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— CALCULUS FOR THE LIFE SCIENCES I —

MAT1330 DGD WORKBOOK - ANSWER KEY TO SELECT QUESTIONS
|

e If you detect or suspect errors in the answers to this document, please let your professor
know!

LEC 1 - High School Review.
1.3#20 Find the domain of f(z) = /2z —T. Ans: [%,00)

like 1.4#17  Find the formulas for the composition f o g and ¢ o f and the product of the functions f
and g; simplify where possible.

()

_x—l
Cr+1

g(x) =1/(2)

Ans: f og(fL‘) = %;%i go f(l‘) = 292:112 fg(x) = QTgEZ:rlQI

1.4 #33  Sketch the graph, state the domain and range, decide if the function has an inverse and if
so, find it: flx) = Jr+4.

Ans: D: (—o0,00) R: (—o0,00) f~Hz)=(r—4)3

22#24  Solve 4e* 1 = 20. Ans: z = 3(In(5) — 1)
22#26  Solve 4e**3 = Ted72, Ans: z=In4+5—In7
22#32  Expressy = 0.27% in base e. Ans: y = (n(02Dz
22#42  Solve In(In(x)) = 0. Ans: z=e

LEC 2 - High School Review.

23#68 Graph the function. Give the average, max, min, amplitude, period and phase and mark

them on the graph:
f(z) =3+ 4cos (27T (x ; 1)) :

Ans: period P =5 phase ¢ = 1 amplitude A = 4 mean M = 3

min M —A=-1 max M +A=7

Inequalities

Find all solutions to the inequality: T2 < ! . Ans: allz € (-7,1)
20—1  x+7

LEC 3 - Intro to DTDS.

3.1#2  Write the updating function f associated with the following DTDS, and evaluate it at the
given arguments. Is it a linear DTDS?

2
my

M1 = Evaluate f atm,; = O, my = 8, m; = 20.

Ans: up. fun. f(x)::;ifg 0 64 %




3.1#12

3.1 #18 & 22

3.1#19 & 23

Write the updating function f associated with the following DTDS. Is it a linear DTDS?
M1 = 0.75M; + 2

Determine the backward DTDS associated to the above DTDS. Use the backward DTDS to
find the value M, (the value at the previous time step) given that M; = 16.

Ans: up. fun. f(z) = 0.752 + 2 (linear) fHz) = %x — % (up. fun. for backward DTDS)

Graph some values of the following DTDS, starting with the given initial condition:

by =0, — 1.7 with initial value ¢, = 13.1 cm

Write down a formula for the general solution and sketch its graph. Sketch the graph of
the updating function. Label the axes for each graph!

Ans: general solution /; = 13.1 — 1.7¢ graphical answers omitted

Graph some values of the following DTDS, starting with the given initial condition:

ngy1 = 0.5ny with initial value ny = 1200

Write down a formula for the general solution and sketch its graph. Sketch also the graph
of the updating function.

Ans: up. fun. f(z) = 0.5z general solution z; = (0.5%)(1200) graphical answers omitted

LEC 4 - Fixed Points and Cobwebbing.

3.2 like #6

3.2#8 & 26

Ex.

32#12 &30

Given the DTDS governing the daily dose of a drug, M, = 0.75M, + 2, do three iterations
of a cobweb starting at M, = 16 mg/L. Then plot the solution you found this way on a
graph of t vs M,. Compare with the general solution formula we proved in class.

Ans: omitted.

Graph the updating function underlying the DTDS 2z, = 0.9z, + 1. Then cobweb four
steps, starting from z, = 3. Label the axes!

Next: solve for all fixed points, and classify their stability using cobweb diagrams.
Ans: fixed point: * = 10 (stable) graphical answers omitted.

Graph the updating function underlying the DTDS z;,; = 1.1z, — 1. Then cobweb four
steps, starting from z, = 3. Label the axes!

Next: solve for all fixed points, and classify their stability using cobweb diagrams.

Ans: fixed point: 2* = 10 (unstable) graphical answers omitted.

Ty

Using the graph of the updating function underlying the DTDS ;1 = T cobweb four

steps, starting from z, = 3. (Restrict your updating function to the domain = > 1.) Label
the axes!

Next: solve for all fixed points, and classify their stability using cobweb diagrams.
Ans: one fixed point: z* = 2 (keep in mind: domain is restricted to x > 1)

Based on cobweb, solutions that start near 2* = 2 do not approach z* = 2, so we consider
this an unstable fixed point.

Note: textbook calls this “stable” because nearby solutions are not moving away from
x* = 2, but in MAT1330, we defined “stable” as “all nearby solutions must move closer to

the fixed point”.
2



Ex.

Consider the DTDS Tip1 = —éx? + 2. Cobweb this DTDS starting at z, = 2.
Next: solve for all fixed points, and classify them according to their stability.

Ans: two fixed points: * = 0 (unstable) xz* = 5 (stable)

LEC 5 - Stability of Fixed Points.

3.2 like #14

3.2 like #30

(or 3.4 #16) Given the following graph of f, which is the updating function of a DTDS,
determine the number of fixed points of the DTDS and determine their stability using
cobwebbing. Write you conclusions in full sentences.

Ans: two fixed points ] ~ 1.3 (stable) x5 ~ 5.5 (unstable)

Find the equilibria of the following DTDS. Use cobwebbing to check each equilibrium for
stability.

25[)t
Ty — 1

Ti41 = (ZE > 1)

Ans: fixed point 2* = 3 (stable)

3.3 #28 In 1990 there were about 5000 southern mountain caribou in BC. In 2009, only about 1900

remained. Assume the annual per capita decline is constant. How long until the popula-
tion falls below m = 500 (which is a level, below which it is expected the species will go
extinct)?

191n(1/10)

Ans: whent > Tn(19/50)

years have passed since 1990 (1990 is the year for which ¢ = 0)

3.4 #14 Find all nonnegative equilibria of the following DTDS, where a is some real positive pa-

rameter:
T

a+xp

Tiy1 =

(Extra bizarre: what happens if a = 0?)

Ans: fixed point(s) z* = 0 and * = 1 —a. Since a > 0, we would need @ < 1inorder forz* =1—a
to be non-negative

If a = 0, then f(z) would degenerate to f(z) = 1 for all z.

LEC 6 — Limits and Continuity.

4.2

4.2 like #13

(typical question) Sketch the graph and decide if the left-hand and right-hand limits at
a = 0 exist, and then decide if the limit at « = 0 exists.

f(x):{$~|—1 ifr<1

x ifx>1
Ans: limz -0 f(z) =1 limz — 0" f(z) =1 limz — 0f(x) =1
Ans: limz — 17 f(z) =2 limz — 17 f(z) =1 limz — 0f(x)DNE
Sketch the graph and decide if the left-hand and right-hand limits at @ = 0 exist, and then

decide if the limit exists.

)z 1 +1 if2z <0
f(x)_{]x—2| ifx >0

Ans: limz — 0 f(z) =2 limz — 0" f(z) =2 limz — 0f(x) =2



4.2 #48

4.2 #48

4.4 #36

Evaluate each of the following limits, showing all your steps:

x? — 3z

. . l
alcl—rf(l) 3 — 9z Anst 5
-2
li \/_ Ans: —i
z—4 4 — x

Sketch the graph and discuss continuity of

2 _
v -1 if v #2
T —
f(z) =
0 ifr =2

Ans: fis discontinuous at x = 2 because lir% f(z) =4but f(2) =0.
T—

LEC 7 - Infinite Limits & Limits at Infinity. Evaluate each of the following limits, showing all of

your steps:
43412 lim — Ans: +oo (DNE)
a1t 22 — 1
1
4.3 #14 Ans: +oo (DNE)
r——Tt x + 7
43#36  lim 0.7° Ans: 0
T—00
3 _
43#43  lim — 0Tt Ans: -1
r—oo 3 — 3
—1)(x—=3)(x—5
43like #45  lim & )<“’2 )z —5) Ans: oo (DNE)
T—00 2 —4
43#50  lim In(3 — 2?) Ans: oo (DNE)
T——00
44#6 Find a formula for a function g(x) that makes the composition sin(g(z)) discontinuous at
x=T.
Ans: many answers possible. One possibility: g(z) = { 9r /2 gi z Z
2 _4x+3
% ifr £ +1
:L‘ R
Ex.  (like Course Guide Lecture 7 question7) Let f(z) =
x+b ifrx =41
Find the limit of f as x — 1 and as x — —1. Is there a value of b that makes f continuous
at x = 1? Is there a value of b that makes f continuous at x = —1?
Ans:  lim f(z) = —o0so hm1 f(z) DNE. f(1) =1+ b. There is no b that makes f continuous at z = 1.
r—1- xT—
lim f(z)=-1 lim f(z)=-1 lim f(z)=-1 f(-1)=-1+b
z——1" z——1+F z——1
If b = 0, then f would be continuous at z = —1.



LEC 8 — The Derivative: Definition & Basic Rules.

Ex.

Ex.

Ans:

. g(x) =

Let f be a function defined on a interval around .
The derivative of f at z is, by definition,

Ans:  f'(z) = lim fath) — f(2)

if this limit exists.
h—0 h

The derivative of f(z) at a point « is, by definition,

Ans: f'(a) = Jim 1T h})L = 7 if this limit exists.

h—0

Using the definition, compute the derivative of each of the following functions:

flx)=2++3x+1 Ans: (}”(x):%/;'igﬁﬁ
— 3 . / — 6

o) = Ans: (5) =~

Ch(x) =va?+1 Ans: h(x) = =

Using the rules of differentiation and simplifications where appropriate, compute the de-
rivative of each of the following;:

23\ /3
. 2x+3
(w—l- 1) Ans: CTSIE
2
M Ans: —z~2 _ 5p—T7/2
x3 2
1 —2x
. f(l‘) = IQ i 1 Ans: m
g(z) = —3 NS o3y
Discuss the differentiability of each of the following piece-wise functions and compute

their derivatives if possible.

20 — 3 ifx <5.

_f($):{2x+2 ifz>5

Ans: f is differentiable at all real numbers, except when z =5
{xz ifz >0
3 ifz <0.
Ans: g is differentiable at all real numbers.
Suppose functions f and g are differentiable, and the following table of values is given.

fl) (=) g(x) ¢'(x)
2

8

B W= o
—= N O
B O RN -
=N Wk W

1
2
4
3
Determine the values of, and the derivatives of f(x)g(z) and of f(g(z)), at the points = =
0,1,2,3,4.

(f9)'(0) =5, (f9)'(1) = 2, (f9)'(2) = 14, (f9)'(3) = 4, (f9)'(4) = 13

[fogl'(0)=3,[fogl'(1)=8,[fogl'(2) =3,[fogl(3) =4 [fogl(4)=3
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LEC 9 — Exponential & Log Derivatives.

5.1 #30
5.1#36
5.1#43

5.2 #10

5.2 #18

5.2 #24

5.2 #27

5.2 #40

5.3 #4

5.3 #10

5.3 #12

5.3 #25

5.3 #34
5.3 #41
5.3 #30

Ex.

bonus!

Let g(t) =+t(t?*—t—1). Find ¢(t). Ans: g'(t) = 3t3/2 = 3¢1/2 L4172
Let f(t)=2""4+t*+e Find f'(¢). Ans:  f/(t) = —4t™>
Find the equation of the tangent lineto y = f(z) = ¢/ whenz =8. Ans: y—2= 75(z —8)
Differentiate:
g(x) = ax®/*e*? Ans: 3az1/4er=2 4 qg3/ter2
flz) = Qﬁ(xg_ e Ans: 2[(321/2 — Lo 1yee 4 (@302 4 g2)(—e0)
Differentiate:
Gla) = 1 Ans: Gl(a) = 2T
M — Ans: g'(t) = Y
Find £'(0) if f(z) — - ;3”2. Ans: f/(0) = —1
Let F'(z) = In(z + In(x)). Find F'(x). Ans: F'(z) = Hl%n%x)
Differentiate each of the following;:
f(z) = 2*In(x) Ans:  f'(z) =2z In(z) + 2
P(y) = 2 Ans: F/(y) = 7t 0
Differentiate each of the following;:

x
f(z) = 2—317_2 Ans: f’(x):W
f(z)=Inz* +In*x Ans:  f'(z) = 1+ 2(In(z))?
Let L(z) = In(y/In(x)). Find L'(z). Ans: L'(z) = 2331}1(113)
Let h(z) = 23*. Find K'(z). Ans: K(z) = (In(6)) - 6
Differentiate:
g(z) = 2737 Ans: ¢'(z) = (In2+2zIn3) .27 .37
flz)=2"+3" Ans:  f'(z) = (In(2)) - 2% + (In(3)) - 3%
L(z) =237* Ans: L'(z) = (In(3))- (3)"
Differentiate:
F(z) = (2%)n@ Ans:  f'(z) = (In(2)) - (2°™®) . (In(z) + 1)
f(@) = a=. Ans: [(2) = (=) (in(x) + 1)



LEC 10 - Trig, Inverse Trig & Implicit Differentiation.
53#45 Let F(z) = f(g(x)) and let H(x) = f(z)g(x).
If ¢(6) = =2, 9(6) =4, f(4) = 3, f(6) =5, f'(4) = 3, and f/(6) = 7, find F'(6) and H'(6).
Ans: F'(6)=—-6 H'(6) =18

5.3#49 Differentiate f(z) = (1 + z)*** Ans:  f'(z) = (14 z)%** [l (z+1)+ ﬁﬂ

5.3:#34 Compute the derivative of sec(x) by first writing it in terms of sin(x) or cos(z).

Ans:  use sec(x) = 1/ cos(z) to get 1| = _sin@®@) __ _ goe(z) tan(z
& dx cos(x) cos(z) cos(x)

53#2 Find ¢'(z) if g(x) = cos(x) + cos(1) Ans: ¢'(z) = —sin(z)
5.3#4 Differentiate f(r) = sin(x) + sin(2x) +sin?(z) Ans:  f/(x) = cos(z) + 2 cos(2z) + 2sin(z) cos(z)
Ex. Differentiate h(x) = cos®(z?) Ans: W(z) = —4x cos(x?) sin(z?)
53 #12 Differentiate f(z) = xsec(x) + x tan(z) Ans:  f/(z) = sec(z) + z sec(z) tan(z) + tan(z) + z sec?(z)
53#17 Find f'(z) if f(x) = cos(In(x)) + In(cos(z)) Ans:  f'(x) = M — tan(x)

)
sin(u) + cos(u)

)
sin(u) — cos(u)
5.3#26 Differentiate f(z) = )

5.3#22 Differentiate g(u) = Ans: ¢'(u) = — =2

(sin(u)—cos(u))?

Ans:  f'(x) = —sin(z)ec®)

5.3#29 Differentiate f(z) = 230 Ans:  f'(z) = 31n(2) sec?(x)23 t2n(®)

53 #38 Find the equation of the tangent line to the graph of f(z) = 1 4 2sin(e”) at the point where

x = 0. Ans: y=2cos(l)z + 1+ 2sin(1)

53 like #50  Let f(x) = arctan(2x — 1).  Find f'(z). Ans:  f'(z) = m
53#52  g(z) = 2% arcsin®(z) Ans:  ¢/(x) = 2z arcsin? () + 2%2?7\/%2(@
53#54 Find % if y = (arctan(z?) +1)3 Ans: W — ‘W%

. dy - . : d
53#56 Find 3 ify = arcsin(\/x) + varcsin x Ans: 9= 3I2/3\/11_x2/3 + S(arcsin(z)l)Z/B\/l—gc?

5.5 (implicit differentiation) Suppose f is a function such that
f(z)e® = zel @,
If f(0) =0, find f'(0). Ans:  f'(0) =1
5.5#2  Given that y satisfies the following equation, use implicit differentiation to calculate 3.
eyt — \Jy = 3.
Ans: y = %

#8 If f(z) — 2/(®/2 = 4z and f(0) = 2, find f/(0). Ans: f'(0) = -1
#14 Given the equation In(f(z)) =In(z*~*), find f'(z). Ans: f/(z)=2%"*[3In(z) + 2]

/

bonus! #59  Differentiate y = arcsin(x) + arccos(z). Ans: ¥ =0



LEC 11 - Graphing using Calculus.

Suppose a function y = f(z),—0c0 < x < oo, is continuous, with continuous first and

second derivatives. Assume it satisfies the following conditions:
(1) f'(z) < Owhenz < 0,and f'(z) > 0 whenz > 0

(2) f"(x) < Owhenz < —2,and f"(x) > 0 when z > —2

(3) lim f(z) = oo, lm_f(z) =2

@) £(0) = =3, f(~2) = —1.

(a) Where is the graph of f(x) decreasing? Ans:  f is decreasing on (—o0,0)

(b) Where is the graph of f(x) concave up? Ans: [ is concave up on (—2,0)

(c) Where does f(z) attain a local maximum or minimum?
Ans: f attains a local (and global) minat z = 0

(d) What are the asymptotes of f? Ans: fhasaHA.y=2asxz — —oc0
(e) Sketch the graph of the function y = f(z). (graphical solution omitted)
1 1

Ex. Consider the function f(z) = = + oyt Follow these steps to graph the function.
(a) Find the domain of f. Ans: {zeR:z#0}
(b) Find the z-intercept(s) of f. Ans: (—1,0)
(c) Calculate the derivative of f. Ans: f'(z) = —227% — 3274
(d) Find the critical point(s) of f. Ans: 2 =—2 Infact, f hasalocal maxat (-3, %)
(e) Calculate the second derivative of f. Ans:  f"(z) =62~ + 627°
(f) Find the point(s) of inflection. Ans: IP (—1,3)
(g) Find the limits lim, ,o+ f(x). Ans: lim, ,o- f(z) = —oc and lim, ,o+ f(z) = 400 (vertical
asymptote)
(h) Find the limits lim,_,+ ., f(z). Ans: lim, 1 f(z) = 0 (horizontal asymptotes)
(j) Sketch the graph of f for x € [-2,2]. (graphical solution omitted)

LEC 12 - Extreme values.

Course Guide Lec 12: Question 1:
Find all local and global maxima and minima of the function f(z) = fa* — 32% — 222 + 2

on the interval [—3, 3].

Ans: local maxat (0, f(0)) global minat (5, f(2)) local minat (—3, f(—32))
global max at (—3, f(—3))

Course Guide Lec 12: Question 4:
% + 2z
6.1’

Find the global maximum and minimum of the function f(z) =
x € [0,4].
Ans: local maxat (0, f(0)) global min at (—v/2, f(—v/2)) global max at (v/2, f(v/2))

on the interval



6.14#65

Course Guide Lecture 13, Question 9:
The oxygen concentration in a lake over a single day is given by the equation

C(t) = 10t — 120¢* + 210t + 12000,

where time, 0 < ¢t < 24, is measured in hours. When is the oxygen concentration highest?
When is it lowest? What are the maximum and minimum values?

Ans: abs. min. concentration of 11020 when ¢t = 7 abs. max. concentration of 86160 when ¢ = 24

The Shannon Index measures the diversity of a species in an ecosystem. In the case of two
species, it is defined by H = —aIn(a) — bIn(b), where a is the percentage of species A and b
is the percentage of species B. If there are just the two species, what is the maximum value
and when does it occur? What does this mean in terms of the diversity of species in the
ecosystem? Ans: global max of H(3) =In2 occurs whena = b = §

LEC 13 — Optimization.

6.2 #22

Course Guide Lec 13: Question 1:

A company harvests fish at some rate h > 0. The yield is Y (h) = h(500 — h) tons of fish, the
selling price is $200 per ton. The cost for harvesting at rate i is C'(h) = 1000h(1 + 0.1h) in
dollars.

(a) Find the expression of the profit P (= revenue - cost) as a function of harvesting rate.
Ans:  P(h) = 99000h — 300h?

(b) Find the harvesting rate that maximizes profit. Ans: h =165
(c) Find the maximum profit. Ans:  P(165) = $8167 500

Course Guide Lecture 13: Question 6:
Find the point on the parabola y = z? that is the closest to the point (1,2) in the cartesian

2
plane. Ans: the point <1+2\/g’ (12—‘/5> ) on the parabola is closest to (1, 2)
Calculate the maximum long-term harvest for a population satisfying the DTDS
TNt
Nipq = — hN;.
T RN, '

Suppose thatr = 1.5and k = 1.
(a) Find the equilibria as a function of h. Ans: 2* = %
(b) What range of & is associated to a positive equilibrium? Ans: 0<h <05

(c)Find the harvest level giving maximum long-term harvest Y (h) Ans: h=-1+3V6
(d) Sketch the graph of Y (h) and compute the max value. (graphical solution omitted)
Ans: max harvestis V(-1 + 1v/2) ~ 0.05051

LEC 14 — L'Hopital’s Rule. Evaluate each of the following limits:

et —1—x
a. lim ———— Ans: —1

z—0 cos(z) — 1
. 3(z—1)?

i S Ans: 3
I RY .

. xi}I{lJr m Ans: —+00
. arctan(z)

. llr%— Ans: 1
T— €T



et —2

. o1
e. :vlggo 3 oer Ans: 3
s Ans: 1

z—0 ,CL'3
lim —— & Ans: 2
& xlﬂ%m ns:
h. lim M Ans: —o0
e—(r/2)t (x —m/2)2
1 6
i. lim n(i) Ans: 0
T—00 T
j. lim cot®(z)(z — 7)? Ans: 1
Tr—rT
k. lim —x 2e'/* Ans: 0
z—0—
l. lim z2%e* Ans: 0
T——00
m. lim 23~ Ans: 0
Tr—r00
n. lim z tan(s) Ans: 1
T—00
o. lim (\/332 +x— Va2 — 2:1:) Ans: %
Tr—r00
_ 1 In(1+x) .

P [ Ans: }

q. lim (\/x—l—\/x—i—B) Ans: 0
Tr—r00
) 1

r. lim (ze= —x) Ans: 1
Tr—r00

s. lim (z + 3)Y/® Ans: 1
Tr—r00

t. lim (Inz)"/* Ans: 1
Tr—r00

w. lim(1 + 22)= Ans: ¢?
z—0

v. lim ( * ) Ans: e !
w. lim (sinz)™"* Ans: 1

z—0t

LEC 15 - Taylor Polynomials. Recall: the Taylor polynomial of f(z) centred at the base point a is

f¥a)
3!

To(a) = f(a) + f'a)(e —a) + T30 e )+

(x—a)’+- +

Course Guide Question 1: Consider the function f(z) = (3z + 5)/>.
e Find the Taylor polynomial 73 using base point a = 1 for the function f(x).

Ans: T3(z) =1648(x — 1)+ $(z — 1)? — & (z — 1)3

e Evaluate the error in the approximation by calculating |f(0.8) — 73(0.8)| to six decimal

places. Ans: | f(0.8) — T5(0.8)| = 0.000010857...
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Course Guide Question 9: Consider the function f(z) = 1 + sin(2z — 2).
(a) Use a linear approximation of f to estimate the value of f(0.9).

Ans: L(z)=Ti(x)=1+2(z—1) f(0.9)~ L(0.9)=0.8

(b) Justify from the graph of f why the approximation of f(0.9) in (a) is below the actual
value. (graphical solution omitted)

(c) Use a Taylor polynomial of degree 3 to approximate f(0.9). Ans: using centre a = 1, we
have T3(z) =1+ 2(x — 1) — %(m —1)3and £(0.9) ~ T3(0.9) = 0.8013333...
LEC 16 - Stability of DTDS. Recall this important theorem!

The Stability Theorem (Derivative Test for Stability) Suppose z* is a fixed point (equilibrium)
of a DTDS z1y1 = f(x:). Then the fixed point z* is

e stable if | f'(z*)] < 1
e unstable if | f'(z*)| > 1

Course Guide Question 3: The density of fish (i.e. number of fish per cubic metre) in a lake is
determined by the discrete-time dynamical system
4..'['t
Tir1 = ——
A 3z?

where ¢ is the time in years since the beginning of the observation. Initially, the density is 2y = 0.5.
(a) What will the density be after three years? (4 decimal places are enough)  Ans: 24 ~ 0.9824
(b) What is the updating function f(z)? Ans: f(z) = &

14322

(c) What are the biologically relevant equilibria? Ans: z*=0,2"=1
(d) Use the derivative test to determine the stability properties for each of the two equilibria.
Ans: z* = 0is unstable, z* = 1 is stable

Course Guide Question 4 Consider the DTDS ;1 = f(z:), where the updating function is

1+
flz) = 1+ 22
(a) Find the equilibrium point(s). Ans: z* =1

(b) Use the derivative test to evaluate the stability of each equilibrium point. Ans: z* = 1is stable

(c) Starting from xy = 5, calculate xy, x5, z3. Ans: x1 ~ 0.2307, x9 ~ 1.1685, x3 ~ 0.9167

(d) Sketch the graph of the updating function and use cobwebbing to confirm your calculations.
(graphical solution omitted)

Course Guide Question 4 Consider the DTDS ;1 = f(z:), where the updating function is

oT
f(x) - 1 + 41_2’
(a) Find the equilibrium point(s). Ans: z*=-1,2"=0,2"=1

(b) Use the derivative test to evaluate the stability of each equilibrium point.
Ans: z* = —1is stable (but may not be biologically relevant), * = 0 is unstable, * = 1 is stable
(c) Starting from z = 5, calculate x4, x5, 3. Ans:  z1 ~ 0.2475, 5 ~ 0.9940, 23 ~ 1.003

(d) Sketch the graph of the updating function and use cobwebbing to confirm your calculations.

(graphical solution omitted)
11



Course Guide Question 4 Consider the DTDS ;1 = f(z:), where the updating function is
f(z) = rze”® where r denotes a positive parameter.

(a) Find the equilibrium point(s). Ans: z* =0and z* = In(r)
(b) Use the derivative test to evaluate the stability of each equilibrium point.

Ans: z* = (0 isstableif |r| < 1 and unstable if |r| > 1
x* = In(r) is stable if 1 < r < €? and unstable if r < 1 or r > ¢?

(c) Starting from z = 5, calculate x4, z,, 3.
Ans: Usingr =3 and f(z) = 3ze™*, 21 = 0.1011, 25 ~ 0.2741, 23 ~ 0.6251

(d) Sketch the graph of the updating function and use cobwebbing to confirm your calculations.
(graphical solution omitted)

Course Guide Question 4 Consider the DTDS z;,; = f(z;), where the updating function is

2z
1@ =1 o
(a) Find the equilibrium point(s). Ans: z*=0and z* =10

(b) Use the derivative test to evaluate the stability of each equilibrium point.
Ans: z* = 0is unstable and z* = 10 is stable
(c) Starting from x( = 5, calculate x1, x5, z3. Ans: x1 =~ 6.667, 19 ~ 8, w3 ~ 8.889

(d) Sketch the graph of the updating function and use cobwebbing to confirm your calculations.
(graphical solution omitted)

LEC 17 - Newton’s Method. Recall: The Intermediate Value Theorem says that if f is continuous
on a closed interval [a,b] and y is between f(a) and f(b) then there is an = € [a,b] such that

f(z)=vy.
Recall: Newton’s method:

n

Course Guide Question #5: Complete the following steps to estimate the solution of the equation

.<+7r) x
sin({z+ =) ==
2 2

(a) Use the Intermediate Value Theorem to explain why we know that there is a solution between
0Oand 7. Ans: Using f(z) = sin(z + §) — 5, we see that f(z) is continuous on [0, §] and f(5) < 0 < f(0).
Since Y = 0 is between f(5) and f(0), the IVT guarantees some number ¢ € (0, §) such that f(c) =Y.

(b) Perform three iterations of Newton’s method with the initial value 2y = 7 (use 8 decimal
places). Ans: 171 & 1.045862029, x5 ~ 1.02991391668, x3 ~ 1.029866529

Course Guide: Question 2: Consider the DTDS N;;; = In(3 — N?). (a) Use the Intermediate
Value Theorem to show that there is an equilibrium in the closed interval [0, 1]. Ans: Using g(z) =
In(3 — x2) — =, the roots of g(z) correspond to solutions to the equation x = f(z). Since Y = 0 is between
g(0) and ¢(1) and since g(x) is continuous on [0, 1], the IVT guarantees that there is some number ¢ € (0, 1)
such that g(¢) = Y. Consequently, this number c is a solution to the equation z = f(z), hence is a fixed
point for this DTDS.

(b) Use Newton’s method to solve for the equilibrium up to four iterations using the initial guess
1. Please give decimal 4 points for your calculation. Ans: z¢ =1, z; = 0.84657359, x5 ~ 0.834546205,

3 ~ 0.834486867, x4 ~ 0.834486865
12



Course Guide: Question 4: The goal of this question is to show that the function f(z) = 2* + 2% +
3z + 2 for x € (—o0, 00) has exactly one zero.

(a) Use the intermediate value theorem to show that there exists (at least) one zero. Ans: f(—1) =
—1 and f(0) = 2 (for example). Since Y = 0 is between f(—1) and f(0), and since f(x) is continuous on
[—1,0], the IVT guarantees that there is some number ¢ € (—1,0) such that f(c) =Y.

(b) Use the Mean Value Theorem to show that if there are two (or more) zeros, then there is at least
one critical point. Ans: Assume there exist two numbers a, b such that a # b and f(a) = f(b) = 0. Since
f(z) is differentiable for all real numbers, f(z) is differentiable on [a, b]. The MVT guarantees there exists a
number ¢ € (a, b) such that f/(c) = w = 9=9 = 0. Thus, the number ¢ guaranteed by MVT would be
a critical number of f(x).

(c) Show that the function f does not have a critical point. Ans:  f/(z) = 322 + 2z + 3 and 0 = f/(z)
has no solutions, as can be seen by the discriminant of the quadratic equation 0 = 322 + 2z + 3. Thus, f has
no “type 1” critical numbers. Furthermore, the domain of f’ is the same as the domain of f so there are no
“type 2” critical numbers. Thus, f has no critical numbers.

(d) Put all your arguments together to show that the function has exactly one zero. Ans: Since the
assumption that f has more than one zero leads to the contraction that f has a critical number (which we
know to be false), f cannot have more than one zero. However, f has at least one zero by (a), hence has
exactly one zero.

(e) Find the root, accurate to 3 decimal places, using Newton’s method. Ans: With initial guess
xo = —0.5, we get x1 =~ —0.7272727, x5 ~ —0.715279444, x5 ~ —0.71522524, x4 ~ —0.715225238, so the root
isx ~ —0.715

LEC 18 — Antiderivatives. Compute the following;:

/ sin(r) dx / 2% dx

Ans: —cos(z)+C Ans: j2'+C
/cos(:v) dx /\/de
Ans: sin(z) +C Ans: 22324+ C

2 2
/sec (x) dz / 172* dx
Ans: tan(z) 4+ C Ans: 3+ C

31

/sec(m) tan(z) dx /ﬁ dx
Ans: sec(z)+C Ans: —3lz71+C

1
/ dx /§dx
14 22 T

Ans: arctan(z) + C Ans: 8lnlz|+C
[ [rera
—dz e’ dx
V1— a2
Ans: arcsin(z) + C Ans: 7e* +C

Find the following indefinite integrals.
13



(1
()/ +\/_ Ans: —1— L 42|+ C

¢
(t+ 1)
(b) / 573 dt Ans: 3In(t)— 13— 4z +C
2 2
(C)/(\/Ex—;r)dx Ans: 1n]w\—%—%+0
9 _ 2
(d)/%dz Ans: 4ln|z|—4x + 122+ C
4 2 4 5 2/3
(e) 10x —5—1—3—\/5—1 dx Ans: 22° —2In|z|+ 62/° —z + C
Find the value of F'(1) when F(0) = 1 and F'(t) = f(¢) is given by f(t) = 3t* + 1. Ans:

F(t)=323t"+t+1land F(1) = &

7.1#2,4,6 ~Which of the following differential equations are pure-time? Which are autonomous?

dy/dt =2y Ans: autonomous
y = 2xe” Ans: pure-time
df Jdx =In(z) +x — 1 Ans: pure-time
df /dt = 3t3 f(t) Ans: neither
7.2 #42 Suppose organisms grow in mass according to the differential equation
dM
e at”.
where )M is measured in grams and ¢ in days. Suppose n = —1/2 and a = 2.
(a) Find the units of a. Ans: grams/./day
(b) Suppose M (0) = 5 g. Find the solution. Ans: M(t) =4Vt +5
(c) Sketch the graphs of M (t) and M'(t). (graphical solution omitted)
(d) Describe your results in words. Ans: The rate of growth decreases as ¢ increases, but it

always positive, so the mass is always increasing, though at a slower and slower rate.

LEC 19 — Substitution.

1. /(17x — 17 dz. Ans: (172 — 1)+ C

2. / V12x + 2014 dx. Ans: (122 + 2014)*/3 4+ C
t 1 2y-1

3. mdt Ans: —5(1—|—t ) +C

In(z))3

4, / % da Ans: L(in(z))*+C
3r+1

5. / B2+ 20 7 170 dx Ans: —=(32? +22+1)°+C

6. /sin(x)ecos(x) dx Ans:  —ecs@) 4 C

14



cos(x)

(e dx Ans: 2./sin(z) +C
8. /521_3 dr. Ans: G570+ C
9. Find / . +59x2 dr. [Hint: differentiate g(z) = arctan(x).] Ans: 2 arctan(3z) + C
10. / de Ans: L(In(x)* +C

1 / 3r+1
") (Bx2+ 224 1)8

t
12. ——dt
/<1+t2)2
13./ ¢ dx
et + 1

14. /M dz

z

in(
15, / 06) g
T

16. [ e3*v/2 — e37 dx:

dx

) 1
Ans:  — 0B +2a11) T c
AI'IS: —2(17_1’_152) =+ C

Ans: Inle* +1|+C

Ans: —1(In(2))?+C

wl—=

Ans: cos(2)+C

Ans: —2(2— 3032 4 ¢

17. Find the value of F'(1) when F(0) = 1 and F'(t) = f(t) is given by

(@) f(t) = i 12

(b) (1) = 126

18. Find the following indefinite integrals

tan(z
(@) / In(cos(z
(b) / sin(a:)ews(x) dx

()/ COt(ZE) d:l:

In(sin(x)

(d)/mdx
e* +1
© [ S
S111
(f)/1+0082x
COS
(g)/ e 1/3 dx

(h) / cos(x)esm(z) dx

Ans: F(t) = {=In|17t + 12| + ;- In(12) — 1

Ans: F(t) =12¢' — 11

Ans:  —In|lIn(cos(z))| + C
Ans: —es(@) L ¢

Ans: In|In(sin(z))| + C
Ans: sin(In(z)) + C

Ans: Inle* + 1|+ C

Ans: —arctan(cos(z)) + C
Ans:  3(sin(z))Y/? +C

Ans; 0@ 4 ¢
15



2
1)/6 + Ans: Inle® +2z|+C

e’ + 2x
(In(
G) / % dz Ans: L(n(x))* + C
(k)/ 2z d A 2In|1 —In(x)| +C
: —z1n — 1n
z(1 4+ In(x)) v e !
4} / cos(z Ans: 2/sin(z) +C
\/sm
19. Find the anti-d F(z) of Y quch that F(0) — 1 in(z)
. Find t ti-derivati 0 = such that =1. Ans: F(x)= M) 40
ind the anti-derivative F'(z) of f(z) Vi (0) ns: F(z)=e
LEC 20 — Integration By Parts.
1. / 162° In(7z)dx Ans: 4x*In(7z) — 2+ C
2. /arcsin(x) dx. Ans: zarcsin(z) + V1 —22+4+C
3. /3x2 cos(0.5x) dx Ans:  62%sin(0.57) + 24z cos(0.5x) — 48sin(0.5x) + C
4. Find the value of F(1) when F'(0) = 1 and F'(t) = f(¢) is given by f(t) = (¢t + t*)e”*
Ans: F(t) = —e t(t+t2)+ (1 +2t)e ! -2t +2
5. Find the function f(z), such that f”(z) = In(z) and f(1) = f'(1) =
Ans:  f(z) = i2%In(z) — 2% +
6. Find the following indefinite integrals.
(@) /(x + 1) sin(z) dz Ans: —(z+ 1) cos(x) + sin(z) + C
(b) /mQ cos(z) dz Ans: 22 sin(z) + 2z cos(z) — 2sin(z) + C
() /16:L‘3 In(7x)dx Ans: 42?In(7z) — 2+ C
7. Find the indefinite integral of each of the following functions. Check your results by differenti-
ating.
(@) f(z) = 5 cos(5x) Ans:  —15sin(5z) + 25 cos(5z) + C
(b) f(x) =+v/zlnzx Ans: 22%%In(z) — $2%2 4+ C
() f(x) = rcsm( ) Ans: zarcsin(z) — V1 —a22+C
(d) f(z)= Ans: {5 — a3t +C
(e) f(z) = 2% Ans: —2%e7% —2xe % + 2+ C
8. Find the value of F(1) when F(0) = 1 and F'(t) = f(t) is given by
(a) F(t) = (t+#2)e (b) f(t) = 3t cos(t?)
Ans: F(t) = —et(t2 —t+1)+2 Ans:  F(t) = 3sin(t?) +1
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9. Find the following indefinite integrals

(a) / zIn(z) d Ans: 1z%In(z) — 22+ C
(b) / (z + 1) sin(z) dz Ans: —(z+ 1) cos(x) + sin(x) + C
(0) / (x + 1) cos(z) dx Ans:  2?sin(z) + 2z cos(z) — 2sin(z) + C
(d) /(a: +1)In(z) dx Ans: (3224 2)In(z) — 122 -2+ C
(e) / (z — 2)sin(z) dz Ans:  —(z — 2)cos(z) + sin(z) + C
(f) / VxIn(x) dz Ans: 3243In(z) - Fa2*3 4 C
(g) / 327 cos(0.5x) dx Ans:  622sin(0.52) + 24z cos(0.5z) — 48sin(0.5z) + C

10. Find the function f(x), such that f”(z) = In(z) and f(1) = f'(1) = 0.
Ans:  f(z) = i2%In(z) — 2% +
11. Let V(¢) be the volume of a benign tumour in cm? after ¢ years. For ¢ > 0, suppose that V (t)
satisfies the following differential equation
dv
— = (1+t)e "
7 (1+t)e
a. If initially V(0) = 1, find V'(¢). Ans: V(t)=—-(1+t)e ' —et+3
b. Compute tlim V(t) and interpret.
—00
Ans: 3 In the long run, the tumour’s volume approaches 3 cm?.

c. Use Newton’s method to find when the volume of the tumour will be 2 cm?. Use 5 decimal
places in your computations and find the answer with 3 decimal places of precision.
Ans: Solutions to V' (t) = 2 correspond to solutions to 0 = g(x) for g(z) = —e~*(2+ z) + 1. Using
Newton’s method to find roots of g(z) and using the initial guess z¢o = 1, we get 1 ~ 1.1408590,
2o A 1.146185641, x3 ~ 1.146193221, 2* ~ 1.14693221, so v(t) = 2whent ~ 1.146

LEC 21 - Definite Integrals.

1./ sin(x) dx Ans: 2

0
N

2./ 3tsin(t?) dt Ans: 3
0

3./ tsin(t) dt Ans: 7w
0
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