ENGR-213 RECOMMENDED PROBLEMS (WEEK 1-6)

1.1 Definition and Terminology: 1,3,5,6,8,10,11,13,14,21,23

In Problems 18, state the order of the given ordinary In Problems 11-14, verify that the indicated function is an
differential equation. Determine whether the equation is linear explicit solution of the given differential equation. Assume
or nonlinear by matching it with (&). an approprate interval [ of definition for each solution.
Ll —xn' — 4y + 5y =cosx My +y=0;, y=¢g="
3 5P Y Gy =0 13y -6y + 13y=0;, y=e¢"cosx
- ) ' M v +v=tanx; y= —(cosx)ln{secx + tan x)

s Y_ [, (E)' In Problems 2124, verify that the indicated family of functions
dx” dv is a solution of the given differential equation. Assume an
IR ¢ appropriate interval I of definition for each solution.

B. 5 = ——= '

K 0L opi_p p=9
1.2 di 1 + e
B x—(l-s)r+x=10 .
2V a2 i hy =0 y= e+ ome™
In Problems 9 and 10, determine whether the given first-order B gt =l y=aem +oxe

differential equation is linear in the indicated dependent
variable by matching it with the first differential equation
given in (7).

10, wdv + (v + uv — weldu = 05 inv; inu

1.2 Initial VValue Problems: 7,9,11,12,17,18

In Problems 7-10, x = ¢, cos t + ¢, sin 1 is a two-parameter
family of solutions of the second-order DE x" + 1 = (. Find a
solution of the second-order IVP consisting of this differential
equation and the given initial conditions.

1 ) =—1, xiHh=2%8
9 riw/E) =t w6 =0

In Problems 11-14, y = c;¢" + ™" is a two-parameter family

of solutions of the second-order DE y" — v = (. Find a solution
of the second-order IVP consisting of this differential equation

and the given initial conditions.,

Mmooy =1, yi=2
1 v =0, y(l)=e

In Problems 17-24, determine a region of the xy-plane for which
the given differential equation would have a unique solution
whose graph passes through a point (xg, ¥g) in the region.

dy dy
113:;#3 18. E:v’ﬁ



2.1 Solution curves without a solution: 3, 4, 26, 27

In Problems 14, reproduce the given computer-generated direc-

tion field. Then sketch, by hand, an approximate solution curve
that passes through each of the indicated points. Use different
colored pencils for each solution curve.

3 dy I
= =1 — v
dr ]
(@) =0 by ¥w(—13=10
ic) vi2)=2 idy yi0y= —4
¥
afbrdrirrrb<iviviy
A A T T
S S
I S A ES N W I
N 8 E N N
[ A A  C A ]
FE PP PPy F =\
LN N e e Y
PRI PP a1
R Rl S
FY NN NN S
VNN ==Fr 2l
Db b b kNNs=Frrai 1
O O O 7 A O I OO O
IRERERR TN EEEEEE
L T O O O I
A EERE RN ERERENE
-4 -2 2 4

In Problems 21-28, find the crtical points and phase portrait
of the given autonomous first-order differential equation.
Classify each critical point as asymptotically stable, unstable,
or semi-stable. By hand, skeich typical solution curves in the
regions in the xy-plane determined by the graphs of the
equilibrivm solutions.

6. i = w2 —vii4 — v
dx - : :

2.2 Separable Equations: 7,9,13,19,25,27

In Problems 1-22, solve the given differential equation by
separation of variables.

dy
1= ey
dx v+ 142
g, }-lan—( T )
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' i V.
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c) vi3)=3
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In Problems 23-28, find an implicit and an explicit solution of
the given initial-value problem.

vi—1=-1

2. V1 — ylde — V1 — xldy = 0, ¥0)= V3R



2.3 Linear Equations: 7,9,23,27,31

In Problems 1-24, find the general solution of the given differ-
ential equation. Give the largest interval over which the general
solution is defined. Determine whether there are any transient
terms in the general solution.

In Problems 23-32, solve the given initial-value problem. Give
the largest interval I over which the solution is defined.

i
. .[.—r + Ri = E; i) = iy, L, R, E, and iy constants
2 _ dt

L xy +xv=1

-2V _ .,

e} x%+f3.r+ Iy =e¢

2.4 Exact Equations, integrating factors: 3,5,9,15,27,29,31

In Problems 1-20, determine whether the given differential
equation is exact. If it is exact, solve it.

3 (5x+ 4v)dr + (4x — B dy =0
5 2y —3de+(Wy +Ddy=0

9. (x — v + V' sinx) dx = (3n” + 2ycos X dy

. R
15, (I‘_P3 13 QII)E +xt =10

In Problems 27 and 28, find the value of & so that the given
differential equation is exact.

20, (¥ + koy* — 20 dr + (30 + 200 ) dy = 0

In Problems 29 and 30, verify that the given differential
equation is not exact. Multiply the given differential equation
by the indicated integrating factor p(x, v) and verify that the
new equation is exact. Solve.

M. (—xysinx+ Jycosxdde + 2xcosxdy =0; plx, y)=xy

In Problems 31-36, solve the given differential equation by
finding, as in Example 4, an appropriate integrating factor.

N (7 + 30 dx + Zydy =0

2.5 Solutions by Substitution (Bernoulli, homogeneous, linear substitution): 5,7,9,13,17,19,21,25,27

In Problems 1-10, solve the given differential equation by using In Problems 21 and 22, solve the given initial-value problem.

an appropriate substitution. &y ,

2 o —— Dy =3, )=

5. (Y +wdr — X dy=0 i Al K 3
&y v—1x

dr v+ x
8 —yde+ (x+ Voldy =0
In Problems 11-14, solve the given initial-value problem.

12 (x + vy dr — xdy =0, yl)=0
FEach DE in Problems 15-22 is a Bernowlli equation.

In Problems 15-20, solve the given differential equation by
using an appropriate substitution.

dy
17, — = yin® — |
yixy )

dy
19, :EF'I+_1;3 =ty

5

dy
Each DE in Problems 23-30 is of the form I fltAx + By

In Problems 23-28, solve the given differential equation by
using an appropriate substitution.

— = tan*(x + ¥)

" dx
{ﬁr'
21.3:2+ Wy —2x + 3
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1.3 Differential Equations as Mathematical Models: 1,2,3,5,7,9,1013,15,16,19

= Mixtures
9 Suppose that a large mixing tank initially holds 300 gallons

= Population Dynamics
1. Underthe same assumptionsundertying themodelin (1), deter-

mine adifferential equation governing the growing populaton
P(i) of a country when individuals are allowed to immigrate
into the country at a constant rate ¢ > (. What is the differential
equation forthe population A{)of the country when individuals
are allowed to emigrate at a constant rate r > 07

The population model given in (1) fails to take death into
consideration; the growth rate equals the birth rate. In an-
other model of a changing population of a commumity, it is
assumedthatthe rate at which the populationchanges is aner
rate—that is, the difference between the rate of hirths and the
rate of deaths in the community. Determine a model for the
population P(r) if both the birth rate and the death rate are
proportional to the population present at time £.

Using the concept of a net rate introduced in Problem 2, de-
termine a differential equation governing a population P{1)
if the birth rate is proportional to the population present at

equation governing the number of students x(f) who have
contracted the flo if the rate at which the disease spreads is
proportional to the mimber of interactions be tween the mumber
of students with the fln and the number of students who have
not yet been exposed to it

10

of water in which 50 pounds of salt has been dissolved. Pure
wateris pumped into the tank ata rate of 3 gal/min, and when
the solution is well stirred, it is pumped out at the same rate.
Determine a differential equation for the amount A(r) of salt
in the tank at ime . What is A(0)7?

Suppose that a large mixing tank initially holds 300 gal-
lons of water in which 50 pounds of salt has been dis-
solved. Another brine solution is pomped into the tank at
arate of 3 gal/min, and when the solution is well stirred,
it is pumped out at a slower rate of 2 gal/min. If the con-
centration of the solution entering is 2 1b/gal, determine
a differential equation for the amount A(f) of salt in the
tank at time r.

= Draining a Tank

time ¢ but the death rate is proportional to the square of the 13. Suppose water is leakin g from a tank through a circular hole
populstion present at time f. of area A, at its bottom. When water leaks through a hole,
friction and contraction of the stream near the hole reduce the
= Newton’s Law of Cooling/Warming "“L’I:*‘:;“’; WZHII;?""“E“' ‘?P:ﬂlmfsm“d ‘E:”‘*szf"f
. \ w c c is an empirical constant. Determine a
R “f]mﬁdf:nm"‘*‘ Tmmmixﬂmm ol e differential equation for the height b of water at time f for the
ing (3). Use data from the grap emperature (1) in cubical tank in FIGURE 13.12. The radius of the hole is 2 inand
FAGURE 13.10 to estimate the constants T,,, Ty, and & in a model - 33 fif
of the form of the first-order iritial-value problem € ‘
dar _ o @-
4 M- T), TO =T, +f E;
b E 'l
X
T circular
200 |- hale
150 — = . .
= Series Circuits
100} 15. A series circuitcontains aresistor and an inductor as shown in
. FIGURE 1.3.14. Determine a differential equation for the current
i i(f)if theresistance is K, the inductance is [, and the impressed
. . . voltage is E(f).
0 C T
;l'
= Spread of a Disease/Technology
1. Suppose a student carrying a flu virus returns to an isolated Ve
coll of 1000 stndents. Determi differential
cEC Camphs ¢ e a e 16. A series circuitcontains a resistor and a capacitor as shown in

FIGURE 13.15. Determine adifferential equation for the charge
g(1) on the capacitor if the resistance is &, the capacitance is
€, and the impressed voltage is E().

M



= Newton's Second Law and Archimedes’ Principle

18. A cylindrical barrel s ft in diameter of weight w [b is floating
inwater as shown in IGURE 1.3.17(a). Afteran initial depres-
sion, the barrel exhibits an up-and-down bobbing motion
along a vertical line. Using Figure 1.3.17(b), determine a
differential equation for the vertical displacement y(r) if the
origin is taken to be on the vertical axis at the surface of the
water when the barrel is atrest. Use Archimedes® prindple:
Buoyancy, or upward force of the water on the barmel, is
equal to the weight of the waterdisplaced. Assume that the
downward direction is positive, that the weight density of
water is 62.4 |b/fft?, and that there is no resistance between
the barrel and the water.

1

(k)

2.7 Linear models (growth/decay, heating/cooling, circuits, mixtures): 3,5,9,15,17,23,25,29,31

= Growth and Decay

1 The population of a town grows at a rate proportional to the
population present at time r. The initial population of 500
increases by 15%in 10 years. What will the population be in
30 years? How fast is the population growing at r = 307

5. The radicacti ve isotope of lead, Pb-209, decays at a rate pro-
porticnal to the amount present at time ¢ and has a hal f-life of
3.3 hours. If 1 gram of this isotope is present mitially, how
long will it take for 0% of the lead to decay?

9. When a vertical beam of light passes through a transparent
medivum, the rate at which itsimtensity I decreass si s propartional
to [(r), where ¢represents the thickness of the medium (in feet).
In clear seawater, the intensity 3 feet below the surface is
25% of the initial intensity I, of the incident beam. What is
the intensity of the beam 15 feet below the surface?

= Newton's Law of Cooling/Warming

15 A smallmetal bar, whose initial temperahire was 20°C, isdropyed
imto a large coutuiner of boiling water. How long will it take the
bar to reach 90°C ifit is inown that its tempershme inoeased 2°
in 1 second? How long will it take the bar to reach 98°C7

17. A thermometar ceading 70°F is placed in an oven preheated to
a constant temperature. Through a glass window in the oven
door, an observer recounds that the tharmometer read 110°F after
} mimute and 14 5°F after 1 minute. How hot i s the oven?

= Mixtures

7. A large tank is filled to capacity with 500 gallons of pure
water, Brine containing 2 pounds of sakt per gallon is pumped
intothe tank at a rate of 5 gal/min. The well-mixed solution is
pumped out at the same rate. Find the number A(f) of pounds
of salt in the tank at ime ¢,

2. Solve Problem 23 under the assumption that the solotion is
pumped out at a faster rate of 10 gal/min. When is the tank

empty”?

= Series Circuits
2. A 30-volt electromotive force is applied to an LR-series cir-
cuit in which the inductance is 0.1 henry and the resistance
is 50 chms. Find the corrent i#) if #{0) = 0. Determine the
CUITENt 88 [ —+ oa.
. A100-voltelectromoti ve force is applied to an RC-series cir-
cuit in which the resistance is 200 ohms and the capacitance
is 107" farad. Find the charge g(r) on the capacitor if g(0) = 0.
Find the current ().



2.8 Non-linear models (Population dynamics, logistic equation, chemical reaction, leaking tank): 2,3,11,13,17

= Logistic Equation

The number N ) of people in a commmumity who are exposed
to a particn lar advertisement is governed by the logistic equa-
tion. Initialty N(0) = 500, and itis observed that N{ 1) = 1000.
Solve for N(1) if it is predicted that the limiting number of
people in the community who will see the advertisement
is 50,000.

A maodel for the population P(f) in a suburb of a large city is
given by the initial-value problem

jf = P10 — 1077P), P(0) = 5000,
where ¢ is measored in months. What is the limiting value of

the population? At what time will the population be equal
one-half of this limiting value?

= Chemical Reactions
11. Two chemicals A and B are combined to form a chemical C.

The rate, or velocity, of the reaction is proportional to the
product of the instantaneous amounts of A and B not converted
to chemical C. Initially there are 40 grams of A and 50 grams
of B, and for each gram of B, 2 grams of A is used. It is ob-
served that 10 grams of C is formed in 5 minutes. How much
is formed in 20 minutes? What is the limiting amount of C
after a long time? How much of chemicals A and B remains
after a long time?

= Miscellaneous Nonlinear Models
13. Leaking Cylindrical Tank A tank in the form of a right-

circular cylinder standing on end is leaking water through a
circular hole in its bottom. As we saw in (10) of Section 1.3,
when friction and contraction of water at the hole are ignored,
the height h of water in the tank is described by

dh A,
e Aw\fzg-‘u

where A, and A, are the cross-sectional areas of the water and

the hole, respectively.

(a) Solve for k(1) if the initial height of the water is H. By
hand, sketch the graph of h(r) and give its interval [ of
definition in terms of the symbols A,, A,, and H. Use
g = 32 fus.

(b) Suppose the tank is 10 ft high and has radius 2 ft and the
circular hole has radius } in. If the tank is initially full,
how long will it take to empty?

17. AirResistance A differential equation governing the veloc-

ity v of a falling mass m subjected to air resistance proportional
to the square of the instantaneous velocity is

m & = mg — e

where k > 0 is the drag coefficient. The positive direction is

downward.

(a) Solve this equation subject to the initial condition
v(0) = vy.

(b) Use the solution in part (a) to determine the limiting,
or terminal, velocity of the mass. We saw how to de-
termine the terminal velocity without solving the DE in
Problem 39 in Exercises 2.1.

(c) If distance s, measured from the point where the mass
was released above ground, is related to velocity v by
dsldt = v(1), find an explicit expression for s(f) if s(0) = 0.

17.1 Complex numbers: 1,3,7,11,15,25,27,29,31,35,39

In Problems 1-26, write the given numberin the form a + .
L 2032+ 50
3 it
7. 05+ 70
1 (2 + 302
2— 4
3+ 5i

= (3 i!) (2 Ji 3:')

InProblems 27-32, letz = x + iy. Find the indicawd expression.
2. Re(llD)

A Im(2z+ 47— 40)

N jz-1-3

In Problems 33-38, use Definition 17.1.2 to find a complex
number z satisfying the given equation.

B =i

In Problems 39 and 40, determine which complex number is
closerto the origin.

3 10+ 8, 11—6



17.2 Powers and Roots: 3,7,9,15,21,31,33,35

Write the given complex number in polar form. 1 Problems 21-26, use (8) to compute the indicated power.
3 -3

1 —\V3+i 2 (1+ V3i®
3 In Problems 27-32, use (10) to compute all roots. Sketch these
3. 1+ roots on an appropriate circle centered at the origin.

_ . _ M (—1+ V32
Find z,z, and z, /z,. Write the number in the . . .
form a + ib. In Problems 33 and 34, find all solutions of the given equation.

1nF+1=0

In Problems 35 and 36, express the given complex number first
in polar form and then in the form a + ib.

3 |, . 3w 12 5
= o(con 4 isin ) = (cooZ + tsnZ) Ta(we T 4 15 )]

ar . T
15. zl=2(m53 + :’s:nE),



Answers:

1.1 Definition and Terminology
1. Second order; linear
3. Fourth order; linear

2 2
5. Second order; nonlinear because of (Z—i’) or ’1 + (%)

6. Second order; nonlinear because of R?
. Second order; nonlinear because of x2
10. Writing the differential equation in the form x(dy/dx) + y? = 1, we see that it is nonlinear in y because of y2,
However, writing it in the form (y? — 1)(dx/dy) + x = 0, we see that it is linear in x.

11. Fromy = e 2 we obtain y' = —%e‘f. Then2y'+y=—e2+e 2=0.

13. From y = 3% cos 2x we obtain y' = 3e3* cos 2x — 2e3* sin2x and y"" = 5e3* cos 2x — 12e3¥ sin 2x, so that
y" =6y’ +13y = 0.

14. From y = — cos x In(secx + tan x) we obtain y’ = —1 + sin x In(secx + tan x) and
y" =tanx + cosxIn(secx + tanx). Then y" + y = tanx.

21. Differentiating P = e1et/ (1 + c1ef) we obtain

dP (14 ciet)ejel —epet - et cret (14 cpet) —epet
dt (1 _,_(.”_.3)2 T 1+cet 1+ cref
ot oot
=9 h-_9° |-pau-p).
1+ et 1+ eqet )

2 : : Uy : 2r |, « 2: wy 23 2:
23. From y = ¢,> + eare®™ we obtain T (21 + e2)e™ + 2eqxe™ and — = (dey + 4eg)e™ + degze™, so that
dax 2

da
d*y dy

— —4— + 4y = (de1 + des — 8¢y — dea + -lr‘ljr-_‘}’ + (dea — Bex + -lf'g].rr-z’ =1.
dr= dr )

1.2 Initial Value Problems
7. From the initial conditions, we obtain the system:c; = —1, ¢, = 8. The solution isx = —cost + 8sint.

9. From the initial conditions we obtain
V3
2

N 1
. 1
! 2

Cc2

Ve
2

0.

1+

—

c2

SN

Solving, we find ¢, = +/3/4 and ¢; = 1/4. The solution of the initial-value problem is

r= {v_ﬁjl} cost + (1/4)sint.

11. From the initial conditions we obtain
¢ +ea=1
] — g = 2.

Solving, we find ¢ = —; and ez = —2. The solution of the initial-value problem is y = %f” — %f"’.



12. From the initial conditions we obtain

0

ey + {.'-1(.'3

-1
ery — e s =g,

is

Solving, we find ¢; = 5 and 2 = -__l}t.‘z. The solution of the initial-value problem
1 15 _ 1 1 5
y=—¢€* = ZeleT = _¢* — —27 7.
2 2 2
. 7] 2 . . . . : . Lo
17. For f(z,y) = 23 we have f}f = Ey'l‘m. Thus, the differential equation will have a unique solution in
iy :

rectangular region of the plane where y # 0.

18. For f(z,y) = /xy we have df [y = %w’.:.‘ Jy. Thus, the differential equation will have a unique solution in

region where x > 0 and y > 0 or where # < 0 and y < 0.

2.1 Solution curves without a solution
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26. Solving y(2 — y)(4 — y) = 0 we obtain the critical points 0, 2,
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see that 2 is asymptotically stable (attractor) and 0 and 4 are unstable (repellers).

and 4. From the phase portrait we

27. Solving y1n(y +2) = 0 we obtain the critical points —1 and 0. From the phase portrait we see that

—1 is asymptotically stable (attractor) and 0 is unstable (repeller).

any

any




2.2 Separable Equations
7. From e~¥dy = €**dx we obtain 3e™ + 2¢7* = ¢.

1 2 P 1
9. From (y +24 —) dy = 2? Inx dx we obtain y? +2y+Inly| = % In|z| — 6:173 +c.
y {

¥ —e” - -
13. From —— dy = %d:r we obtain — (e¥ + 1) L= (e +1) “fe

5 dy :
(e¥ + 1]2 (e + 1)

y—2 r—1 5] 5 .
dy = dr or [1-— dy=[(1-— dx we obtain y=5In|y+3| =z—=5In|z+4|+¢
y+3 v r+4 ( y+3) v ( :L'+4) Y ly+ 31 | |

or = re® Y,
y+3

1 l—=x 1 1 1
25. From —dy = " dz = (—2 - —) dz we obtain In|y| = == — In|z| = ¢ or zy = c1e~/*. Using y(—1) = —1
y T

a2 2
we find ¢; = e=!. The solution of the initial-value problem is xy = e~1=/* or y = e=~(1+1/%) f4,

19. From

27. Separating variables and integrating we obtain
dx dy

T-22 J1-32

=0 and sinl'z-—sin"ly=-c

Setting © = 0 and y = v/3/2 we obtain ¢ = —7/3. Thus, an implicit solution of the initial-value problem is
sin™!z —sin~! y = 7 /3. Solving for y and using an addition formula from trigonometry, we get

T ﬁ\,‘l—:ﬂz

y= sin(sin'l:::+ E) = zcos— +'1- r2sin” =2 +
3 3 3 2 2

2.3 Linear Equations

1 1 d 1 1 -
7. For y' + — y = — an integrating factor is e (M/mdz _ o that o [zy] = —and y = ~Inz+ S for0 <z < 0.
T T T T x x

1 - de 1 d [1
9. For iy’ = =y = xsinx an integrating factor is e Jar== _ 2 g that = [— t;] =sinx and y = exr — xcosz for

0<x< oo

1 L=3T
23. For ¢y + (3+—)y= =

.
g =T

CE
=3z
= + —_—
J I

d
an integrating factor is r:f[SHI"I”dI = xe’® 5o that = [::ﬁszy] =1 and
i

for 0 < x < co. The transient term is ce ™% /x.



di R, _E :[(R;L}cﬁ_ Rt/L d 1 rye] _ E myr
27. For 7 + pi=pan integrating factor is e =e so that T [r, z} =T and

“RL for —oo < t < o0, Ifi(0) = ig then ¢ = ig — E/R and i = % + (fn - %) e~ R/L

i=—+rce
R

31. For ¢ + 2y = f(x) an integrating factor is £2* so that

3 { %r:z” +ep, 0<2<3
ye =
ca, xr =3

If y(0) = 0 then ¢; = —1/2 and for continuity we must have ¢, = e —

=

2.4 Exact Equations, integrating factors

so that
(1—e"2¥), 0<2<3

[ =N el T

(e =1)e=?=, z>3.

8. Let M =5z +4y and N = 4z — 8y” so that M, = 4 = N,. From f, = 5z + 4y we obtain f = %1‘2 +dry + h(y),
h'(y) = =8y*, and h(y) = —2y*. A solution is %:52 +dxy — 2yt = c.

5. Let M = 2y*z—3 and N = 2yaz”+4 so that M, = dzy = N,. From f, = 2y*z—3 we obtain f = 2%y* -3z +h(y).
h'(y) = 4, and h(y) = 4y. A solution is x%y? — 3z + dy = e.

9. Let M = y® —y’sinz—z and N = 3zy® + 2y cos x so that My = 3y” —2ysinz = N,;. From f; = y* —y’sinz—x
2

we obtain f = xy® + y* cosz — %12 + h(y), h'(y) =0, and h(y) = 0. A solution is xy® + y* cosx — %.L‘ =c

15. Let M =z —1/(1+92%) and N =2%* sothat M, =32%y* = N,. From f, = 2%y* — 1/ (1 + 927) we
obtain f = %:t:aya - %arctan(S:r} + h(y), K'(y) =0, and h(y) = 0. A solution is z°y* — arctan(3z) = c.

27. Equating M, = 3y® + 4kzy® and N, = 3y* + 402y we obtain k = 10.

29. Let M = —z%y?sinz + 2zy® cosz and N = 2r%ycosz so that M, = —2r%ysinzx + dzycosz = N,. From
fy = 2z?ycosz we obtain  f = a?ycosx + h(y), h'(y) = 0, and h(y) = 0. A solution of the differential

equation is x%y° cosz = .

31. We note that (M, — N;)/N = 1/z, so an integrating factor is e) ““/" = z. Let M = 2zy® + 32”2 and N = 227y
so that My, = dzy = N;. From [, = 2ry® + 3% we obtain f = 2%y? + 2* + h(y), K'(y) =0, and h(y) =0. A

solution of the differential equation is z%y* + x% = ¢.



2.5 Solutions by Substitution (Bernoulli, homogeneous, linear substitution)

5. Letting y = ur we have
('u2:52 + H.’L’2) de — 2*(udz + xdu) = 0

wdr—rdu=0

de  di

o % -0
r u
1

Injz|+ —=¢
u

In |x] + =
y

ylo|z| + x = cy.

7. Letting y = ux we have
(ux — z)dr — (ux + z)(ude + xdu) =0
(v* + 1) de+ z(u+ 1) du =0
d: +1
z,

— du=10
T u? 41

1
ln|z|+ —In(u?2 +1)+tan~tu=—¢
ol + 50 (42 + 1)

2 .
In z? (y— + 1) + 2tan~! Yy _ €1

I2 I

L
In (:J':2 + yz} + 2tan~! ;” =r.

9. Letting y = ux we have
—urdr + (r +uz)(udz +xdu) =0
(22 + 22Vu ) du + zu*? dz = 0

(1.1-3';2 + l) du + dr =10
i

x
—2u~Y2 4 In lul| +In|z| =¢
In|y/z| + In|z| = 2y/z/y+¢
y(In Jy| = €)* = 4z.

13. Letting y = ux we have
(r + ure*)dr — ze*(udr + xdu) =0
de — xe" du=10

1
e e du=10
T

ln|z|—e"=¢
In|z| — ez — ¢

Using y(1) = 0 we find ¢ = —1. The solution of the initial-value problem is In |z| = e¥/* — 1.



au
17. From yr + y= _';;y4 and w = y_3 we obtain I — 3w = =3r. An inmgrating factor is [:—31: so that 6_3:':10 =

xe™3T 4 %C'SI +eory =z + % + ce?*.

1 1 dw 1 1
19. From ' — V= —rzyz and w = y~! we obtain d—l: + Y=g - An integrating factor is t so that tw =Int +¢
1 S o t : ;
ory~! = n Int+ % Writing this in the form — =Int + ¢, we see that the solution can also be expressed in the
u

form et/¥ = ¢,t.

2 3 dw 6 9
21. From y' — —y = ?y‘i and w = y~* we obtain T + e X An integrating factor is z° so that
2%w = —g:t:ﬁ +eory 3= —%I_l +ex8. Ify(1) = % then ¢ = % and y=3 = —g:t:'l + %1"6.
du

25. Let u = = +y so that du/dr = 1 +dy/dx. Then — — 1 = tan® u or cos® udu = dz. Thus Ju+ Fsin2u=z+c

dx
or 2u +sin2u = 4dx + ¢y, and 2(z + y) +sin2(z + y) = dxr + ¢, or 2y +sin2(x + y) = 2z + ¢

27. Let u =y — 22 + 3 so that du/dr = dy/dx — 2. Then j—u +2=2+uor L du = dx. Thus 2,/u = x + ¢ and
r u

Ta
2VJy—2r+3=xr+ec
1.3 Differential Equations as Mathematical Models

dP dP
I.Izkp—f-r:_ Esz—r

2. Let b be the rate of births and d the rate of deaths. Then b = k1P and d = k2 P. Since dP/dt = b — d, the
differential equation is dP/dt = k1P — k2 P.

3. Let b be the rate of births and d the rate of deaths. Then b = k1 P and d = kP2, Since dPfdt = b —d, the
differential equation is dP/dt = k4 P — ka P2,

5. From the graph in the text we estimate T, = 180° and T,,, = 75°. We observe that when T = 85, dT/dt = —1.
From the differential equation we then have

dT fdt -1
k= T-T, 8-75 —0-1.

7. The mumber of students with the flu is x and the number not infected is 1000 — x, so dx/dt = kz(1000 — z).

9. The rate at which salt is leaving the tank is
Roue (3 gal/min) - (?% 1b,fga1) - % Ib/min.

Thus dA/dt = A/100. The initial amount is A(0) = 50.

10. The rate at which salt is entering the tank is

Ry, = (3 gal/min) - (2 Ib/gal) = 6 1b/min.



Since the solution is pumped out at a slower rate, it is accumulating at the rate of (3 — 2)gal/min = 1 gal/min.
After { minutes there are 300 + ¢ gallons of brine in the tank. The rate at which salt is leaving is

Ry = (2 gal/min) - (

The differential equation is

A 24
Ib/gal | = Ib/min.
s00+¢ > g"‘) 3004 ¢ /min

dA_ 24
At~ 300+t

13. The volume of water in the tank at time £ is V' = Aygh. The differential equation is then
dh 1 dV 1

cA
T Ao A (-cﬂh\a‘i’gh) = -A—h v 2gh .

2
Using Ay =7 (%) = % . Ay = 107 = 100, and g = 32, this becomes

dh em /36 er
= -1 V6dh=——Vh.
dt 100 450

15. Since i = dg/dt and Ld?q/dt? + Rdg/dt = E(t), we obtain Ldi/dt + Ri = E(t).

16. By Kirchhoff’s second law we obtain Rj—j + %q = E(t).
19. The net force acting on the mass is
P
F=ma=m dt: = —k(s+x)+mg=—kx + mg — ks.

Since the condition of equilibrium is mg = ks, the differential equation is

d*x
m E = —kz.

2.7 Linear models (growth/decay, heating/cooling, circuits, mixtures)

3. Let P = Pit) be the population at time {. Then dP/dt = kP and P = ce®. From P(0) = ¢ = 500

we see that P = 5006, Since 15% of 500 iz 75, we have P10y = 500" — 575, Solving for E, we get
k= $plnghs = ¢y In1.15. When { = 30,

P(30) = 500¢!1/10)0m 11830 _ 500,30 115 _ 760 years
and

P'{30) = BP(30) = l—lu{ln 1.15)760 = 10.62 persons,/vear.

Let A = A(t) be the amount of lead present at time £. From dA/dt = kA and A(0) = 1 we obtain A = &%,
Using A(3.3) = 1/2 we find k = g% In(1/2). When 90% of the lead has decayed, 0.1 grams will remain. Setting
Alt) = 0.1 we have 13302 — 11 50

ol o 3301

t
T3N3 and = _ln{l,.fﬂj == 10,96 hours.

9. Let I = I(t) be the intensity, ¢ the thickness, and I(0) = Iy. If dI /dt = kI and I(3) = 0.25]5, then T = Ipe*t,
k= 1n0.95, and I(15) = 0.000981;.



15. Assume that dT/dt = k(T — 100) so that T = 100 + ce*. If T(0) = 20° and T(1) = 22°, then ¢ = —80 and
k = In(30/40) so that T(t) = 90°, which implies t — 82.1 seconds. If T(t) = 98° then ¢ — 145.7 seconds.

17. Using separation of variables to solve dT /dt = k(T — Ty,) we get T(t) = Ty + ce®. Using T(0) = 70 we find
e ="T0—T,, 80 T(t) =Ty, + (70— T, )e¥. Using the given observations, we obtain
1
— | = — [z =
T(g) T + (70 — T )e*/2 = 110
T(1) = Ty + (70 — Tppy Je* = 145,

Then, from the first equation, ¢5/2 = (110 — T,,,)/(70 — T,,,) and

10— Tpy? 1451,
ko kf2v2 m m
e =le ]_(?D—Tm)

T 0 =T
(110 —Tp)?
12100 — 220T;,, + T2 = 10150 — 2507, + T2,
T = 300.
The temperature in the oven is 390°.
23. From
dA o 104 24
dt 500 — (10— 5)t 100 — ¢

we obtain A = 1000 — 10¢ + {100 — £)*. If A(0} = 0 then ¢ = —¢5 . The tank is empty in 100 minutes.

25. From
dA 44 24

@ ST TorGoat C 50+t

we obtain A = 50 + £ + (50 + )2, If A(0) = 10 then ¢ = —100,000 and A(30) = 64.38 pounds.

20. Assume Rdg/dt + (1/C)g = E(t), R = 200, € = 10-%, and E(t) — 100 so that g — 1/100 4 ce=™_ If g(0) = 0
then ¢ = —1,/100 and i = ge~50¢,

31. For 0 < ¢ < 20 the differential equation is 20di/df + 2i = 120. An integrating factor is /1%, so (d/dt)[et/1%] =
Get ' and § = 60 + e IF4(0) = O then ¢y = —60 and i = 60 — 601" For ¢ = 20 the differontial
equation is 20 di/dt + 2i = 0 and § = cpe™ 1", At £ = 20 we want cze~2 = 60 — 60e~2 so that co = 60 (¢ - 1).
Thus

_ 60— 6010, D<f<20
= {EIZI (e2 —1)e™¥/10, =90,



2.8 Non-linear models (Population dynamics, logistic equation, chemical reaction, leaking tank

2. From dN/dt = N{a — bN) and N (0) = 500 we obtain
B 500a
= 5006+ (o — 5006)e = °

Since lim ... N = afb = 50,000 and N(1) = 1000 we have a = 0.7033, b = 000014, and N =

N

50,000/ (1 + 00 ~0-7033¢t)

8. From dP/dt = P(10-* —10-7P) and P(0) = 5000 we obtain P = 500,(0.0005 + 0.0805¢01) so that
P — 1,000,000 as t — co. If P(t) = 500,000 then t = 52.9 months.

h
11. {a) The initial-value problem is dh/dt = —B.*lhuﬁ,.f.iw, h{0) = H. 10
Separating variables and integrating we have B
dh  BAp AR &
—_— = ——t d wh=-——"2¢ .
N O :
Using h{0) = H we find ¢ = 2+/H, =0 the solution of the £

500 1000 1500
initial-value problem is /h(f} = [.‘lwu"'ﬁ — 4Axt) fA,, where

AyvVH — 4Axt > 0. Thus,
hit) = (AuVH — 44,12 /A2 for 0<t < A H/4A,.

(b) Identifying H = 10, A, = 4w, and A, = #/576 we have h(t) = 2/331,776 — (,/5/2 /144)¢f + 10. Solving
hit) = 0 we see that the tank empties in 576,70 seconds or 30.36 minutes.

13. (a) Separating variables and integrating gives
12
5
Using h(0) = 20 we find ¢ = 1920,/3 , 5o the solution of the initial-value problem is h(t) = (8005 — Zt)*".
Solving h{t) = 0 we see that the tank empties in 3845 seconds or 14.31 minutes.
(b} When the height of the water is h, the radius of the top of the water is r = htan30® = h.l."\ﬁ and
Ay = wh?*/3. The differential equation is
2
% = —L‘:::—:\,.l"rﬂTz —D.ﬁ%@: -
Soparating variables and integrating gives

6 2dh = —5t  and RS — —5t+ e

2
Share

5h*%dh = —2dt and 2h%* = -2 + o

Using h(0) =9 we find ¢ = 486, s0 the solution of the initial-value problem is k() = (243 — £)*®. Solving
hi{t) = 0 we see that the tank empties in 24.3 seconds or 4.05 minutes.



17. (a) Let p be the weight density of the water and V' the volume of the object. Archimedes’ principle states that
the upward buovant force has magnitude equal to the weight of the water displaced. Taking the positive
direction to be down, the differential equation is

m% = mg — kv? — pV.

(b) Using separation of variables we have
mdv B
Tmg— V) — ko?
B MW
VE (Jmg—pV P — (VR0

m 1 VEv
—_— = tanh ==t
vk Vg — pv. vmg—pv.

-v(t):‘/mg;pv tanh(" mgm— L l+c‘1).

(c) Since tanht — 1 as £ — oo, the terminal velocity is /(mg — pV')/k.

Thus

17.1 Complex numbers

1. 3+3i o5 i 9=Ti _T4% T 0.
" 91T D—7 130 130 130"

3 f= I:'E"E:Id' = (—1]4 =1

. T
7. —T+ 5i 2T, Iz_l_yz
11. -5+ 12
20, -2y —4
(5 2o4i 3-8 —M-9 7 1
T 3+5i 3-5i k1] I 81, iz -1+ (v-3)*

85. 7% — y? + ryi = 0+ implies 22 — 3% = 0 and 22y = 1. Now y =  implies 22% = 1 and so = = 21 /2. The

choice y = —=z gives —2¢% = 1 which has no real solution. Hence z = ;’5 + ;l,Ei' and z = —ﬁ -1

30, |z — 22| = iz —22) +i(wn —w2)] = (11 — 22)° + (11 — y2)® which is the distance formula in the plane.



17.2 Powers and Roots

3 3n
3. 3 (cus ??T + isin ?T)
6

5 5%
7. 2 (cus )ﬁ_?r + isin —T)

32 57 . . bmw
9. T(LmT+:h1n __1)

37 37
15. 232 = 8 [coﬁ (% + ?T) + isin (% + _T)] = 8i;

31. (—1+V3i)Y/% =212 [005.' (%+kw) +isin (§+kw)], k=01

3/ 2 2 K
. =

gl WL L T V&

wy = 2 [LU$3+3:-,111K} + —i .
4 A 2 6

u-'2=21‘m [cus—?r-l—um?r =_§_2£1

33. The solutions are the four fourth roots of —1;

T+ 2knr .. w+2kw
‘—+31-31n_—._

Wi = COS8 k=0,1.2 3.

We have
A R R 5m 51 2 2
T.UIZCC)BI‘{—ZSIIII:?"FT! wy = COS :—}—3511]—::—%_%3
3 3n 2 2 imo LT 2 2.
wzzcm—?r+1'-.1n—?_=—%+%i w‘l:cmT+351n_—1=§_§z_

35 (w'ﬁ-k"' ?r)m[z( s T 4isi W)r 25 ((cos 3T 4 jgin 2T 6O 4+ isin 2T
s 5 — 15111 — oS — 181N — - 085 — 181N — COs 511 —
9 9 6 6 3 3 6 6

129 | cos ‘iﬂ'+57r s -17r+57r
: S 3 5 isin 3 6

137 13 , ;
32 (cus ?T + isin ?"T) =132 (cus % +isin %) = 16v/3 + 16i




