
MAT1320C CALCULUS I

4. Limits, Limits at Infinity, Continuity, and I.V.T. ( Sept. 2 0 )

Lec 3 mini review.
slope of secant: f(b)�f(a)

b�a

average rate of change: f(b)�f(a)
b�a

goal: slope of tangent at a:

f(a+h)�f(a)
h

want h ! 0

goal: instantaneous rate of change at a:

f(a+h)�f(a)
h

want h ! 0

limits: the intuitive definition lim

x!a

f(x) = L

one-sided limits: lim

x!a

�
f(x) lim

x!a

+
f(x)

why some limits DNE:
infinite limits (vertical asymptotes)
no unique real number L
different or DNE from left/right

ways to evaluate limits:
numerically graphically
with Limit Laws and algebraic tricks
(factoring, rationalizing,...)

SQUEEZING LIMITS

Example 4.1. Recall from last class that lim

x!0
sin

⇣
⇡

x

⌘
DNE.

What about the limit lim

x!0
x

2
sin

⇣
⇡

x

⌘
?

⇤ These notes are solely for the personal use of students registered in MAT1320; their creator does not give permission for this material to be

uploaded or shared online.
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- mamma .

Itwouldbefwronngftousethe
Limit Law

m

xnsnoxzsin # * t.sn/iftxisnosint#
DNE

because both limits must exist in order to apply that Law .

.

^

y=x2sin(Ex) Like since) , this function
Graphically, Oscillates infinitely oftenIt looks like

lamsiptgisoo

< µµ >
as

adf.LY#Isine
waves Keep shrinking
because of ×2 factor

✓



The Squeeze Theorem.

Let f , g, and h be functions.

If f(x)  g(x)  h(x) when x is near a, except possibly at a,

and lim

x!a

f(x) = L = lim

x!a

h(x) for some unique real number L,

then

Going back to lim

x!0
x

2
sin

⇣
⇡

x

⌘

CONTINUITY

A function f is continuous at a number a if

In order for lim

x!a

f(x) = f(a), three things must be true (by definition of this limit’s existence):

⇧

⇧

⇧

If f is defined near a, but f fails to be continuous at a, then f is called discontinuous at a, or we
say that f has a discontinuity at a.
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xhfnafkklslxnfnagcxl -< Ltxhnfahkoxhfnagcxkl

foray XEII , , except * 0
,

we have

- 1Esin(¥)< 1 since KZOFORAHXELR
, ,

these

:O -x2< xzsin # ← x.
ifeng.tt?bPreomnasYdetrubeywxhenmnMbWea1soKnowxhfno-x2=O=xhjmox2ByS'queezeTheorem

,

xhjmo .

xzoexh.gg/isinlExko=xhjmox2:oxhjmox2sinHI)=olimf(x)=fCa
)

x→a

1. Fca) must be defined ( aedomainoff )

2. fyjmafk) must exist ( ⇒ ftp.HH-L-hfma#HforsomeuniqueLetRf

3. xhfmaffx )=H a) ( so the L from above must also equal the value of Fata )



REASONS WHY A FUNCTION COULD BE DISCONTINUOUS

Example 4.2. Consider the graph of f below.

a Is f continuous at x = a ? Explain why or why not.

a = �1.5

a = �1

a = 0

a = 0.5

a = 2

a =

p

7

a = 3.5

a = 4

a = 5

3

^

1 Y=fK )

⇐ : ::fpM
a.
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µ0 05 - 0 •

<
Is ¥}¥
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>

-0.5 :
NO

. jffm,

.sk#DNE:oLmff.gfK)DNE

( fails 2.)

NO
. ftp.yfl/Y=O.5butffD=1 . ( fails 3.)

YES
. xhjmofk )=0=f(o ) d

NO . Ho .5) is undefined ( fails 1.)

NO . xhfmzfk) = - a @DNE ) fails2.)

NO . xhjmg .

HH txhjmftfk ) oooxhjmgfk) DNE
. ( fails 2)

NO
. figs.tk/)DNE:xhfnz.5fK)DNE ( fails 2)

YES
. xkfnyfk )=2=f( 4) CV

NO
. xkjmyfk) DNE oihxifffk) DIVE ( fails 2)



Summary of possible reasons why f could be discontinuous at x = a.

� a is not in the domain of f
(e.g. hole, vertical asymptote)

� limit of f(x) as x ! a DNE
(e.g. infinite limit, no unique limit L, different one-sided limits, one-sided limit DNE)

� limit of f(x) as x ! a exists, but isn’t equal to f(a)

(e.g. jump in the graph of f at x = a)

I For discontinuities, look for holes, jumps, and vertical asymptotes.

ONE-SIDED CONTINUITY

I A function f(x) is continuous...

...from the left at a number a if ...from the right at a number a if

Example 4.3. Reconsider the function f given in Example 4.2.
a Is f continuous at x = a from the left, from the right, or neither? Explain.

a = �1.5

a = �1

a = 0

a = 0.5

a = 2

a =

p

7

a = 3.5

a = 4

4

him .f(×)=f( a) limfk)=f( a)
x→a x→a

-

NO
. xhjm

, .
# DNE

.

YES
.

xhfm
, .si#H=l=ftt5 ) @

NO
. ftp.t#0.5butffD=l . NO

. xhjm,+fK)= 0.5 butftl )=I .

YES
. xhfmotk )=0=Ho)C✓ YES

.
xhjmo .tl/y=O=fCo)V

NO
. FC0.5 ) is undefined NO

. f( 0.5) is undefined

NO
.

xltfngfKK-aoooDNEN0.hxfmztfKK-xooDNEYEs.hfmg.fKt1-FCFDCN0.xhfmf.tFKtO.5butfCFD-1YES.xhfmz.5fKtl.5-fC3.5j@N0.fffnz.g

# DNE .

YES
. xhfmyfk )=2=f( 4) ¢ YES

. xltfnytfk )=2=F( 4) if



CONTINUOUS ON AN INTERVAL

I A function f is continuous on an interval if f is continuous at every number in the
interval.

I If f is defined only on one side of an endpoint of the interval, we understand continuous
at the endpoint to mean continuous from the right, or continuous from the left.

I Informally, f is continuous on an interval if we can trace the graph of f along the entire
interval, without needing to lift our pencil off the paper.

Theorem 4.4. Let k be a constant.

If f and g are continuous at a number a, then the following functions are also continuous at a:

Theorem 4.5. The following types of functions are continuous at every number in their
domains:

A LIMIT LAW FOR COMPOSITIONS OF CONTINUOUS FUNCTIONS

Theorem 4.6. Let f and g be functions.

If f is continuous at b and lim

x!a

g(x) = b, then

5

ftg f- g fhf fg Fy
← if g (a) to

=_

• polynomials • trig functions

• rational functions • inverse trig functions

• root functions • exponential and logarithmic functions

- -  
= ×hfmaf(g(×D=f(b) .

That is
, xhjmafcgcx) ) =f(×kn→ragQ))



Example 4.7. Evaluate lim

x!1
sin

✓
⇡ � ⇡

p

x

1� x

◆

INTERMEDIATE VALUE THEOREM

Suppose that f is continuous on the closed interval [a, b] and f(a) 6= f(b). If N is any number
between f(a) and f(b), then

6

Because sine is continuous , We can use the theorem !

fisnsin

ftp.#=sin(lxim,tExrxn)=sintximnetxrxDfFxD=sin(kmtIEx

)
x→l(#a+Fx)
=sin(lime)x→l Hrx

=sin( Is)
= 1

thereexists a number CECA , b) such that FG )=N .

f-(a) - . - - - . • y=fQj
pmioaktissoammttwnnere - Fettybetween f (b) - - - it, - - .

. .g.f (a) and f (b) 1
1 1

e i
:

B >
Ac

✓
← because f is continuous on [a ,b]

,
the

Intermediate Value theorem guarantees
that we can find a # CE(a|b ) Such that
f (c) =L ( in the picture there were 3

different # sthatcouldbelhec
for this function

. Regardless,
IV. F

guarantees at least one such # c)



The Intermediate Value Theorem may seem obvious, but don’t forget that it relies on the fact
that f is continuous on the interval [a, b].

Exercise 4.8. Think about the ways in which a function can have a discontinuity. Then draw
several possibilities in which a function f has the property that f(3) = �1, f(5) = 1, but there is
no point c 2 [3, 5] such that f(c) = 0.

Example 4.9. Use the Intermediate Value Theorem to prove that the equation

x

5
� x

4
+ x

3
� x� 1 = 0

has a root in the interval [1, 2].

LIMITS AT INFINITY & HORIZONTAL ASYMPTOTES

• Let f be a function defined on some interval (a,1). Then

means that the values of f(x) can be made arbitrarily close to a unique real number L so
long as x is sufficiently large.

• Let f be a function defined on some interval (�1, a). Then

means that the values of f(x) can be made arbitrarily close to a unique real number L so
long as x is a sufficiently large negative number.

• The line y = L is called a horizontal asymptote if lim

x!�1
f(x) = L or lim

x!1
f(x) = L.
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• fk )=×5-X4 -1×3*-1 is a polynomial o°of( His continuous at all real #s

• In particular ,
fiscontinuouson [ 1,2 ]

••H 11=15-14+13-1 -1=-1
}chooseN=o,

andnotethatfa )=t<0<2l=H 2)
co f (2)=3-24+23-2-1=21

g. By IV. T
. ,

there exists some # CEGH
Suchthatfk )=N=0 .

⇒ fhasarootin (1) 2)

limfcx) =L

×→:m
×→ .at# =L



Useful Fact (Theorem)

• If r > 0 is a rational number, then

• If r > 0 is a rational number such that xr is defined for all x 2 , then

Example 4.10. lim

x!1

8x

3
� x

2

1 + x� x

3

Example 4.11. lim

x!�1

x

|x|

Example 4.12. lim

x!1

sin(x)

x

8

xlifnaxtr =0 ¥ xbjmatrxto

lim
×→ - •

¥ =0
# ftp.atrxDNE

if only defined
for XZO

time'I¥xpE¥to

=lim 8- I
×→ -xtttxz . I

=
8=0

= -8
0+0-1

since ×→- a
,

we may assume×<0%1×1 = - ×

=lim I
×→ - oo

- X

= lim -1
×→ - a

= - 1

for all ×
,

-1 Esink )< 1

torallx > 0
, ¥ > o :O - I # < Csinxlltx)<- 1 ( tx )

⇒

t.es#etxItsalsotruethatlxihgo,t=O=xhjmatxBythe5queezeTheorem,xhjmasixd=O



Example 4.13. lim

x!1

p

9x

2
+ x� 3x

Example 4.14. lim

x!1
x

2

Example 4.15. lim

x!�1
cos(x)

STUDY GUIDE

Important terms and concepts:
⇧ The Squeeze Theorem
⇧ Continuity continuous at x = a continuous on an interval
⇧ Discontinuity hole jump vertical asymptote
⇧ Intermediate Value Theorem
⇧ Limits At Infinity & Horizontal Asymptotes

Exercises: Stewart, 8th ed. §2.5, pg. 124 # 17, 19, 21, 35, 37, 39, 45
§2.6 pg. 137 # 3, 7, 9, 15, 17, 19, 23, 27, 29, 31, 33, 35, 47, 49, 57
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indeterminate oflheformx - a

tee's

.tk#tI*yIxFggatxIE=xGmowIT3x
x→aaFx÷3

t.PE#IT3x)fI) =E÷t3
=÷

=L.ba#.(EFxF3)
Exercised

⇐→ a ,x>o
. :oFtz=k . Nottrueifxco ! ×lfMaFx2tI - 3×

= oo ( DNE )

<
V

>
aninfinitelimitatinfinity

v %x2 gets arbitrarily large as×→a

DNE
.

€ > rlcosktdoest become arbitrarily close to a

unique real # L ,asX→ - a


