WEEK 1

7.1 VECTORS IN 2-SPACE

50. An airplane starts from an airport located at the origin O and
flies 150 miles in the direction 20° north of east to city A.

In Problems 1-8, find (a) 3a, (b)a + b, (c)a — b, (d) [}a + b], From A, the airplane then flies 200 miles in the direction 23°
and (e) ||a - h” west of north to city B. From B, the airplane flies 240 miles
L a=2i+4j, b=—-i+4j in the direction 10° south of west to city C. Express the loca-

21. Determine which of the following vectors are parallel to tion of city C as a vector r as shown in FIGURE7.1.21. Find the

a = 4i + 6j. distance from O to C.

(@) —4i—6j (b) —i—3j L N

() 10i + 15j @ 26— j) - 3Gi— 1) y

(e) 8i+ 12§ @ Gi+j)—7i+4) B Y =
In Problems 29 and 30, a = (2, 8) and b = (3, 4). Find a unit . — 0 s
vector in the same direction as the given vector. C
3. 2a-3b !
In Problems 41 and 42, express the vectora = 2i + 3jasa > :23°
linear combination of the given vectors b and ¢. ' ”
N.b=i+jc=i—] 20°

0 X

FIGURE7.1.21 Airplane in Problem 50

7.2 VECTORS IN 3-SPACE

11. Give the coordinates of the vertices of the rectangular paral-
lelepiped whose sides are the coordinate planes and the planes In Problems 33 and 34, find the coordinates of the midpoint of

x=2v=52=8 . the line segment between the given points.
24. Find the distance from the point (—6, 2, —3) to (a) the xz-plane
and (b) the origin. . (0,5,—-8),4,1,-6)
52. Find a vector b for which ||b]| = ! that is parallel to
In Problems 31 and 32, solve for the unknown. a = (—6, 3, —2) but has the opposite direction.

i Pl(“:} X, 1)! PZ(O; 3! 5); d('P].I 'PZ) =5

7.3 DOT PRODUCT

29. Find the angle between the diagonal AD of the cube shown
in FIGURE 7.39 and the edge AB. Find the angle between the

iﬂj‘lal,ﬂgfnf 11}._;21;: ;E(id:(i’t:g’ s:l;a_la: ;rl;éﬁ and diagonal A_D-. of the cube and the diagonal E .
12 (c-b)a z
15. Determine which pairs of the following vectors are orthogonal:
(@ (2,0,1) b) 3i+2j—-k D
() 2i—-j—k (d) i—4j+ 6k S~
© (1,-1,1) @ (-4.3.8) P
In Problems 21-24, find the angle 8 between the given vectors. ,,f’""
A a=(24,0, b=(-1,-14) 5 B

FIGURE 7.3.9 Diagonal in Problem 29



31. An airplane is 4 km high, 5 km south, and 7 km east of an
airport. See FIGURE7.3.10. Find the direction angles of the plane.

up
) e
airport | -
5 i - B
v
»/s 7

FIGURE 7.3.10 Airplane in Problem 31

In Problems 39-42, find proj,a.
#. a=-i-2j+7k, b=6i —3j— 2k

48. A constant force F of magnitude 3 1b is applied to the block
shown in FIGURE 7.3.12. F has the same direction as the vector
a = 3i + 4j. Find the work done in the direction of motion if
the block moves from P,(3, 1) to P5(9, 3). Assume distance
is measured in feet.

F

FIGURE7.3.12 Block in Problem 48

7.4 CROSS PRODUCT

In Problems 1-10, find a X b.

3. a=(1,-3,1), b=4(2,0,4)
In Problems 13 and 14, find a vector that is perpendicular to
both aand b.

1. a=2i+7j— 4k, b=i+j—k

In Problems 19-36, find the indicated scalar or vector without
using (5), (13), or (15).

2 ixX(jxk)

28 i-[jX(—K)]

In Problems 37-44,a X b=4i—3j+ 6kandc = 2i + 4j — k.
Find the indicated scalar or vector.

. (axXbXe 42. (aXb)-c

In Problems 45 and 46, (a) verify that the given quadrilateral is
a parallelogram, and (b) find the area of the parallelogram.
4.

(1,-3,4)

. B T | l7£l T T T
GRS
X
In Problems 47-50, find the area of the triangle determined
by the given points.

4. Pl(ll 2$ 4)! PI(]-! _l$ 3)! P!{_l! _1! 2)

In Problems 51 and 52, find the volume of the parallelepiped for
which the given vectors are three edges.

52 a=3i+j+k b=i+4j+k c=i+j+5k

WEEK 2
7.5 LINES AND PLANES IN SPACE

In Problems 1-6, find a vector equation for the line through the
given points.

E (1’ ]! _IJ’(_4’ 1!_1}
In Problems 7-12, find parametric equations for the line through
the given points.

12. (—3,7,9),(4,-8,-1)

In Problems 13-18, find symmetric equations for the line
through the given points.

17. (5,10,-2),(5,1,—14)
24. Find symmetric equations for the line through (4, —11, =7)
thatisparallel to thelinex=2+ Se,y=—1+ ,z=9—2¢
In Problems 31-34, determine whether the given lines intersect.
If so, find the point of intersection.
B x=2-t,y=3+tz=1+1t
x=4+s5,y=1+s5,z=1-3

The angle between two lines £ , and £, is the angle between
their direction vectors a and b. In Problems 35 and 36, find the
angle between the given lines.
x—1_y+5 _ z-1 x+3_ _g=12
2 7 -1’ 2 Y777,
In Problems 39-44, find an equation of the plane that contains
the given point and is perpendicular to the indicated vector.
34 (5,1,3); 2i — 35+ 4k
In Problems 45-50, find, if possible, an equation of a plane that
contains the given points.

9. (1.2.-1). (4.3.1), (7.4.3)

In Problems 51-60, find an equation of the plane that satisfies

the given conditions.

57. Contains the parallel linesx=1+1y=1+2r,z=3 +1;
x=3+s5y=25,z=-2+5



61. Let %, and %P, be planes with normal vectors n; and n,,
respectively. P, and %, are orthogonal if n; and n, are
orthogonal and parallel if n, and n, are parallel. Determine
which of the following planes are orthogonal and which
are parallel.

(@) Zx—y+3z=1 ) x+2y+2:=9
) x+y—13z=2 (d —5x+2y+4z=0
(&) —8x—8By+12:=1(f) —x+y—3z=5

In Problems 65-68, find parametric equations for the line of
intersection of the given planes.
66. x+2y— z=12
Ix— y+2z=1
In Problems 75 and 76, find an equation of the plane that con-
tains the given line and is orthogonal to the indicated plane.
% x=44+3 y=—-t,z=1+5 x+y+z=17

9.1 VECTOR FUNCTIONS

In Problems 1-10, graph the curve traced by the given vector
function.

1. r()=2sinti+4costj+1tk; t=0

4 r(if)=4i+ 2costj+ 3sintk

10. r(r) = (rcost, rsins, 1%)
In Problems 17-20, find r'(£) and r(z) for the given vector function.
18. r(f) ={tcost—sint, t + cost)

In Problems 25 and 26, find parametric equations of the tangent
line to the given curve at the indicated value of 1.

5. x=ty=;1%z=51%1=2

In Problems 33-36, evaluate the given integral.

4
. L (V2 + 1i = Vij + sin wek) dt

6. J-1 l rz{i +1j+ k) dr

In Problems 37-40, find a vector function r that satisfies the
indicated conditions.

¥ rO=12i-3""j+2k r'D=j r)=2i-k
In Problems 4144, find the length of the curve wraced by the
given vector function on the indicated interval.

2. r(D=ti+tcosti+tsintk; 0=t=mw

45. Express the vector equation of a circle r(f) = a cos i +
a sin tj as a function of arc length s. Verify that r'(s) is a
unit vector.

WEEK 3

9.2 MOTION ON A CURVE

In Problems 1-8, r(f) is the position vector of a moving particle.
Graph the curve and the velocity and acceleration vectors at the
indicated time. Find the speed at that time.

4 r()=2costi+ (1 +sint)j; t=«/3
9. Suppose r(f) = i+ @ - 20j+ (1 — Snkisthe position
vector of a moving particle. At what points does the particle
11. A shell is fired from ground level with an initial speed of
480 ft/s at an angle of elevation of 30°. Find:
(a) a vector function and parametric equations of the shell’s
kajectory,
(b) the maximum altitude attained,
(c) the range of the shell, and
(d) the speed at impact.
13. A used car is pushed off an 8 I-ft-high sheer seaside cliff with
aspeed of 4 ft/s. Find the speed at which the car hits the water.
14. A small projectile is launched from ground level with an initial
speed of 98 m/s. Find the possible angles of elevation so that
its ranee is 490 m.

19. If a projectile is launched from level ground, the initial con-
ditions are r(0) = 0, r'(0) = v; = (vycos )i + (v sin )j,
and if linear air resistance is taken into consideration, the
vector function analogue of (1) is

mvy cos 0
r(f) = — (1 — e Bimy

mvy sin 8 ng) o mg |,
+ + —= (1 — e7Bmy — —¢j,
(S 3

This function is equivalent to the solution x{r), y(f) of the
system of linear differential equations (11) in Problem 22 of
Exercises 4.6 subject tothe same initial conditions. Here 3 = 0
is a constant of proportionality related to the air resistance or
drag. If m = {slug, g = 32 fu/s>, B = 0.02, v, = 300 fifs,
and # = 38°, use a calculator or CAS to find the impact speed
of the projectile. See part (b) of Problem 22 in Exercises 4.6.



22. In army field maneuvers sturdy equipment and supply packs
are simply dropped from planes that fly horizontally at a
slow speed and a low altitude. A supply plane flies hori-
zontally over a target at an altitude of 1024 ft at a constant
speed of 180 mi/h. Use (1) to determine the horizontal dis-
tance a supply pack travels relative to the point from which
it was dropped. At what line-of-sight angle a should the
supply pack be released in order to hit the target indicated
in FIGURE 9.2.77

.,

/

#Supply f
\0\"“‘* 1024 ft
\ R |

\

target

FIGURE 9.2.7 Supply plane in Problem 22

21. The velocity of a particle moving in a fluid is described by
means of a velocity field v = v;i + v, j + v;k, where the com-
ponents v;, v, and v, are functions of x, y, z, and time ¢. If the
velocity of the particle is v(£) = 6:2xi — 4n2j + 2(z + 1k,
find r(r). [Hint: Use separation of variables.]

28. Suppose m is the mass of a moving particle. Newton’s second
law of motion can be written in vector form as

d dp

F=ma = (mv) L

where p = myv is called linear momentum. The angular
momentum of the particle with respect to the origin is defined
to be L. = r X p, where r is its position vector. If the torque
of the particle about the originis 7 = r X F = r X dp/dt,
show that 7 is the time rate of change of angular momentum.

29. Suppose the Sun is located at the origin. The gravitational force
F exerted on a planet of mass m by the Sun of mass M is

M
F=—k ou
r

F is a central force—that is, a force directed along the posi-
tion vector r of the planet. Here k is the gravitational constant,
r = ||r||,u = r/ris a unit vector in the direction of r, and the
minus sign indicates that F is an attractive force—that is, a
force directed toward the Sun. See FIGURE 9.2.9.

(a) Use Problem 28 to show that the torque acting on the

planet due to this central force is 0.
(b) Explain why the angular momentum L of a planet is constant.

FIGURE 9.29 Force F in Problem 29

9.3 CURVATURE. COMPONENTS OF ACCELERATION

In Problems 1 and 2, for the given position function, find the
unit tangent.

1. r(f) = (tcost— sin )i + (tsint + cos)j + t°k, 1> 0
In Problems 5 and 6, find an equation of the osculating plane

to the given space curve at the point that corresponds to
the indicated value of r.

6. The twisted cubic of Example 4; ¢ = 1
In Problems 7-16, r(z) is the position vector of a moving
particle. Find the tangential and normal components of the
acceleration at any r.

9 r()=r}i+ @ — 1j+ 2%k

6. r)=ti+ (2 —-1)j+ @+ 2k

17. Find the curvature of an elliptical helix that is described by
r(f)=acosti+ bsintj+ctk,a>0,b>0,c> 0.

2. Find the curvature at f = a7 of the cycloid that is described by
r(f) = a(t — sin )i + a(l — cos )j, a> 0.

In Problems 23 and 24, use the result of Problem 22 to find the
curvature and rad ius of curvature of the curve at the indicated
points. Decide at which point the curve is “sharper.”

A y=x%(0,0), (1,1)



WEEK 4

9.4 PARTIAL DERIVATIVES

In Problems 1-6, sketch some of the level curves associated
with the given function.

2 fy)=y —x

3 flx,y) = '\/xz -y -1

In Problems 7-10, describe the level surfaces but do not graph.
8. Fix,y.,2) =x2+ 3% + 62

In Problems 13-32, find the first partial derivatives of the given

function.

15 z=5x"y —x3H% + 6’ — 4y

21. z = cos® 5x + sin® 5y

2. (8, ¢) = ¢ sin :
%. f(x,y) = o iyyz)z
21. g(u, v) = In(du® + 5°)

In Problems 35 and 36 verify that the given function satisfies the
wave equation:

36. u = cos(x + ar) + sin(x — ar)
In Problems 3948, use the Chain Rule to find the indicated
partial derivatives.

ﬁ-z=t'“;.ﬂ=1’3,” 1_,‘9212:':2;
_xTy Yook
z_x+y"t_v’y u' ou’ av
@ s=p+q — P+ 4p= e’ g=cos(¢p + 6), r = 98,
ds ds
t=2¢+80; — —

In Problems 49-52, use (8) to find the indicated derivative.
8 z=lo@+Wu=v=17" &

dt
51. W-m(3u+4v);u-2r+‘;—’,v- —r-—%; %',-,

If dT/ds and dV/dt are rates at which the temperature and vol-
ume change, respectively, use the Chain Rule to find dP/dt.
5. The equation of state for a thermodynamic system is
F(P,V,1) = 0, where P, V, and T are pressure, volume, and
emperahure, respectively. If the equation defines Vas a function
of P and T, and also defines T as a function of V and P, show that

av av
%. The voltage across a conductor is increasing at a rate of
2 wolts/min and the resistance is decreasing at a rate of
1 obm/min. Use f = E/R and the Chain Rule o find the rate
at which the current pasging through the conductor is changing
when R = 50 chms and E = 60 volss.
57. The leagth of the side labeled x of the triangle in AGURE 9.4.5
increases at a rate of 0.3 cm/s, the side labeled y increases
at a rate of 0.5 cm/s, and the included angle # increases at a
rate of 0.1 rad/s. Use the Chain Rule to find the rate at which
the area of the triangle is changing at the instant x = 10 cm,
y = 8cm, and & = #/6.

x

¥

FIGURE 948 Triangle in Problem 57

9.5 DIRECTIONAL DERIVATIVE

In Problems 1-4, compute the gradient for the given function.

o

Xy
3 Flry.d) = —

“

In Problems 5-8, find the gradient of the given function at the
indicated point.

b f.y)= Vxly —y% (3,2)
In Problems 11-20, find the directional derivative of the given
function at the given point in the indicated direction.

12 fix,y) =4x+ x> — Sy, 3,—-1), 6§ = w4

oy = 2 ;@ -1, 6i+8j

x + ¥

15 flx,y)=(xy + 1)2: (3, 2), in the direction of (5, 3)
xt—y?

18. Flx,y,2) = 2 ; (2,4,-1),i—2j+k

In Problems 23-26, find a vector that gives the direction in
which the given function increases most rapidly at the indicated
point. Find the maximum rate.

A flx,y)=xye"7; (5,5)

In Problems 27-30, find a vector that gives the direction in
which the given function decreases most rapidly at the indicated
point. Find the minimum rate.

21. f(x,y) = tan(x® + y%); (V'w/6, V7/6)

B fx,y)=x'-y; 2,-2)

33, Suppose Vf(a, b) = 4i + 3j. Find a unit vector u so that
(@) D,f(a,b)=0,

(b) D,f(a,b)is a maximum, and
() Dgf(a, b)is a minimum.

41. The temperature at a point (x, y) on a rectangular metal plate
is given by T(x, y) = 100 — 2x* — y*. Find the path a heat-
seeking particle will take, starting at (3, 4), as it moves in the
direction in which the temperature increases most rapidly.

43. Find a function f such that

Vi= (32 + 3y + ye™)i + (—2y* + 30?7 + xe™)j.

4. Let f, fy, fo. fy: be continuous and u and v be unit vectors.
Show that DD, f= DD, f.



WEEK 5

9.6 TANGENT PLANES AND NORMAL LINES

In Problems 1-12, sketch the level curve or surface passing
through the indicated point. Sketch the gradient at the point.

3 feyy=y—x% (2,5 & fey)=x*+y5 (-13)
In Problems 13 and 14, find the points on the given surface at
which the gradient is parallel to the indicated vector.

M P+y"+z=15 27i+8j+k

In Problems 15-24, find an equation of the tangent plane to the
graph of the given equation at the indicated point.

15 x*+y+2=9 (-2,2,1)

In Problems 25 and 26, find the points on the given surface at
which the tangent plane is parallel to the indicated plane.

B Py +7=T, 2x+4y+6z=1

In Problems 33 and 34, find parametric equations for the normal
line at the indicated point. In Problems 35 and 36, find symmet-
ric equations for the normal line.

N z=2"— 4% (3,-2,2)

38. Two surfaces are said to be orthogonal at a point P of inter-
section if their normal lines at P are orthogonal. Prove that
the surfaces given by F(x, y,z) = 0 and G(x, y, 2) = 0 are
orthogonal at P if and only if F,G, + F,G, + F,G, = 0.

In Problems 39 and 40, use the result of Problem 38 to show that
the given surfaces are orthogonal at a point of intersection.
B +y+2=25 —x'+y +2=0

9.7 CURL AND DIVERGENCE: 7,11,15,21,24,27,30,39,40,43,44

In Problems 7-16, find the curl and the divergence of the given
vector field.

1 Flx,y,2)=xi+yzj+ ok
1. F(x,y,2) = 3xYyi+ 22 + y'k

15. F(x,y,2) = xye’i — Oyze'j + n’e’k

In Problems 17-24, let a be a constant vector and r = xi + yj + zk.
Verify the given identity.

2. V-(aXr)=0

M. V:-[(r-r)a]= 2r-a)

In Problems 25-32, verify the given identity. Assume continuity
of all partial derivatives.

V- (fH)=fV-F)+F-Vf
0. div(curl F) =0
39. Letr = xi + yj + zk be the position vector of a mass m,

and let the mass m, be located at the origin. If the force of
gravitational attraction is

F= —Gmsz r,

I
verify that curl F = 0 and divF = 0, r # 0.

80. Suppose a body rotates with a constant angular velocity w
about an axis. If r is the position vector of a point P on the body
measured from the origin, then the linear velocity vector v of
rotation is v = w X r. See IGURE9.78. If r = xi + yj + zk
and ® = w,i + w,j + w,k, show thate = } curl v.

FIGURE 9.7.8 Rotating body in Problem 40

43. The velocity vector field for the two-dimensional flow of an
ideal fluid around a cylinder is given by

x2 = y? 2y
Sl =A[(1 (* + yz)"')i o* + y’)“]
for some positive constant A. See FIGURE 9.7.9.
(a) Show that when the point (x, y) is far from the origin,
F(x,y) = Ai.
(b) Show that F is irrotational.
(c) Show that F is incompressible.

VAN
AV

FIGURE 9.7.8 Vector field in Problem 43

4. IfE = E(x,y,z t)and H = H(x, y, z, f) represent electric and

magnetic fields in empty space, then Maxwell’s equations
are

divE = 0, curlE=—l—aH,
c at

divH = 0, curlH=lE,
c ot

where c is the speed of light. Use the identity in Problem 36(a)
to show that E and H satisfy

1 3°E 1 *°H
= V2H = 3
A ot

= s’

=



ANSWERS
WEEK 1
7.1 VECTORS IN 2-SPACE
1. (a) 6i+ 12j

21. a(= —a), b(= —%aj, o= ga), e(= 2a), and f(= —gl,-a] are parallel to a.

30. |[2a—3b|| = [|(-5,4)| = vIEF 16 = VAT; u= —f=(—5,4) = (=7 . =57}

41. From 21+ 3) = kib + kac = E(1+ ) + ka1 — J) = (k1 + ka)i + (k1 — k2)] we obtain the system of equations
k14 ko =2, by — ko = 3. Solving, we find k; = % and ks = —1}5. Then a = %b — %c.

50. We have 04 = 150 cos 20°1+ 150sin 20°j, AL = 200 cos 113°1+ 200 sin 113°j, BC' = 240 cos 190°1 + 240 sin 190°].
Then
r = (150 cos 20° + 200 cos 113° + 240 cos 190°)i + (150sin 20° + 200 sin 113° + 240 sin 190°)j
== —173.551 + 193.73)
and ||r|| == 260.09 miles.

7.2 VECTORS IN 3-SPACE
11. (2,0,0), (2.5.0). (2.0,8), (2,5,8), (0,5.0). (0,5,8), (0,0,8), (0,0.0)

—_
i

24. (a) 2;: (b) d=+/(—6)%+2% +(-3)°

32. V-2 +3-2F+(5-117=5 — 22 —6x4+25=25 — 2’ -3r=0 — x=0,3

” (ﬂ—-i_u-l—l —8—{—6‘]) _(2.3.-7)

2 2 7 2
52. lal = vIEFOFI=T7; b= —% (%) (—6,3.—2) — {%--%-%?
7.3 DOT PRODUCT

12. (2a) - (a— 2b) = 4(4) + (—6)(—T) + 8(—6) = 10
15. aand f, b and e, c and d

—6 1

2v5)(3v2) 10

29. Let & be the angle between AD and AB and a be the length of an edge of the cube. Then AD =ai+ aj + ak,
AB = ai and

23. a-b=2(—1)+4(—1)+0(4) = —6; |al| =2v5. ||b| =32
cosfl = — f=cos (—1/v10) = 1.80 rad = 108.43°

N R
|AD| |AB| V3aEZvVaE 3
so # == 0.955317 radian or 54.7356%. Letting ¢ be the angle between AD and AC and noting that AC =ai+ aj

we have

cos !

DA e
[ADNIAC]  V3a vaa?

COs @

o)
“\3

so ¢ == 0.61548 radian or 35.2644°,



31. a={5T4); |a]| =310; cosa =5/34/10, a == 58.19° cosf = T/3/10, G = 4245%; cosy = 4/3+/10,
v = 65.06°

41. compya=a-b/|b] = (—i— 2j + 7k) - (6i — 3j — 2k)/T = —2

projya = (comppa)b/|b|| = —2(6i — 3j — 2k)/T = —22i + £j + 4k
48. Usingd =6i+2jand F =3(2i+ 4j). W =F.d = (2. £).(6.2) = Z fi-lh.
7.4 CROSS PRODUCT
i 3 1 1 1 1 3
3. axb=|1 -3 1 =‘ |i—' ‘_]—‘ ‘k={—l?,—2,ﬁ}
0 4 2 4 2 0
20
ik 7 —4 2 —4 2 7
13. axb=|2 7 —4 =Ir B 'i—‘ N ‘j—‘ k= —3i 955k
1 -1 1 -1 1

is perpendicular to both a and b.

22. ix(jxk)=ix1=0

28. - [jx (~K)]=i-[~(x k)] =i- (i) = ~(i-0) = -1

41, ([axb)xec=

4 6 4 -3
i— i k=-21+167+ 2%k
1 '2 1‘_]+'2 _4| 1 ]+

BRI e e
r.lu .
b=
[

42, (axb)-e=4(2)+(-3)4+6(-1)=—-10

45. (a) Let A = (1,3,0), B = (2,0,0), C = (0,0,4), and D = (1,—3,4). Then AB =i — 3j, AC = —i — 3j + 4k,
D = i—3j, and B J = —-1—3j+4k. Since AB = CD and AC = BD. the quadrilateral is a parallelogram.
(b) Computing
]
AB=xAC=|1 -3 0|=—12i—4j—6k
-1 -3 4

we find that the area is || — 12i — 4j — 6k = /144 + 16 + 36 = 14.

49. P = -3j—-k Bla=-2i-k

i j k
SO — -3 -1 o -1 0 -3
F P=|l0o -3 —1|= i— i k=3+2)]—-t6k
T x il I L R P I PR TR
-2 0 -1
A = 5|31 + 2j — 6k|| = 5 sq. units
bk 4 1 1 1 1 4
52. bxe=[1 4 1|= i- i+ k=19i - 4j - 3k
11 1 5 1 5 1 1
5

v=la-(bxc)|=|E31+]+k)- (191 —4j— 3k)| = |57 — 4 — 3] = 50 cu. units



WEEK 2

7.5 LINES AND PLANES IN SPACE
5. a=(1—(-4),1-1-1—(-1)} = (5,0,0); (z,y.z)=(1,1,—1)+t{50,0)

12. a= (-3 —4,7T—(—8),9—(—1)) = (—7,15,10); == —3—Tt, y=T+15¢, z =9+ 10t

—10 z+2
17. a1 =5—-5=0, aa=10—1=9, ag=—2— (—14) =12; = =35, yg =%

24. A direction vector is {5, 1/3, —2}. Symmetric equations for the line are {x—4)/5 = (y+11)/(1/3) = (= +7)/(-2).

33. The system of equations 2 —t =4+ s, 3+t=1+4+s514+t=1—s,0ort+s=—-2t—s5=-2¢t+s5=0hasno

solution since —2 % 0. Thus, the lines do not intersect.

36. a=(2,7,—-1), b={(-2,1,4), a-b=—1, |la] =36, |b|l =21;
a-b -1 1 1

i 0 =cos™ [ ——=) =2 91.T0°

“Tallel ~ (3ve)(vel)  ovia

cos i

39. 2(z—-5)—-3y—-1)+4(z—3)=0; 2r—3y+4:=19

49. From the points (1,2, —1) and (4,3,1) we obtain the vector u = 31 + j + 2k. From the points {4,3,1) and
(7,4,3) we obtain the vector v = 31 + j + 2k. From the points (7,4,3) and (r,y,z) we obtain the vector
w=(z— T+ (y—4)]+ (z — 3)k. Since u x v =0, the points are colinear.

57. A direction vector for the two lines is (1,2, 1). Points on the lines are (1,1,3) and (3,0, —2). Thus, another
vector parallel to the plane is (1—-3,1—-0,3+42) = {(—2,1,5). A normal vector to the planeis (1,2, 1} x{-2,1,5) =
(9, —7,5). Using the point (3,0, —2) in the plane, the equation of the plane is 9(z —3) —T{y —0) +5(z+2) =0
or 9r — Ty + 5z = 17.

61. Normal wvectors to the planes are (a) (2,-1.3), (b) {(1.2,2), (¢) {1,1,-3/2), (d) {(-5,2,4},
(e) (—8,—812), (f) {-2,1,-3). Parallel planes are (c) and (e), and (a) and (f). Perpendicular planes
are (a) and (d), (b) and (c). (b) and (&), and (d) and (f).

66. Letting y = t in both equations and solving # — 2 = 2 — 2¢, 3r + 22 = 1 + ¢, we obtain r = 1 — %E, y=t,
z=—1+Itor letting t = 5s, x =1 —3s, y = Bs, 2 = —1 + Ts.

In Problems 75 and 76, the cross product of the direction vector of the line with the normal vector of the given plane

will be a normal vector to the desired plane.

75. A direction vector of the line is (3, —1,5) and a normal vector to the given plane is {1, 1,1}. A normal vector
to the desired plane is {3, —1,5} = (1,1,1) = {—6,2,4}. A point on the line, and hence in the plane, is (4,0, 1).
The equation of the plane is —6(xr —4) + 2(y — 0)+ 4{z — 1) =00r 3z — y — 2z = 10.



9.1 VECTOR FUNCTIONS
4. = 10.

»

10
10 10 Tw
e
18. r'(t) = {—tsint, 1 —sint); r'(t) = (—tcost —sint, — cost)

1 1 B
25. r(t) =ti+ =t’j + Etﬂk:_ r(2) =2+ 2+ gk Pt =it + t2k; r'(2) =i+2j+ 1k
Using the point (2,2, 8/3) and the direction vector r'(2), we have T =241, y =2+ 2¢, 2 = 8/3 + 41

34. j:r[t}dt= [_/:v’m.ﬂ]w U:—\J’Edt]j+ U:sinmdt]k

1 d 1
26, 16,
k=—i——j
. 3 3

.1
= 1 ] — —coswt

0 ™

. L2,
(2t +1)3/? —Ez“

[N =

0

36. fr(:}dz= U#&]H UH’:—ﬂd:]H U lizdz]k

= [tan 't + cqi + [%1n[1—t2j+-:g]j+ [f(l— I_'l_tz)dt}k

: .. 1 . :
= [tan™'t +e1]i + [Elnlil +t%) +cg]_]+ it —tan't +cslk

1
IR | Ly T
=tan” ti+ ;In(1+t7)j+(t —tan” t)k+e,

where ¢ = 11 + eaj + ek
39. (1) =[r"mdc = [fl?cdt] i+ U —:.:r“'?.:sc]j+ [f?dt] k = [6t + c1]i + [-6612 + ealj + [2t + es]k

42, r'(t) =1+ (cost — tsint)j + (sint + tcost)k

[e'(2)|| = /17 + (cost — tsini)” + (sint + tcost)” = /2 + 7

o= [ VIR~ (ST el VITE|) [ IVET a4 VTR -
]

o]

¢
45. r'(t) = —asinti + acostj; ||r'(t)]| = Va?sin*t + alcos?t —a,a >0; 5= f adu = at
0
ris) = acos(s/a)i +asin(s/a)j; r'(s) = —sin(s/a)l + cos(s/a)]

Ie’(s)]|| = x/sin2 (s/a) + cos?(s/a) =1




WEEK 3
9.2 MOTION ON A CURVE
4. v(t) = —2sinti + costj; v(m/3) = —/3i+ %] [v(x/3)]| = +/3 + 1/4 = +/13/2;
V3

a(t) = —2costi — sint]; a(w/3)=-1-— ?J

9. The particle passes through the zy-plane when z(#) = t* — 5t = 0 or t = 0, 5 which gives us the points (0, 0,0)
and (25,115,0). v(t) = 264 (3t2 —2)j+ (2t —5)k; v(0) = —2j— 5k, v(5) = 10i+73j+5k; a(t) = 2i+6tj+ 2k;
a(0) = 2i + 2k, a(5) = 2i+30j + 2k

11. Initially we are given sp = 0 and vg = (480 cos30°)i + (480sin 30°)j = 24031 + 240j. Using a(t) = —32j we
find
w(t) = fa(t}ds = —-32j+c
240431+ 240§ = v(0) = ¢
v(t) = —32tj + 240v/T i + 240§ = 2404/3i + (240 — 32¢)j
r(t) = fv[t} dt = 240v3 £ + (2406 — 16t2)j + b
0=r(0) =h
(a) The shell's trajectory is given by r(f) = 2404/3 i + (2408 — 16t2)j or = = 240431, y = 240 — 162,
(b) Solving dy/di = 240 — 32t = 0, we see that y is maximum when ¢ = 15/2. The maximum
altitude is y(15/2) = 900 ft.
(¢) Solving y(t) = 2406 — 162 = 166(15 — t) = 0, we see that the shell is at ground level when

t = 0 and ¢ = 15. The range of the shell is z(15) = 3600+/3 = 6235 ft.
(d) From (c), impact is when ¢ = 15. The speed at impact is

[w(15)]] = [240v/31 + (240 — 32 - 15)j| = /2407 - 3 + (—240)2 = 480 ft/s.

13. We are given s = 81j and vy = 4i. Using a(t) = —32], we have
v(t) = ja(t}dt = —32tj+c
di=v{l)=c
v(t) = 41 — 32¢j
r(t) = fv{t] dt = 4ti — 16t%j + b
Blj=r(0)=hb
r(t) = 4ti + (81 — 16¢7)j.

Solving y(t) = 81 — 16¢2 = 0, we see that the car hits the water when ¢ = 9/4. Then
[[w(9/4)] = |4i — 32(9/4)j| = /42 + 722 = 204/13 == T2.11 ft /.
14. Let & be the angle of elevation. Then v(0) = 98 cosfi + 98sin#j. Using a(t) = —9.8), we have

v(t) = fa(t} dit = —9.8j+ ¢
92 cosfl+ 98sinfj = w(l) = ¢
w(t) = 98 cos i 4 (98sin b — 0.8¢)j
r(t) = 98¢ cos i + (98t sinf — 4.9¢%)j + b.
Since ¢(0) = 0, b = 0 and r(t) = 98tcosfi + (98tsinf — 4.9t%)j. Setting y(t) = 9% sinfd — 4987 =

H{O2sind — 4.9¢) = 0, we see that the projectile hits the ground when ¢ = 20sin#. Thus, using x(t) = 98 cos 4,
490 = z(t) = 98{20 sin #) cos # or sin 20 = 0.5. Then 28 = 30° or 150°. The angles of elevation are 15 and 75°.



19. r'(t) = v(t) = —rpw sinwii + rpw coswit]; v =||v(t)| = \/r.:,u.u sin® wt + rgw? cos? wt = rgw

22.

2 = 2

w=wv/rp; alt) =r"(t) = —rpw" coswii — rgw” sinwtj

= |la(t)]| = \/{r,:,u. cos? wt + riw sin Y wt = rpw? = rofv/ro)? = v¥/rp.

By Problem 19, the centripetal acceleration is v?/rg. Then the horizontal force is
mv? fro. The vertical force is 32m. The resultant force is U = (me?® /frp)i + 32mj.
From the figure, we see that tan¢ = (mv®/rg)/32m = v*/32rg. Using ro = 60 and
v = 44 we obtain tan ¢ = 442 /32(60) == 1.0083 and ¢ == 45.24°,

27. (a) Since F is directed along r we have F' = cr for some constant c. Then

T=rxF=rxcr)=clr=xr)=0.

(b} If r = 0 then dL/dt = 0 and L is constant.

. <0, 32mr
Lmr '"‘U LaZm

tmulre, 03

28. (a) Using Problem 27, F = —k{Mm/r?)Ju = ma. Then a = dr/dt = —k(M/r?)u.

(b) Using u =r/r we have

rxr”=rx(—'£u) =—ﬂ r)c;{l ]I] = HI
= vl ra

(¢) From Theorem 9.4 (iv) we have

—(r=r)=0.

E{rxv}=rx—v+—xv=rxr”—vxv=ﬂ—ﬂ=ﬂ.

di  dt
(d) Sincer =ruwe have c =r x v = ru x ru’ = r*(u x u').

(&) Since u = (1/r)r is a unit vector, u-u = 1 and

d du  du du d
El{u'u]=UFE+E'U=EUFE=E{1)=U.
Thus, u-u' =0.

(£) E{vxc)=vx%+j—:xc—vxﬂ axc——%uxc-—iﬁux[rﬁ{uxu”
= —kMux (uxu')]=—kM = —kM[(u-u')Ju — (u-uju’] by (10) of 7.4
= —kM[0 —u'] = EMu’ —.E:ﬂr.‘fd—u

(g) Since
r-(vee=ir=xv)-c |h‘+ Problem 61 in T.-‘ll
—c.c=c" where ¢ = ||c||
and

(EMu+d)-r=({kMu+d)-ru=EMru-u+rd-u

=kEMr+ rdcosf where d = ||d|
c? B e? kM

we have 2 = EMr + rd cosf or r = FM +deosB 15 (d/kM)cosf

(h) First note that ¢ > 0 (otherwise there is no orbit) and > 0 (since the orbit is not a circle). We recognize

the equation in (g) to be that of a conic section with eccentricity e = d/kM. Since the orbit of the planet

is closed it must be an ellipse.

(1) At perihelion ¢ = ||¢|| = |r % v|| = rpwpsin{7/r) = rpyp. Since r is minimum at this point, we want the
denominator in the equation rg = [¢* /kM]/[1 + (d/kM) cos 8] to be maximum. This occurs when 8 = 0. In

this case
riva fkM

o = m a,:nd I'.'! = J"(]‘LD - .Lﬂ-j



29. a}

dl dp
a - Ca "
—k M., dp
F: = —
7 (u) dt
—k 1Ty
T—T‘X( = )
k1 r
(rxu)(—7") [‘5 ! |'r'|]
b)
=10
dl
dl = 0 = df

[ = constant

9.3 CURVATURE. COMPONENTS OF ACCELERATION

1. r'(t) = —tsinfi+ tcostj + 2tk |r'(t)] = Vi2sin“ t + 12 cos? t + 42 = /5 1;
sint , cost, 2

T(t) = it e j + —=k
O=—FtFI*E

6. From Problem 4, a normal to the osculating plane is B(1) = T}E[i —2j+ k). The point on the curve when t = 1
is (1,1/2,1/3). An equation of the plane is (r — 1) -2y —1/2) +{(z - 1/3)=00r z — 2y + =z = 1/3.

0. vit) =26+ 2+ 4tk, |v(t)| =2Vt ¢t >0; a(t) =21+ 2j+4k; v.a=24t, vxa=0;
241

2./61

16. v(t) =1+2j+4k, |[v(t)|=+21; a(t)=0; v-a=0, vxa=0, |[vxa|=0; ar=0, ay =10

=26, ay =0,£>0

ar =

17. v(t) = —asinti+ beostj +ck, |[v(t)| = vValsin“t +b2cos?t +c2; a(t) = —acosti — bsintj;

v % a= besintl — accostj +abk, |v =% a| = +/b#2c2sin" t + a2e? cos? ¢ + a2b?

_|vxal VBe2sin® t + aZe? cos? t + a?h?

[v[? a (a2 sin ¢ + b2 cos? t + )32
20. v(t) = a(l —cost)i +asintj; v(m) = 2ai, |v(7)| =2a; a(t) = asinti+acostj, a(r)= —aj;
i j k
20 1
lvxal=|2a 0 0 = —2a’k; |an|=2&2:ﬁ:=vjﬂa=8%:3=£
D —a 0

23. F(z) =1, F(0)=0, F(1) = 1; F'(z) =2z, F'{0) =0, F'(1) =2 F"(z) =2, F"{0) =2, F"(1) =2
a2 a2

1;
. 2 1 . 2
KD = c—— = 2 D)= = Efl] = c—— = — 18
() {1 _02)333 pl0) 3 (1) 0 +22:|5J.-2 55

51,"':

=
— 22 5.59; Since 2 > 2/5+/5 , the curve is “sharper” at (0, 0).

p(l) =



WEEK 4
9.4 PARTIAL DERIVATIVES

2. =y -c 3.2yt =14 6. y=r1+tanc, —wfr <c< w2
u 4 y
1 ®
z " 3
9. =%+ 3y® + 627 = &; ellipsoid
15. z, = 202%y* — 224 + 302, Zy = 15xy — 6y — 4
21. z; = 2(cos5z)(—sinbx)(5) = —10sin5xcos 5r; 2, = 2(sin5y)(cos5y)(5) = 10sin 5y cos 5y
(4 1 ] , g (2 .. 8 .. 8
24. fo=¢o° (COE_&‘.'?) (;) = -:pccus;; fo=¢" (c::us ;) (_F) - EQ}S]HE = —E?COEE + Ec_zlsmg
26. f, — E vy =y —y2r]  3xly 4P
- = (2 — 23 (22 — y2)3 °
i (z® — y*)’r —ay[2(2® — y*)(-2y)] _ 3zy’ +2°
¥ (2 — 2)8 (z2 — 2)8
Bu 1507
2?- g T —— g T —
g e+ o8 9 du? + Hpd
i , o : :
36. i = —sin(r + at) + cos{r — at), .-_‘:.f_;; = —cos(r + at) — sin(r — at);
i o i #u a3 5 . )
o — —asin(z + at) — acos(x — at), i cos({z + at) —a” sin(x — at);
i ) i
a® r‘_:i‘_j = —a® cos(z + at) — a’sin(z — at) = ﬁ;
30. =, = vlenr” (3z?) + EHUE‘“E?[H = 3rp2em” 4 ypen; Zy = v2en” (o) + Euve“"ﬂf—Eyj = —riyutle‘“"!
42 . 2y (I) —2z ( ‘L‘z) - 2y 2r1?
T 4wt A\ 4+ W) wizty)? ui(z+y)?
o 2y ( U ) —2r vy Dypu 4rv
S EE AN e RN R e LR R
48. 54 = 2pe™ + 2] sin(¢ + 0)] — 2r8% + 4(2) = 2pe™® — 2gsin(p + ) — 2rf% + 8
sg = 2p(30€™®) + 2g[— sin(¢ + )] — 2r(260) + 4(8) = 6pde™® — 2gsin(d + 0) — 4ref + 32
dz 2u v g, Adut — vt
49, — = ———=(2t) + W) =———
i w1 e ot ) u? + v?
51. e —3sin(3u + 4v)(2) — 45in(3u + dv)(—1); w(w) =57/2, v(r) = —5w/4
dur 157 15w STy
d—l: = —6sin (%"T - f) + 4sin (% - f) = —2sin—~ = 2




55. Since dI'/dl" =1 and 8P/8T =0,
aF oF  oF oV aF dT av aFjor 1
D=Ff = e e f e e b e = = —— ———
aP ar - ov ar  ar dr ar aF fav a1 fav
dl al dE il dR 1 E
56. W i dE/dt = 2 and dR/di = —1. —_— = ——t —— = —=(2] = =[],
@ are given B/ and dR] % oEd oRa RO @Y
_dl 2 60 1  3/5 -
when E = 60 and R = 50, E_ﬁ-l_ﬁ_ﬁ = = 155 amp/min.
57. Since the height of the triangle is rsind, the area is given by A = é-.ry sin#. Then
dA tFAd_r_b‘A dy 84 .d0 . E"d + E'd N Edﬁl
Gt Oz dt Oy dt o0 4t 200 dr Tsm dt ercm dt
When = =10, y = 8, # = /6, dx/di = 0.3, dy/di = 0.5, and df /dt = 0.1,
d4 1 1 1 1 V3
e 0.3)+=(10) | = | (0.5) + =(10)(&8) [ — | (0.1
== 30(3) 09+ 500 (3) 05+ 3¢ m(g){ )
= 0.6+ 1.25 + 2+/3 = 1.85 + 2+/3 = 5.31 cm /5.
9.5 DIRECTIONAL DERIVATIVE
2 7 2
3. vF=Y 2y 3,
3x? x4y 27 5
6. Vf= i+ i Vf(3,2) = =i—-—=]
f 24/ 1y — 24/ 23 —y""] f(3.2) /38 E’VE'..SJ
12.u="T§i "’TEJ V= (4+yDi+ 2y —5)j; Vf(3,—1)=5i—11j;
D,f(3 —])_i_“T‘”E=_3f’§
6. & 3. 4. y” =2 -
14, 1= — —_]= =14 = = s V2 -1 = 4
u=-itej=sit=j Vf EETERR T f(2,-1) =i+ 4j
3 16 19
Dyf(2,-1) ==+ —=—
o] e} ]
15. u=(2i+j)/v5; Vf =2y(zy+ )i+ 2z(zy + 1)j; VF(3.2) = 28i + 42j
2(28) 42 98
Duf(3,2) = "= + —= = —
L. 2. 1 Ir, 2y, 2y -2 ; .
18. u=—i—-—j+—%k "?'F=—Tl——y_] ul-: VF(2,4,—-1)=4i— 8§ — 2k
VB B 6 22 22 z3
4 16 24
DuF(2,4,-1)= —= - = - == —66
R e Y R R
24, Vf = (rye™ ¥ +ye™ ¥)i+ (—rye” ¥ + xe ¥)); VfF(5.5) = 301 — 205

The maximum Dy, is [30% + (—20)%)1/% =

= 10+/13 in the direction 301 — 20;.

and



27.

28.

33.

41.

14.

15.

Vf = 2zsec?(r? + y?)i + 2ysec?(z? + ¢?)j;

VT /6,4/7/6) =2/ /6sec? (x/3)(i+]) =8+/7/6(i+])

The minimum Dy is —8,/7 /6 (12 + 12)¥/? = —8,/7/3 in the direction —(i + j).
Vf=3z% -3 V(2,-2)=12i—12j=12(i - j)

The minimum Dy is —12[1% + (—1)*]1/2 = —12v/2 in the direction —(i — j) = —i +j.

(a) Vectors perpendicular to 41+ 3j are £(31 — 4j). Take u =+ (g 1i-— %_])

4

(b) u={4i—3j]wW=Ei+§j

4. 3,
() u=—zi-Zj

Let z(t)i + y(t)j be the vector equation of the path. At (z,y) on this curve, the direction of a tangent vector
is ='(£)1 + ¥'(t)j. Since we want the direction of motion to be VT'(x,y), we have ='(t)i + ¢'(t)] = VI(z.y) =
—4ri — 2yj. Separating variables in dx/dt = —4z we obtain dz/z = —4di, Inz = —4t + ¢ and = = Cre™*.
Separating variables in dy/dt = —2y we obtain dy/y = —2dt, Iny = —2f + 9 and y = Cae~ 2. Since z(0) = 3
and y(0) = 4, we have = = 3¢~ and y = 4e~ ™. The equation of the path is 3e~%i + 4e~ ], or eliminating the
parameter, 16z = 3y°, y = 0.

Since Vf = f.(r.y)i+ f,(z.y)j. we have 8f/8z = 3z® + y* + ye™¥. Integrating, we obtain f(z,y) = 2* +ry* +
e + g(y). Then f, = 3zy* + ze™ + ¢'(y) = —2y* + 3z3? + ze™. Thus, ¢'(y) = —2¢°, gly) = —3° + ¢, and
flay) =2+ oy’ +ev - 3P + C.
Let u=wi+usj and v = mi+waj. Dyf = (fed+ fi]) - v=ruv1fz +uafy
i . 4 ; . .
-DLIDYJF = [E{i"l f.‘: + i"ﬂfy]l LN Fy{ylf: + i"ﬂfy].]] U= ['['L‘]_ f.‘l:.‘l: + iﬂ'ﬂfy:]]- LE {Ulf:y + 'L‘Efyy}.]] -u
= I'-“1"-’11.|Fu:u: + ulvﬂ‘fyz L u‘zﬂlfzy + uﬂi"ﬁfgly
Duf=(fai+ fui)-u=uf: +usf,
i . g . . . .
DuDaf = | 2nfe +uafy )it gl fet uafy)i] v = [0S+ v+ Sy + e
= w0 frr + wavy fyz + wrva foy + uava fyy

Since the second partial derivatives are continwous, fo, = fy. and DyDy f = Dy Dyf. [Note that this result is
a generalization of fr, = fy. since DDy f = fy. and DyIGf = fo,.]

WEEK 5
9.6 TANGENT PLANES AND NORMAL LINES

Since f(2,5) = 1, the level curve is y = 2% + 1.
Vfi=-2ri+] Vf(2,5)=-100+]

Since f(—1,3) = 10, the level curve is 2 + y? = 10.
Vf=2zi+2yj; Vf(—1,3) = —2i+6j

Flrayz)=x 41 +2; VF =325+ 2yj + k. We want VF = c(2Ti+ 8 + k) or 327 = 27c, 2y = 8c. 1 = ¢
From ¢ = 1 we obtain = = 43 and y = 4. Since z = 15 — % — y? = 15 — (£3)° — 16 = —1 ¥ 27, the points on
the surface are (3,4, —28) and (-3, 4, 26).

Flz,y,z) =2 +y* + 2% VF =221+ 2yj + 2zk. VF(—2,2,1) = —4i + 4j + 2k. The equation of the tangent
plane is —4{zr +2)+4(y—2)+ 2z —1)=00r —2x+2y+z=19.



25. The gradient of Fiz,y,2) = 2* + 3 + 2% is VF = 22i + 2yj + 22k, so the normal vector to the surface at
(0, ¥, z0) is 2zpi + 2ypj + 22pk. A normal vector to the plane 2r + 4y + 62 = 1 is 21 + 4j + 6k. Since we want
the tangent plane to be parallel to the given plane, we find ¢ so that 2rg = 2e, 2y = 4e, 22p = 6ec or 7y = ¢,
wo = 2c, zp = 3. Now, (zp,wn.zo) is on the surface, so ¢ + (2¢)? + (3c)® = 14> = 7 and ¢ = +1//2. Thus,
the points on the surface are {v‘ﬁ,-’?, \E,Sﬁﬁ} and —ﬁfl -2, —Sﬁf?].

34, Fr,y,2) =227 —4y® —2; VF = 4zi — 8yj — k; VF(3,-2,2) = 12i + 16j — k. Parametric equations of the
lineare z =3+ 12t, y= -2+ 168, 2 =2 — L.
39. Let Fir,y,2) =2 + 942+ 22 — 25 and Gz, y, z) = —z2 + 32 + 22. Then
F.G. + Fy G, + F.g. = (21)(—2z) + (2y)(2y) + (22)(22) = 4(—1° + * + 2°).

For (r.y.z) on both surfaces, F(r, y.z) = Gz, y.2) = 0. Thus, F.G, + F,G, + F.G. = 4(0) = 0 and the

surfaces are orthogonal at points of intersection.

9.7 CURL AND DIVERGENCE
T.cull F=(z—yli+(zr—y)); divF =2z

11. curl F = (43® — 622%)i + (22% — 32%)k; div F = 6zy

15. curl F = (zy?e? + 2rye? + 2%ye® + 2yze™)i — y2e¥] + (—3xyze® — ze®)k: div F = zye™ + ye* — ri2e®

d/8x ajdy 8/0z 5 o s
21. Veojaxr)=| a4 g ay | = E[a-gx — asy) — E{ﬂw —agr) + F{my —aar) =10

T I z
24. rra=ayrtasytagzr-r=2 +y° +z5; V- |ir-rla] = 2za; + 2yas + 2zas = 2(r - a)

27. V-(fF)=V-(fPi+ fQi+ fRk) = fP. + Pf. + [Q, + Qf, + fR. + Rf.
=f(Pe+Qy+ R)+ (Pfe +Qfy + Bf:) = f(V-F) + F - (Vf)

30. Assuming continuous second partial derivatives,
div (curl F) =V - [[R, — Q.)i— (H: — F)j +(Q: — F,)k]
- (Ryz _QZI - {H.tp - sz] + {QIZ - Py?]' = ﬂ‘

i ] k
30, curl F = —Gmyma | &0z 070y  O0/8:z
=/l oyl =/
— —Gmyma(~3y=/Je[® + 3y=/Ief)i — (=32 /|e[f +3zz/Ief*)j + (~3zy/Iel® + 3zy/|eF)K]

—0
i —2:2+y2—zﬂ 12—23,|Ig+z2 1“3+3,|IE—232
div F = —G'miyma |: —=7 - —7 BEE } =1
1 1 1 : J k
40, §|:url v = §|:ur1 wxr)= 3 a0z /oy iz

Woz —wgy Wil — Wz Wl — wWak

1 . . . .
— E[{r..:l +wii — (—ws —wa)j + (ws +ws)k] = wil +waj + wsk =w



43. (a) Expressing the vertical component of ¥V in polar coordinates, we have

2zy 2r? sin f cos 0 _ sin2f
=+ p =7
Similarly,
® —y? - r2{cos? @ — sin? ) _ cos2f
(r2+42)2 ri =

Since lim,_ o (sin 28)/r® = lim,_ . (cos 20} /r® = 0, V 2= Ai for r large or (z,y) far from the origin.
a g
(b) Tdentifying P(z,y) — A [1 - i] Oz, y) = _[:Ei%‘

(2 — 47)2 and Riz,y) =0, we have
2 2
=M_‘ and P.=Q.=R.=R,=0.

_ 24y(32 —y?)
B CE CEa

Thus, curl V = (R, — Q)i+ (F. — R;)j+ (Q: — P,)k =0 and V is irrotational.

P,

2Ax(x? — %)
(zZ +42)3

_ 2Ax(3y” —17)

(c) Since P, = CESTIE

Ly cand . =0, V.- F=FP. +Q,+ H. =0and Vis

incompressible.

44, We first note that curl (6H/ét) = d(curl H) /8¢ and curl (0E/8t) = @ curl E)/8t. Then, from Problem 36,
~V’E=-VE+0=-VE + grad 0 = ~V?E + grad (div E) = curl (curl E)
1 8H 18 18 (18E 1 &°E
— curl (‘zﬁ) - e H- I H (EW) - E e
and V2E = L 6%E /6¢%. Similarly,

“V?H — —VH + grad (div H) — curl (curl H) — curl (1 ‘f’E)

c ot

_lﬁ(_lﬁ‘H)__lﬁ“H
Cedt\ et ) 2 oa?

and V2H — Cizaﬂl{;mﬂ_



WEEK 6

9.8 LINE INTEGRALS 3,6,9,15,21,25,27,28,30,33,36,40

9.9 INDEPENDENCE OF PATH 3,6,15,18,21,24,26,27,28,30

WEEK 7

9.10 DOUBLE INTEGRALS: 3,5,9,15,18,21,24,27,33,36,39,42,45,52,62,65,68

WEEK 7: TERM TEST 1 — CHAP 7 + SECTIONS 9.1 TO 9.7

WEEK 8

9.11 DOUBLE INTEGRAL IN POLAR COORDINATES: 3,6,11,12,19,24,27,29,30,33,34
9.12 GREEN’S THEOREM: 3,4,6,8,12,18,19,23,24,25,27,33

WEEK 9

9.13 SURFACE INTEGRALS: 2,4,6,8,10,11,15,17,18,24,28, 29,32,33,36,37,39
WEEK 10

9.14 STOKES THEOREM: 3,4,6,9,10,12,13,14,18

WEEK 10: TERM TEST 2 — SECTION 9.8 TO 9.13

WEEK 11

9.15 TRIPLE INTEGRALS: 3,6,9,13,14,15,21,23,24,27,32,34,45,48,

WEEK 12

9.15 TRIPLE INTEGRALS: 51,54,57,68,69,72,75,76,78,81

9.16 DIVERGENCE THEOREM: 2,3,6,9,11,12,13,15,17,21,22

WEEK 13

9.17 CHANGE OF VARIABLES IN MULTIPLE INTEGRAL: 3,5,7,8,9,10,13,15,17,22,23,25,27
TIME PERMITTED: REVIEW: 1-20,24,26,29,30,32,36,38,43,46,50,51,53,54,56,57,58,60,63,65



