Practice Problems on Fourier Series

It may be useful for your work to recall the following integrals :

/ucosu du = cosu + usinu+ C;

/usinu du = sinu — ucosu+ C;

T 0, when m # n,
cosmxcosnr dr =
o w, when m =n.

. . 0, when m # n,
sinmzsinnz de =

o ™, when m = n.

/ cosmzsinnr dr = 0 for all m and n.

Problem 1. Find the period of the given periodic function:

(a) cos2z (b) sin3wz (¢) sin %

(d) cot3z (e) 3sinbz (f) 3sinz + cos2zx
(9) bcos3z +2cos2z (h) 5cos T 2cos2z (1) |cosz|

() cos’x (k) cosiz (I) cos*z

Problem 2. For a given 2m-periodic function,
(i) sketch several periods of its graph;
(ii) find its Fourier series.

(a) f(z)=3, —w<z<m.

2, —w<z<0,
b) f@)=q p V<rEm
27 z=—-m 0, 7.

(c) flz)==z, —-w<z<m
Redefine f(x) to the average value at the points of discontinuity.



(d) f(z)=cosz, —m <z <.

) 2n+z, —w<z<0,
E)ﬂ”_{ 0, 0<z<m,

Redefine f(z) to the average value at the points of discontinuity.

Problem 3. For a 2L-periodic function given on one full period,
(i) define f(z) at each point of discontinuity by the average value;
(ii) find the Fourier series of f.

3, —2<x<0,
m)f@%:{—L 0<z<2

0, 0<z <1,
w)ﬂ@:{1,1<m<2

CIFORS By

0< x < 2m.

Problem 4. For a 2L-periodic function given on one full period,
(i) define f(z) at each point of discontinuity by the average value;
(ii) find the Fourier coefficient ay.

@ s0={ 3 SISy

Problem 5. For the function f(z) defined on the half-period 0 < z < L,
(i) give the even extension to the full period —L < z < L;
(ii) for the functions in (a) and (b), find the Fourier cosine series.

(a) f(z)=—-1, O0<z<1.
(b) fle)=1—2z, O0<z<2

(¢) f(x)=sinz, O0<z<m.

r—95, 0<z<l,
M)ﬂ@_{ 0, l1<z<2.
0, 0<z<1,

© 10 ={

l—z, 1<z<2.



Problem 6. For the functions in Problem 5,
(i) give the odd extension to the full period —L < z < L;
(ii) for the functions in (a) and (b), find the Fourier sine series.

Answers
Problem 1.
(a) m. (b) % (c) 6. (d) 5. (e) 2% (f) 2mr. (g) 2m. (h) 6m. () 7w () =
(k) 27, (1) =.
Problem 2.
(a) ag=6, ap=b,=0 forn>1.
6
(b) ap=1, a, =0, b, = o for n odd, 0 for n even, and
f(:v):% — g(sinx + %sin&v + ésiniﬁm + )
1 1
(¢) faw(m)=0, f(:z;):2(sinm - §sin2:1: + gsin?)a: - >

(d) ap=0,a1=1, a, =0 forn>2; b, =0.
(e) Forz =+2nm, (n=0,1,...), fo =

s 3m 2
forz = +2n+ 1), (n =0,1,...), fo= 55 40 = 5 Gn = o for n
odd, 0 for n even;
1
b, = —— for n odd, —— for n even; and
7
3 2 1 2 1
f(:zc):—7r + —cosx — 3sinz — —sin2z + —cos3x — sin3z — —sindzr + ...
4 s 2 97 4
Problem 3.
(a) f(w(o) = f(w(2) =1,a =2, ap =0 forn>1;
b, = —— for n odd, 0 for n even; and
nmw
- T 2 3 2 5 2 )
(b) faw(0) = for(1) =0.5, ag =1, a, =0 forn > 1;
b, = —— for n odd, 0 for n even; and
nmw
f@ =1 - 2(sns + Lsin3ns + rsinbrz +
) =5 — | sin7z 3 sindnz g sinbre .

4
(€) faw(0) = —0.5, fou(2m) = =Z=L, qg = —7— 1, ap = - for n odd,

0 for n even;



2 2 2
b, = — — — for n odd, —— for n even; and

L T 2. o 4 3z
f(:vi: 7r2 + —cosy + (2—;)sin§ — sinz + 9 8 5 +
— §sin2x + ...
Problem 4.

(a) faw(3n) = far(3n +2) =2, for integer n; ag = 2.

Problem 5.
(a) f(z)=-1 for —-1<z<0; ap=-2, a, =0 for n>1.

(b) f(z)=1+z for —2<x2<0; ap=0, ap, =
even.

(¢) f(z)=—sinz for —7 <z <0.

(d) f(x)=—z—5 for —1<z<0; 0 for —2<z<—1.
(e) f(z)=0 for —1<z<0; 1+z for —2<z<—1.

n2m2

Problem 6.

4
(a) f(z)=1 for 1<z <0; b, = - for n odd, 0 for n even.

nmw

(2_2). 3x_
3 37 M7

for n odd, 0 for n

4
(b) f(z)=—1—2z for —2<2<0; b, =0 for n odd, — for n even.
(

(¢) f(z)=sinz for —7m <z <O.
(d) fl@)=z+5 for —1<z<0; 0 for —2<z< —1.
(e) f(z)=0 for —1<z<0; —1—z for —2<z<—1.



Problem 7. Consider the 27 periodic function given on interval (—m, ) by the

formulas:
L,—m<t< -5

f@)=4q -L-5<t<3
L <t<m
The Fourier Series of this function is given to be

00 4 k41
=3 % cos((2k + 1)t).

k=0
(a) Determine the antiderivative F(t) for f(¢) with F(0) = 0. Sketch the graphs of
f(t) and F(t).
(b) Use the integration theorem to find the Fourier series for F'(t).
(c) Use the integration theorem again to find the Fourier series for a second antideriva-
tive of f(t).
(d) What is the condition(s) when the integration theorem is applicable?

Problem 8. Consider the 27 periodic function given on interval (—m,7) by the
formula f(t) = et + e,

The Fourier series of f(t) is given to be:
1)k

flt)= % (1 + Z 21(; 2 cos(kt)) .
k=1

(a) Use the differentiation theorem to find the Fourier series for f'(t) = e* —e™".
(b) Sketch both f(¢) and f'(t).
(c) Can one use the differentiation theorem to find the Fourier series of f(¢)? Why?

Answers.
Problem 7. (a)

second antiderivative of f(t) =C + E cos((2k + 1)t).
s
=0

Problem 8. (a)

e —e T o= 2(—=1)Ft 1k
THOES - kz T sin(kt).
=1

(c) No, since f'(t) is discontinuous at points w + 27n, n=.,-1,0,1,2,....




