Calculus and Vectors, MCV4U-B
Practice Test

Time: 2 hours
Total Marks: 100 Score: %

Instructions

The Practice Test uses the same format, type of questions, marking scheme, and length as the Final Test.

To get the most out of this Practice Test, allot yourself two uninterrupted hours, and don’t use notes or
books. You may use a scientific calculator.

Write your answers in the space provided.

The test has four (4) parts. An approximate time is given for each part. Look over the test before you
begin, and leave some time to review your work at the end.

Part | Category | Marks Time (min)

Preview 5

A Knowledge and Understanding 46 30
B Thinking 22 30
C Communication 16 25
D Application 16 25
Review 5

Total | 100 120

1) rates of change
2) derivatives

3) curve sketching
U)exs+ensions
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Part A: Knowledge and Understanding (46 marks) (approximate time: 30 minutes)

1. Evaluate.
. x*+9x—4
a) lim ————— (2 marks)
x——1 X

= N2+ a¢-1-Y
(-1)3

2
. —2x -
b) lim i (2 marks)
=2 x+2
= lim (x+2)(x-4)
X2 (x42)
=lim ¢y
xam2 X
=-2-Yy
=-6
2. What is the average rate of change between x = 1 and x = 3 for the function g(x) = —3(x — 1)2 +11?

(3 marks)
question similar fo

3‘”:-3 (x=1)2 11 ut wy,
9(1)"'-3((1)-1),'4'11 =1
9(3)=-3((3)-1N*+11=-1

9(3) - g(1)

T

= -1-11

3-1
ROC = -6

3. For the function g(x) = 8x* — x + 4, at what tangent point is the instantaneous rate of change equal

to —1? (3 marks)

(1) derivative,

9 '(x)=16x-1
(2) set der = 4o -1 and solve for x
1ox-1=-14
X=0

) sub x=6 baek tnto 0g 4xn
9(0) = 8(0)> - (0y 4+ y
9(0) =y

“., tangent poin+ s (o,u),
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4. Determine the derivative. Quuotient rule:
3 if Fox)s foxd
) X —3x+4“’(‘)2 Kks) 9
a) y=—— marks » - ’
43 gt then, gy = -F(x)g(:(t) : *F);:)g ()
X
for=x3-3xry 900z x43 y'z2x}+ax-ny 9
fliy=ax2oz gz 1 (¥r3)2
y'z (3x2-3) (x43) - (x3-3x+4) (1)
(x+3)2

~3x3 +ax2-3x-q-x343x-Yy
5 Ax+3)?
b) y=In(2x” +3) (2 marks)
Y'=  ex2
2x343

) y=0x*-7x+5] (@ marks)

F'exy= n(w™1(u’) chain rulet
if fexy=un

y’: 3(3x2-7x +5)2 (6x "'7) then F‘od=n(w™(u’)

d) y=sin’x (2 marks)
Y'=5sinYx cosx

5. Determine if the function g(x)=3x> —2x is even, odd or neither? (2 marks)

3(-x):3(- X)3-'z(-x) symme+ry:
=-3x3+2x s £¢~-%)=
even: €(~x)=f(x)
g(-x) = = (3x3~2x) 0dd: f(- x) =-£(x)
9=~ grx) neither: (- x) 7 (x) #-£()

V| = 4 and the angle

6. Find the magnitude of the resultant of two vectors u and ;, given ‘1:;‘ =5,
between the vectors when they are arranged tail to tail is 65°. (2 marks) tnagnihade formula
-
[R1= /1312 #1312 =201 cos( )

=V(5)2 +(4)2 -2(5)(4) cos 115°
=V

=76 - . .
7. Given u = [7,6,—1] and v = [2,3,4], determine the value of |2u + v|. (2 marKks) 3dd'"9 vectors 5 .
2-D+-3 27 1]+ - if @=[us,u3] and V=[vq,v2
utv =2[16-1+[2,3,4 =[16,15,2] G4V = [Ug,u3] + [ra,vg]
- S[M1tvq,uz 4y
lla+v\f\/(16)‘l+(15)‘+(z)‘ multiply by 3 s:]alar
= Jugs let @ = [uq,uz) and k6R
=22.0 Ka’:[kuuku;.]
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O T
3+b =lallblcoso
8. Determlne the dot product of u= [2 5 1] and v = [ 5,4,2]. (2 marks)

UeV = (2)(-5)+(5)('-I)+(1)(2) dot produc-& of vcr-les«m
=12 gwen @ =0231,37] & 5=Cby,b2)
'b 34bq +32b3

9. Given vectors u = [2 4, 3] and v = [6 —2,— 1] determine . (2 marks)

T x V= [0 6D - ()2, (33€6) ~ @), ((2)¢-2) - (u)(e))] Cartesian cross produc:

=[-10,-16,-2¢] given T=[21,22,35] B=[ba,b2,b3)
=L=1,

3 & 33 2132 33

b1 b2 bz by b2 b3

10. Given two vectors u = [14 6] and v = [— 2,5], determine the projection of i on v. (4 marks)

3 "?-[3153"335213351 —3a1b3,31b2—a2b1]

we do_no+_know angle. projec tion: J move RUES

P"OJ-bu (“ . V)"

fiod prOJ o-f U on v if angle b/w Vand @
u 'V ro u uey \=> (]
;l'-.v’f (1“)('2)1'(-6)(5) P J-. ( ) Iriitr;r_‘;?b
‘.'7";537 proj ef?on? P Ji °—r Vlcoso
na v- G, T~ I
veu \=> o) V= Yo
V.?zc-m-z) +(5)(5) P""w ( ) IPreig V1 I‘_'ulv
=29 R or b/w 90°and 180°
P“J-.u (u.v ProJuV=|v|Cose(|—illl) IP"J".:-\“:"I\'?lcoso
] Iproj V= - 2%
(— ['255] "l.l
==2[2, 5] angle =q0°
proJ..u -[q -10] Prqjav:o

11. Find the equation of the tangent line to f'(x) =2x" —4x+7 at (2,15). (3 marks)

+angent point (x4,ys) is point (2,15)

(1) derivative: equation of lines
fx)z2%3-uy4q v _,a on
o= 26x2_y Y-m(X-X1)+y1

(2) +he stope, m, is value of der. when x=x,=2
mz£/2)
msz o(1)2-y
= -y
m =20
(3)equation of line, in y=m(x—x,)+y,
Y:m(!-X1)+Y1
Y=20(x-2) +15

y=20x-40+15
y=20x-25
12. Given the vector equation [x, y]=[3,-2]+[8,7] find
2-space:
a) the parametric equations (1 mark) vector form:
xX=3+8¢t [x, y] = [xo,y0] + tLmy,m,]

=-2+7¢ parame+ric form:

X=X ttmy

Copyright © 2020 The Ontario Educational Communications Authority. All rights reserved. Y = YO '|"|’.lﬂz 3
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b) the symmetric equation (1 mark)

x-3 y+t2 symmetric form:
B 1 X-Xo = Y-Yo
m4 m2

c¢) the scalar equation (2 marks) scalar form:
Xx-3 - y +2

= + +C=
3 = Ax By 0
7(x-3)= 8(y+2)

Ix-21=8y +16

7x-8y~37=0

13. Find the intersection of [x,y,z] = [1,3,—1]+ 1[1,1,4] and [x, v, z] = [2,4,3]+ 5[3,1,—1]. (7 marks)
Parame+tric: 3-S5
Cx.y,21=[1,3,-1] + +[1,1.4] vector form:
X=1+¢
y=3+¢ Ux, ¥, 2= Cx0. 5, 201 * L 34,3;,35] + S[ by, b3,bs]
2= -1+44%
Cx,y,2)=[2,4,3] ++[3,1.-1] parametric form?
X=2+3s x=x0+ta1 +Sb4
Zf;"'s’ y = Xo + %3, *+Sby
Equate x's: z =Xp + 33 +Sby
S¢% both sets of parametric eqgss & wal and
Simplify A scalar form:
:+§:z+ss Ax +By 674D =0
Eq,uuse-: 's(: ! where [A,B8,C] is a normal of +he plane.
3tt=yas
t-s21(2)
Equate z's:
~1+Y4=3-5
Yt4s=4(3)
use elimingtion +o solve equations £com x and g3
t-3s=1 (1)
(¢ -_S =1) (2) Substitute t=1 and $=0 inte elther se+ of
zs$==00 parameine
find ¢ 2 X2 14£=1+4C1N=2
t-3s=1 Y=3+6=3+1)=y
':"3(0):1 = =144 =-144C1) =3
=9
“heckn equation fromz 2, poind of infersection: C2,4,3)
H(1)+C0) =y

Copyright © 2020 The Ontario Educational Communications Authority. All rights reserved.
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Part B: Thinking (22 marks) (approximate time: 30 minutes)

2

2
14. For the function f(x)= %4 , find the following
x —

a) The x and y- intercepts. (2 marks) x-intercept:
X-ind:, YNt 2 o x-andy-int Set y=0 and solve for x
= -y (oy2-4  are both €o,0). y_ in+ercep+=
2::"‘1 3:'2" set x=0 and solve for y
b) The horizontal and vertical asymptotes. (2 marks)
vertical asymptote:
* restrictions from the denom. vertical asymptote:
;‘:;:“ comes from the valuecs) of x +hat
x#42 are not defined in the domain.
S., VA are x=-2 and X=2 horizontal asymptote:
* if both numb. and denom. have same
horizontal asymptote: degree divide coefficents
" both 2“"'"'““"'” degree is 2. * if numb degree less than denom
y=5=2 then y=o0.

o,HA is y=2

¢) The first and second derivatives. (6 marks)
Quotient rule:

if Foxrs o0

£x) = 2x? 9(x) = x*-y 900
- - then, ¢/, . - £% - ex
£(x) =ux 9'tx) = 2x N Fon = K9G Sge).

F’(x) = (Ux)(x2-u) = (2x2) (2%)
(x2-u)?
- 2x (2x2 -8-2x2)
(x2-w)?

-16x
FiixX)s———3
(x2-Y)

chain rule:

£(x)=-16x g =(x2-u) .
if fexy=un
£'tx)=-16 gix)= 2(x2-4)(2x) then Fan= nti™eu’)

£7¢x) = =16Cx2-4)2 = (-16x)(2 (x2-\)(2x))
(x2-12)?
—16(x2-W)(x2-y-4y?
(x2-p"
=16 (x2-4) (-3x2 -4)
(x2-y)"
=16 (-3x2-4)
(x2-w)?

Copyright © 2020 The Ontario Educational Communications Authority. All rights reserved.
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d) The intervals of increasing and decreasing (3 marks)

+he critical numbers are 0,+2
X=0 blc denom can no+ = o, resiriction,

st -
-16 x 0 l - o
intervals| —-16x| (x2-4)?| (x2-4)2|in/decreasing ¥ ab\e
X<-2 + + + increasing .
-2 X<0 + + + increasing d ln‘\' e,fVa Is ’
0<X<2 - + - decreasing
X>»2 - + - decreasing

incneasing intervals: x<-2 and -2<x<0.
decreasing intervals: 0<x<2 and X>2

e) Any local maximum or minimum points (2 marks)

the function changes increasing to . . . .,
decreasing at x=o, intervals of increasing/decreasing:

maximum pt: €0,0), * increasing to decreasing: maximum.
L you plug x into origina/ £m

f) The intervals of concavity (3 marks)
frrexy = 226 (~3x2-4)

(x2-y)3
0= -16(-3x2-4)

(x2-u)? . R
0= 16 (3 x2 ) intervals of concavity:
0= -3x2-4 * find 2™ derivative
0= n/3 'y

find critical #'s

vertical asymptote/restrictions are x=%2.

* intervals
intervals |-16 | (-3x2-4) [cx2-u)} %ﬁ-‘i:‘);_ﬂ) concavity * table
X< -2 - - + + up * ooOncave upldown intervals
-2<X<2 | ~ - - - down
x>2 - - . + up

concave up: x<-2 and x>2
concave down: -24x<2
g) Any inflection points (2 marks)

inflection point:

Function changes from concave upA 4o downV, could be @ |qfoctinn point

a P0I at x=-2.

however, X=-2 is a restriction on +he domain; N6 POI. * concave up to down:

concave down to up *

Function changes from concave downX +o upA could be a
a POl at x=2

however, x=2 is a restriction on +he domain;, No POX.

Copyright © 2020 The Ontario Educational Communications Authority. All rights reserved. 6
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h) Now sketch a graph of the function. (2 marks)

o | maximum k:€0.0)

-4 - ] N (3 \ 1 4 M

Copyright © 2020 The Ontario Educational Communications Authority. All rights reserved.
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Part C: Communication (16 marks) (approximate time: 25 minutes)

15. Define the terms "concavity" and "inflection point" and describe how you would find the intervals of
concavity on a graph given the equation of a function. (3 marks)

Concavity:

acurvature of a graph. Two kinds of concavity up and
own.

- concave up: parabola that opens upwards Concave

down: downwards

Inflection point;

- point where a graph

MAXIMIZ2E AREA

16. Your friend is having difficulty answering the following question. List the steps both algebraically
and in words to show your friend how to find the solution for the question. (7 marks)

A farmer wishes to enclose a rectangular area adjacent to one of his barns with 280 m of fencing.
Three sides will be fenced, and the barn will make up the fourth side. Determine the dimensions of
the maximum area that can be produced with this amount of fencing.

OPtimizad+ion
(1)€Establish variables and equation

Barn wall ° Let statement

* Diagram

* * * Establish equation

(2) Find the derivative

(3)set der =0 and find critical numbercs)

. ] (4)ind second der=0 and confirm max/min.
identify variables 5)conclusion.

Let x rep. the width of the area inm,
Let y rep. the length of the area inm,
Let+ A rep.the area in m?2

Le+ P rep. the perimeter 0f the aréa inm,

Function for area
A= Xy

constraint
P =2x +y
280=2x +y
y = 280 -2x

Copyright © 2020 The Ontario Educational Communications Authority. All rights reserved. 8
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Substitute the constraint into +he function
A= xy
A =x("280—2x)
A =280x -2x2
Find derivadive
A'tx) =280 -4x
set der =0 and sotve for x.
0 =280-ux
Yx =280
x=10
solve for y.
y =280-x
y =280-(70)
Y= 140
The dimension +o maximize the areq are 70m by 14om.
17. Show that the curve y = 2x° +3x —4 has no tangents with slope 2. (2 marks)
y=2x3+3x-y
mz=2
derivative:
y' =6x2 +3
2 =6x2+3
x2=-1
(3
Xz t\/_{
NO sol. for x. - no possibie fanjenis w/ slope 2.
18. If u = [6,1,8] is orthogonal to = [6,—4,k] , determine the value(s) of k. (2 marks)
or+h¢:gonal: perpendicular vectors, dot product is 0.
R eV = (6)(6) +(1)¢-4) + (8)(K) dot product 3-space
0 =36-4+8k given = [us,uz,ug) 2 ?=[V1.V=,Vs-.|
0 =32+8k VeV = Uqvq + Uy +U3V;
8k=-32
RS-y,

19. Find the derivative of x* — xy = 14 using implicit differentiation. (2 marks)
X2-xy=M
2x = (C)(y) +¢x)(1y)=0
2x-y-xy'=s0
Xy's 2x-y
y'=2 xX-y
b 4

Copyright © 2020 The Ontario Educational Communications Authority. All rights reserved.
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Part D: Application (16 marks) (approximate time: 25 minutes)

20. A farmer has 400 bushels of apples that he can sell at $24 each today. For each week he waits the
price decreases by $2 and the number of bushels increases by 100. For each additional week his
storage cost is $600. How many weeks should he wait to have

a) maximum revenue? (3 marks)

Let x rep. the number of weeks +he farmer should wait.
Let R rep. the revenue in dollars.

R=(2u-2x)CU00 ¢ 100x)
R=-200x2 +1600x + 9600

maximize:
R’ = -400
0 =-400x +1600
Y00 ¥ = 1600
x=y
the farmer should wait 4 weeks +o maximize the revenue.

b) maximum profit? (4 marks)

Let x rep. the number of weeks +he farmer should wai.
Let P rep. +he profit in dollars.

P =C24-2%)(400 +100x -600x

=-200x2 44600 49600 -~ 600>
P =-200x2 +1000x + 9600

mMoximize-

P’ ==-u4o0x +1000
0 =-4o00x +1000
H400x =1000
X=2%

the farmer should wait 2.5 weeks 4o maximize the profit.

Copyright © 2020 The Ontario Educational Communications Authority. All rights reserved.
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21. A ladder 25 m long is leaning against a vertical wall. If the bottom of the ladder is pulled horizontally
away from the wall at 3 m/s, how fast is the top of the ladder sliding down the wall, when the bottom
is 15 m from the wall? (4 marks)

variables: related rates

Let x rep. the horizontal distance from the wallin m. ™ G.we_n
Let y rep. the vertical distance up the wall inm © diagram
) > define all variables
. . * rates
given: * state values given
dax . (2) Find
dt * variabl/e /rate you wan+
find: (3) when
i‘l * condition that clacrifies the
d+ inst ROC working w/
when: ) solve
x=15 * find an equation or formula
+hat relates +he variablies
252 = x24+y2 * find derivative
0=2xdx 4+ 2ydy * substitute conditional value
d+ d+ into derivative
(5) statemen+
use pythagerean theorem to find y =20 when x=4s * &, eonclusion
252 = x24y2
0=2xdx 42ydy
d+ d+
0 =2(15)(3) +2(20) (ﬂ)
d+
0 =90+ uo dy
d+
-40= Yo dy
d+
dy . =%
d+ 4o
i‘L:—Z 25
d+

os, +he ladder sliding down the wall at 2.25ms.

22. A plane is travelling at 540 km/h on a bearing of 45° and a wind of 55 km/h is blowing from a
bearing of 270°. Find the plane's speed and bearing. (5 marks)

Copyright © 2020 The Ontario Educational Communications Authority. All rights reserved. 11
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22. A plane is travelling at 540 km/h on a bearing of 45° and a wind of 55 km/h is blowing from a
bearing of 270°. Find the plane's speed and bearing. (5 marks)
(1) variables
Let x rep the angle’s speed in km/h.
Let @ rep the angle biw the resultant and the plane path in degree.

( ) angle

bearing angle 45° and the bearing angle of wind is from 270°
angle across from +he resultant is 135°

+us®
N ao
135° >
L
oo
Wezs E

55 km/h

S
resultant: Use cosine law.

|?|’.=(5"|0)2 + (55)2_ 2 <5I'|°)(55) cos 135 cosine law:

1R1*=336627.1 a%2= b2 + c2~2bc X cos 6
1%’] = 580.2

resulant vector has a length of 580.2 km/h,

<«,the ground speed of the aircraft is 580.2 km/h.

bearing: use sine law

bearin . .
resultant> 580.2 _ _SUO & mglh,inm sine law: bearin
§in 135 Sin & resultant® 8 - b ¢ nmm,{nm
540 sin 135 =580.2 sin 6 sinza Sin &
gin @ = 540 sin 135 angle in
$80.2 cosine law.

8=y1.2°

(ends in quadrant 1.. bearing is 41.2".)

Copyright © 2020 The Ontario Educational Communications Authority. All rights reserved. 12
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