I

2

1. Suppose {u,v,w} is a set of vectors in a vector space V. Which of the following statements
are equivalent to

“{u,v,w} is linearly independent.”

I None of the vectors u,v or w is a multiple of any other single vector in {u,v,w}. X
IL If a, b, c are scalars, then au +bv + cw =0 impliesa=b=c=0. v
III. Both {u,v} and {v,w} are linearly independent. DY
IV. fa=b=c=0, then au + bv + cw = 0. (X-» +, o Truee %of‘_m wc%rs U, )

V. None of the vectors u,v or w is a linear combination of the other vectors in {u,v,w}. v/
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2. Let X = { [8 Z} EMsz2 |a—d= 0}. Which of the following is a spanning set for X7
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3. Which of the following are subspaces of Ma2?
U={[z g]EMzzlm, y, z€R} = Spom %Coﬂ [?oq) (27 E d
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4. Let ng = (1,0,1) € R?® and define

U={veR® | |lv—noll = [lv+noll}.
@a) If v € R3, show by expanding both sides using the dot product that

||v -—noH2 = Hv—i—non < v-ng=0.

(x) Now we know that U = {v € R3 | v ng =0}, and thus U is a subspace of R3.

@ b) Give a complete geometric description of U. (Hint: use (x)!)
‘ c¢) Find a spanning set for U.
O 2)d) Is your spanning set in (d) linearly independent?
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5. Let F[0,n] = {f | f:[0,7] — R} be the vector space of real-valued functions defined on
[0, ). Define four functions in F([0, 7]) by

f(z)=1, g(z)=cos2zx, h(z)=cosz, and k(z) = sin® z, Vz € [0, ],
and let W = span{f, g}.
@a) Show that {f, g} is linearly independent.
(Db) Show that h ¢ W.

¢) Use trigonometric identities to show that k € W. (Hint: cos2z = cos(z + T).)
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6. [Bonus] Let U and V be subspaces of a vector space W such that the subset
s bl Uuv = {wEWI'werrweV} EhW/ @ e
~is also a subspace of w. G 25 ‘ U =24 ey

Prove carefully that elther U uv = U or UU V V. ® W‘i W g1 W

- (You may find the followmg fact useful: If U is not a subset of V and V is not a subset of U,
then there exists u € U with u ¢ 14 and veV withvgU. )
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