MATH2004 C — Test 3: 11:35 am - 12:25 pm, Nov 16

Name and Student Number:
Total points: 20.

Closed book! Non-programmer calculators are allowed!

1. (3 points) Find the critical point(s) of f(z,y) = x* — 3zy + 1°.
Solution: The first partial derivatives are f.(z,y) = 32* — 3y, f,(x,y) = —3z + 3y*.
Setting f, =0 and f, =0: 32> — 3y =0, =3z + 3y* = 0.
We imply that (z,y) = (0,0), (1,1).

9 points=3+2+2+2) Let f(x,y) = 2% + 2y> — 32% — 3y> + 1.

(
(1) CalCUIate fﬂc(xvy)v fy($7y), frz(‘rvy>7 fxy(x,y); fyy(x7y)'
(

ii) Find the directional derivative of f(x,y) at the point (1,—1) in the direction of
v=<—-06,—8>.

(iii) Given that (2,1) is a critical point of f(z,y), determine if it is a local maximum, a
local minimum or a saddle-point.

(iv) Let x = rcost, y = rsint. Use chain rule to find f;(z,y) or % (you don’t need to
simplify the result).

Solution: (i)
folz,y) = 32* — 6z, f,(z,y) = 6y> — 6y.

fx:c(l;ay) :6.T—6, fzy(xay) :07 fyy(may) = 12y—6
(i) [v|]=]<—6,-8>| =10, u=< -3/5,-4/5>. f,(1,-1) = =3, f,(1,—-1) = 12.
Dyf(1,—1) = —3(—3/5) + 12(—4/5) = —39/5.

(iii) Note that D(z,y) = (62 — 6)(12y — 6).
D(2,1) =36 > 0,, fue(2,1) =6 >0, so (2,1) is a local minimum point.

(iv) & = Loz 4 g—i% = (3z% — 6z)(—rsint) + (6y* — 6y)r cost.



3. (8 points=242+44) Let f(z,y, z) = 4z + 2z, g(x,y, 2) = 2% + 29> + 22.

i) Calculate 7 f(x,y, 2) and yg(z,y, 2).
ii) Find the tangent plane at the point (1,1,2) on the surface 2 + 2y* + 22 = 7.

o~ o~ o~~~

iii) Use the method of Lagrange multipliers to find the maximum and minimum values
of f(z,y,2) subject to the constraint g(z,y,2) = 22 + 2y* + 2* = 5.

Solution: (i)
Vi, y,2z)=<4,0,2>, wyg(r,y,z2) =< 2x,4y,2z > .

(i) At (1,1,2), svg(1,1,2) =< 2,4,4 >. The equation of the tangent plane is

2@ —-1)+4(y—1)+4(z—2)=0. 2x+4y+4z—14=0.

(iii) We solve

vVf—Avg¢g=0 (1 point for writing this equation.) (1)
g(x,y) =5. (2)

The equations (1)-(2) are equivalent to

4—2)x=0 (3)
0—4\y =0 (4)
2 2\z=0 (5)
x? 4+ 22 + 22 = 5. (6)

So we have

x=2/\, y =0, z=1/\

Hence 4 ]

E + 0+ ﬁ =5,
which gives A = £1.
When A =1, we have z =2, y =0, and z = 1.

When A = —1, we have x = =2, y = 0, and z = —1.

The maximum is f(2,0,1) = 10.
The minimum is f(—2,0,—1) = —10.



