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Solution to Final Examination
MAT1320C, Fall 2014

Part 1. Multiple-choice Questions (2 x 10 = 20 m&s)

D,F,A/F,C,B,B,DAC

4
1. Evaduatej'0 sin? x co$ xdx.

. W2, V2. w2, 52, 52
(A) O; (B) 120" ©) L (D)FO’ (E)E’ F Y

Solution (D) Letu = sinx. Thenu' = cosx, cog x = 1 —U°.

3

V212
71 J2 N 5
I /4sin2xco§xdxzj * siR xco%{ij du:J' g @ § Ye LI :7—‘/5.
0 0 cosX 0 3 5 120

u=0
2. Consider the functiofi(x) = x* + 4C + & + 24x + 24. Which one of the following
statements is true?

(A) f(x) attains a local maximum at=-1.

(B) f(x) attains a local minimum at= —1.

(C) x=-1is a critical number b#ifx) does not attain a local maximum or a local minmmat
x=-1.

(D) x=-1is not a critical number, blifx) has an inflection point at= —-1.

(E) x=-11is a critical number arfdx) has an inflection point at= —1.

(F) x=-1s not a critical number a¢x) does not have an inflection pointat —1.

Solution (F) f'(x) = 4C¢ + 12¢ + 12X+ 24. f'(-1) =-4 + 12 - 24+ 24 0. x=-1is nota
critical number. (A), (B), (C) and (E) are false!(x) = 12¢ + 24x + 12 = 12 + 2 + 1) = 12k
+ 1) f"(-1) = 0. However, wher< -1 orx > -1, f "(x) is always positivef (X) does not have
an inflection point ak = -1.

3. Supposd(x) =f (g(x)). 9(2) =3,9'(2) =4,f(2) =3 f'(2) = 6,f'(3) = 5. Findh'(2).

(A) 20; (B) 24; (C) 12; (D) 30; (E) 18; (Fk1

Solution (A) Sinceg(2) = 3,h'(2) =f'(3)g'(2) = 20.

4 2
4. What is I;%dx?
X

(A) In2; (B) 1/ 4; C) 1/3;
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(D) (37—4)/12; (E) &+ 4)/6; (F) (3r+4)/ 12.
e+l , 1
=2+

. .. X
Solution (F) Use long divisions = )
(F) g X2 +1 X2 +1

4 2 1
Ilwdxzj.l(xz + 21 j dx= i+arctanx :_1+7_T: T+ 4
0 X +1 0 X +1 3 o 3

5. On which interval(s) is the graph of the functjon (¢ — 7 + 14" concave up?

(A) it never is; (B)x>2; (C)x<1lorx>2;
(D) it always is; (E) 1x< 2; (F)yx<1.

Solution (C) y' = (X — 7 + (¢ — 7x + 14E‘ = (¢ — 5 + 7)", andy" = (2 — 5"
+ (¢ —5¢+ 7)8= (¢ — X+ 2. Lety"=0. We have=1,x=2. Since/" >0 whemx< 1 or
X > 2,y is concave up whexn< 1 orx > 2.

6. If f (X) is a continuous function such thEtf (X)dx=9, jj f (xX)dx= 15, what is

_[14(2f (X) - 5)dx?
(A) —33; (B) —27, (C) —22; (D) 0; B)7; (F) 21.

Solution (B) Sincejl“ f(x)dx:I: f(x)dx—j: f 3 dx= -6,

jl“(zf (x) - 5)dx= 2]14 £ (X)dx= 5[14 de-12 15 - 2.

7. What is the equation of the tangent line to thevex?y + Xy —y? — 3 = -1 at the point
(1, 2)?

A) y=%-1;  (B)y=%-3  (Q)y=- x+§;

N |-

(D) y=-2x+4; (B)y=x+1; PAy=

N w

1
X+ —.
2

Solution (B) Take the derivative on both sides with eEgfiox. 2xy + X' + 2y + 2y’ — 21y'
—3=0. Atpoint (1, 2),4¥ +4+23'—4y'-3=0. Thery'=5. The equation of the tangent
line has the forny = 5x + b. At point (1, 2), 2 =5 b, b=-3. The equation = 5x - 3.

8. Which one of the following statements is alwayg#&u

(A) If a functionf (X) is continuous at = p, then it is differentiable gi.
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(B) If a function is continuous on an intervalethit has an absolute maximum on that interval.
(C) If functionf (x) has a local maximum at=p, thenf '(p) = 0.

(D) If a function is differentiable at=p, then it is continuous gt

(E) Iff"(p) =0, therf (x) has an inflection point at=p.

(F) If x = pis a critical number of a functidrn(x), thenf (x) attains a local maximum or a local
minimum atp.

Answer (D)
9. If f (x) = (\/x)*, thef '(4) =

(A) 1+1In2; (B) 4In2; (©); 2 (D) O; (E)3/2; (F) 4.

Solution (A) Use logarithmic differentiation, lin(x) = IxIn/x =%\/7<In X.

Then (Inf () = ) -Inx 1 _ 1

F0 adx  2Vx 4/

(Inx+2).

') = ()" %(In X+2) :%x/;&_l(ln x+2). f'(4) = %22_1(2In2 +2)=In2+1.

10. Using the velocity data in the table below, eatethe distance the car travels in the 10
seconds with the Trapezoidal Rule.

t (sec) 0 2 4 6 8 10
v (m / sec) 32 24 20 17 11 7

(A) 158 m; (B) 176 m; (C) 183 m; (D) 196m; (EPp3m; (F) 208 m.
Solution (C) The distancB = %(32 +2%24 +2x20+2x 17 +2x 11+ 7) = 183.

Part Il. Long-Answer Questions
11. (2 marks) IfF(x) = J'Ozt(arcsirt Ydt, what isF'(x)?

Solution F'(x) = —2(é(arcsing®))®) = —2¢(arcsin(®))>.

12. (2 marks) Newton's method is used to find amr@gmation of a root of the equation
X2 — 3 + 1 = 0 withx, = 1.5, findxs to 4 decimal places?

: L o x*=3x+1 _
Solution The iteration formula ig+1 =X — ﬁ' Xo = 1.5333, andz = 1.5321.
X —
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1/3

13. (2 marks) How many critical numbers does the fiandt (x) = 1 have?
EX_ZIS(X_].)_ X1/3
. v _ 3 _ (x-D)-3x _ -2x-1
Solution f'(x) = 5 =——= 5= =573 -
(x-1) X(x—-1)° 3X(x—1)

Whenx = 0 orx = 1,f'(X) does not exist. When=-1/2f'(x) =0. Sincex= 1 is not in the
domain off (x), this function has two critical numbers -1/ 2 anck = 0.

14. (2 marks) Find the linear approximation of thediion f (x) = nearx = 7, and use it

1
VX+2

. 1 . .
to approximate——_. Provide your answer to 4 decimal places.

J10

Solution f'(x) =—%(x+2)‘3’2. f'(7) = 5 . Sincef (7) = =, the linear approximation is

y:—i(x_7)+l ory:—i 25
54 3’ 54" 54

Whenx=8, -+ =1 - 8,25 17 43148

\/x+ JI0 54 54 54

15. (3 marks) The surface of a dock is 5 meters allozeleck of a boat. The boat on the water
is pulled in by a cable towards the dock. Whenhibat is 12 meters away horizontally from the
dock, it is approaching the dock horizontally aate of 0.5 meters per second. How fast is the
cable being pulled in?

e

< 12m g

Solution Let the length of the cable keand the horizontal distance between the boatlzad t
dock bey. They are both functions of timeTheny? + 25 =x%. Taking the derivative on both
sides of this relation tg 2yy' = 2xx. X' =yy'/x. Wheny = 12,x= 13 andy' = -0.5,

x'=12x% (-0.5) /13 = -6/ 13. The cable is pulled iraaate 6 / 13 meter per second.

16. (3 marks) Use L'Hospital's Rule to evaluatefttiewing limits:
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. Xe*
a) lim .
(@) lim——
Solution lim—€_ =jim €+ X€ _jim( x+1) =1.

x-0 @8 — x=0 e X= 0

(b) lim (L—ij

x-1{ x=1 Inx
Solution
. X 1) . xXInx=(x-1) _, Inx+1-1 . xinx . Inx1 1
Im| —-———1{=Ilim =lim =lim =lim =—.
<1{x=1 Inx) =1 (x=Dnx et X1 Seixine 1 eiln 1+ 1 2

X
17. (3 marks) The surface area and the volume otalar cylinder with radius and height
are given byA = 27r? + 27rh andV = 7ir?h, respectively. If the surface area is fixed to be
2400rren?, find the radius and the height that maximize the volume.

Solution 27w% + 27wh = 24007 r? +rh = 1200. rh = 1200 2. V = 771(1200 —?), 0 <r <o,
Let V' = 12007- 3772 = 0. r* = 400,r = 20. Therh = 40, andV = 160007

SinceV' > 0 whenr < 20, andV' < 0 whenr > 20. FunctiorV attains an absolute maximumxat
=20 anch = 40. The maximum volume of the circular cylinie60007cnT.

18 (10 marks) Find the following:

e 1
a —dx.
@ | e

. 1
Solution Letu=1 +Inx. Thenu' = =.
X

e ]_ 1 ) ,

(b) _[le\/;In xdx.

Solution By integration by partsJ: &dxz% X2+ C.
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€ —(° 2/2:2/2 e__zelz :_2 2__Ze 2
L&Inxdx-Lln x{sij [3)? In %le 3J'1 X2 dn X 38 3[1 G

=ge3,z_g[_2xs,2}e _ 20 (eg,z_l)z_zea,,%j
3 313 |, 3° 9

© J' 5x+13

> dx.
X°—=2x—-3

5x+13 _  5+13 _ A B _ A(+ 1 B(x 3

Solution Use partial fraction.—; = =
X =2x-3 (x-3)(x+1) x-3 x+1 (= 3 1)

ThenA(x + 1)+B(x — 3) = & + 13.

Letx=3. A=28A=7. Letx=-1. ~B=8,B= -2,
[ 21 =7 —dx—zj —dx-7|n|x—3|— 2In|% 1+ C.

x?—2x-3 x-3

@ | ale)mdx

Solution Letx = sinu, —%Ts us< %T Then (1 2= cosu.

X

1 1 1
———dx=| ———(cosu)du=| ——— du= tanu C= + C
j(l—xz)?"2 J.cos?'u( ) I codu 1-x2
2X+6
©) -[ X +4x+5

Solution Complete the square? + 4x+ 5 = &+ 2f + 1. Letu=x+ 2. Therx=u— 2, and
OX+6=201-2)+6=2+2.

.[ X2+X4+Xi5 ,[ _f 7t dU+2_f Lf du=In(El+1)+ 2arctanu (

=1In (¢ + 4x + 5) + 2arctan>(+ 2) +C.
19. (3 marks) Sketch the graph of a functyonf () that satisfies the following conditions:
(@) f(-1) =f (1) =f (5) = (7) = (9) = O;f (0) =—3;

(b) f'X)>0for0<x<3,6<x<8,0rx>8;f'(x) <0forx<0, or3<x<6;
() f"(X)>0forx<2,0r4 <x<8;f"(x)<0for2<x<4,orx>8;
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(d) lim f(X) =oo; Iirr; f(X =—oo
X-8" X

Label the special features (such as extrema, tidlepoints, asymptotes, etc.) on your graph.
Solution

According to the information given by the probleng have the following diagram:

0 2 3 4 6 8
f'(x) - + + - - + +
monotonicity \ / / \ / /
f"(X) + + - - + + -

concavity _/ /NN _/ /N

Shape of Graph \\ / / \ \\ / /

Joining them together, we have the graph(&j:

local maximum ak = 3 |

vertical asymptote = 8

inflection /point atx\= 2

|
i
i
|
!
inflection\point atx = 4 [
|
|
i
i
i

6.9 [T.0 Jo.0) |
B 10

|

(0, =3)[ local minimum ak=0 !

local minimum ax=6 '

|




