c units
SUBTRACT c from y — graph shifts vertically UP ¢ units
Replace y with -y — graph is reflected in x axis ,




C) If the graph translation patterns do not appear then make a table of values

d) Miscellaneous examples
Ex 1: Sketchgraphof y= ( )X
Note.y-\(g)X =< ) — &
— Function y = (%)X issamey =2 X asexcept 4 \\ ¢ g\ Wi -

— Graphy = (%)X is previous graphy = 2% ce&\{é A\ vyvm\\

“S:Q/X“B:Qﬁ iy y=2*

The x axis is the: %A %D( &m\m QS(WQL,\ 1\ \
On the graph of y = (7 LY if x = /Q\ C/ = — k%




Ex 2: Sketch graph of y=x (37%) on interval [0, 3]

Because of the multiplication by x the translation ideas do not work.
(make a table of values)

X 0 1 2 3
f() [0(37%) 1(3™Y) 2(372) . 3(373)
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030
05 -

020 |-

010 |-

006 -
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4. Exponential function and money Q\N\Q\& ‘& - R
a) There are Three types of InterM J
Sinfle inheset | Comgmond, \ckred PO
b) Simple Interest: Formula: 1=P r t \QJOM\{) W\()\ T jrg[g/ﬁ

Ex: A person makes a purchase of 1000$ and puts the debt on their credit card. The card company
charges interest at the rate of 15% per year (Nominal rate) on the unpaid balance.
What is the total amount A owed after 5 months ?

A== CaX — A-9200— (Q
9 ompoundnzrest. A\ = \eea[\ b (AR Q\Q

- If a deposit 1000 $ is made to a bank account where interest is paid at rate of /o

per year (Nominal rate), what number multiplies the 1000$ after one month ? - \ D6
Total (after one monthy = | 0 OO =\ 00 le — \Daa oz
( )= ( \ \;\ \DOBC ODMc

— amount at start of the month (1000 $) is multiplied by: <\
o C \.oa\ g \
- Compound Interest calculates interest on the total amount present which includes

all previous interest earned. (“interest on the interest”)
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Ex1: Consider an investment of 1000$ that earns 2 % (default is Nominal rate) Compounded monthly.
What is the total value A of the investment after 24 months ?

At end of: Total amount of A
Month 1 A= %otocl t< k /&
amt at star 02 \ e\ 1
Month 2 = [ 1000 (1 + '—
= [ ( )]<\)r_oi\_: KOOOO LOX
amt at start month 2 \ o -
\
Month 3 A= [1000(1+ '—)2] ( \ R
Q 0
amt at start month 3 _ \ O0D |\ 4
Month 24 = .k.b...ﬁg@ : \ ‘\\
| \ 9\ 02 H_(Jl)
A= ) \O0 OO A j

Conclusion from form of the final answer:

/
A= P( + \\ A = Total accumulated amount
| mé 2 P = principle, r = interest rate per year

m = number of compounding periods per year
t = time in years

— Compound Interest formula eva 3 G2 A%VJ \/Lﬁ -)} & 3
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Ex 2: Invest 1000$ at 7% compounded daily. How much is in the investment after 5 years ?
d) Continuous Compound Interest:

WY - 0’71 Vel
Rewrite the Compound Inierest formula in the following form:

7 g{
Mo\ : .
C ; Consider the part inside the square brackets
— (\ %/\T (use r =.07) and calculate with various m values
Value m (1+ o7 )%
m

1‘\,&9&5 (1+ ﬂ).o% . ,
12 (NON b (1 +%)32 =~ QF\OB

365 Mw (1+ 2 yor -4 FAEA
87GOMN\U L1 Dy Q Dr \ 9

N K»%\N%

Conclusion: If m — oo replace inside square bracket with— Q[
Pe i
Then A= [ C This is the Continuous Compound Interest formula .
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Ex : In the previous Ex 2 if the 1000$ at 7% is Compounded Continuously
how much is in the mvestment after 5 years ?

A= P =\000 <L) (Ul 42
5. Other uses of Euler’s number “e

a) Any process that causes an amount B to increase (appreciate) or causes

an amount B to decrease (depreciate) continuously and not in jumps (spurts)
can be expressed using using “e”

For this reason “e” is called the & V\{O\/\ bMﬁ j“ N @{((mmmt L
B = bue™ when B\ e ki wolued jw\c m

b) For depreciation the rate r is taken as a negative number

Ex : A car value depreciates continuously at rate of 15% per year and cost 30 000$ at start.
What is the estimated value of the car at end of 5 yeara

@{{ 3@ DQO@K(G

6. Graphsmvolvmg Basic Exponentlal Function, base e, is 4@} —e e

Table of values for Basic

Exponential Function:
x |-1 0o 1 2
ex e—1 e0 el ez N

~
~




7. Solving equations with exponentials

a) Equation solving is similar to equation solving done to date.

In addition there are several often used ideas to consider:

e*=0 ND

eX=1 —>>(\_O

Sidoe Q(vc X

2%=-5 | o 5 lothe

(x—1)°=(Bx—4)° —v-\= v
G =G - v o

(36)5x—4 -3 N (62 BSY—\,—K: 9

lov— ¢ =%

b) Miscellaneous examples. Solve for x:
Ex1l 10xe*—-5e*=0

Set(Ax=1)= o

[

§oX— 6
Qy:: O
Ny <oluden

v \zo

N\
X =3

No x value makes e * exactly 0

No x makes 2* equal a negative number

Exponents equal — bases equal

Bases equal — Exponents equal

Sometimes bases can be made equal

Factor

Product of 2 factors = 0 — one or both
factors =0

21



Ex 2 e3x1_e=0

3x 1_e

gx \ Bases equal
Ix =2
X =L
3

Ex 3 A person wishes to have 20 000 $ in an account in 15 years. How much should they
invest now if the interest is compounded daily at 4.3 %

_ﬁ_ T Compound interest formula
— \ + N

Qﬂ/©©©:@<\+i¥9f“@7

365
20270
(=qeaaymses) P= 10U ¢

Ex 4 Repeat Ex 3 if the interest is compounded continuously

Continuous Compound interest formula
A\ % OME&}SN

Q D D m_c Solve for P

P %:\\O 193 s zs
f' qf}“?} /

Solve for P




