LECTURE 1

SECTION 1.1-1.2: PRE-CALCULUS REVIEW

Constant Function: f(x) =2

Identity: f(¥)=x

Absolute Value: f(x)= |A1
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Quadratic: £(x) = Cubic: f()=» Square root: () =+x
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Reciprocal: f(x) = %

Reciprocal squared: f(x) = %
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Example 1.8. Solve for x: [z* — 4| =1

Answer:

ad ‘4" for bah 59 -

Sumphfly -

-4 =|

r=1+4
=5

K==xd5

add 4 for both Sides :
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Example 1.9. Find the domain of each function
a)f(z) =2vz+4

b)yE)= g%

Answer

@) Camot tfake the Juare rwt of @ nelafve number, S the inside oF the Syuore

root t0 be non-nedative

X+ =2 o

X 72-4

20 the domaim of Foo =dTxa iS4 +00)

La
Actuplld: for R =X " . where n Is an GUen number. #y domtin IS [0, +00
b the denomnator cannot be 2ero

= £-3x #0 = X #2

3
% the domom of Jw= 3z 1S ¢ 2> 0 (2, Tw)
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Example 1.10. Find the composition f o g and g o f, where f(xz)

xr

=5 and g(z) = g2

Answer
$3 = Fc3w) gof = Jcfcxd
X
= FC8*D = 3¢ 52
x2-
= — _.x =
X+ = (%1 ?

Hente fo3 F Qo f




\ Vertical Stretch | Horizontal Stretch

9(z) kf(x) f(kz)

Ifk>1 vertical stretch by a factor of k£ | horizontal shrink by a factor of 1/k

If 0 < k< 1| vertical shrink by a factor of £ | horizontal stretch by a factor of 1/k

Ifk <0 combination of a vertical stretch | combination of a horizontal stretch
or or
shrink with a vertical reflection | shrink with a horizontal reflection

Example 1.13. The graph below is a vertical stretch/shrink of the toolkit function f(z) = 2°.
Relate this new function g(z) to f(z), then find a formula for g(x).

j' / Answer:  Find 360 = Kfov
3t / To cetermine the Formula for 300 . it is hepful to ook
11 / for a point on the aroph
5 4 5 2 4 | 1 1 3 ¢ 3§
! / -1 1n the graph. It is clear there Is @ pant €220
F Lal
/ 34 so JGw=2a
f ol
/ 54 9¢2) = K = K- 2 = sk

Usng the fat on the groph Jea) = 2

s gw=%fow = Fx°




Intersections of Lines:

Example 1.14. The supply, in thousands of items, for custom phone cases can be modeled by
the equation s(p) = 1 + 2p, while the demand can be modeled by d(p) = 9 — 3p, where pis in
dollars. Find the equilibrium price and quantity, the intersection of the supply and demand

curves.
substihube P=Hh4 info SR

Answer :
SCléy=1+2- 14 = %2

setfing ScP) = dp
or) Substitute P =k imo IR

I +ap =9-3p
dtrf) =9-3- 16 = 42

o =3 ‘ % the intersechion of the suppy and demand Curves
s fE,4))

The egquilibrium prie is (4 l

Example 1.15. Find intersections of the graphs of f= 2 — 2?) and g(z) = 22* 4+ 2z — 3

Answer : 5
sethng foo = 3o substitute X=1 ond - F b

2 a 5 fe =2-12 = |

a2~ K = AR +2R "~
PINE Y |
3x*t2x -5 =0 =
o) Supstiiute X=[ krd - 3 o §0O
—b % JE=%ac

8y quadrakic formuln: X= —3g 30 =2*t+ 21~ 3 =|

b 4
where @=3. b=) and C=-5 IP=2u-H+20-P 357

x= 2EFFTE o 5y
2-3 37 | oo two ntererkin povts are (1,1)

wd (-5 -3)

13



Composition of Functions

When the output of one function is used as the input of another, we call the entire
operation a composition of functions. We write f(g(x)), and read this as “f of g of x” or
composed with g at x”.

An alternate notation for composition uses the composition operator: o
(f ° g)(x) is read “’f of g of x” or “‘f composed with g at x”, just like f{g(x)).

Example 3

Given f(f)=t" -t and A(x)=3x+2, evaluate f(A(1)).

Since the inside evaluation is A(1) we start by evaluating the 4(x) function at 1:
h(D)=31)+2=5

Then f(h(1))= f(5), so we evaluate the f{t) function at an input of 5:
ShD) = f(5)=5"-5=20




LECTURE 2
PRE-CALCULUS REVIEW II
EXPONENTIAL FUNCTIONS

Point-Slope Equation of An equation for the line passing through the point (z1, y1) with slope
a Line: m can be written as

y-y, =MmMCR—K)

This is called the point-slope form of a line. It is a little easier to write if you know a point and
a slope, but requires a bit of work to rewrite into a slope-intercept form.

- @ point = (X, 40

-~ @ Slpe : m Intereept
Slope ¥
¢ i
Y- =mex = Xi ) y=mx + Y -mx)
—
the Point - Slope Form The slope - Irtercapt for

Slope and Increasing/Decreasing

m is the constant rate of change of the function (also called slope). The slope determines if
the function is an increasing function or a decreasing function.

f(x) =b+mx is an increasing function if m >0

f(x) =b+mx is a decreasing function if m <0

If m =0, the rate of change zero, and the function f(x)=5b+0x =25 is just a horizontal
line passing through the point (0, b), neither increasing nor decreasing.




Rules of Exponents or Laws of Exponents

Multiplication Rule O xa’ =at’

Division Rule A e

Power of a Power Rule (ax )3*‘ — a7

Power of a Product Rule (ab)x — OB

Power of a Fraction Rule q
b) b
Zero Exponent a =1
Negative Exponent g = i
=
Fractional Exponent =

ay _ ,‘"dax

Example 2.7. A ball is thrown upwards from the top of a 40-foot high building at a speed of 80
feet per second. The balls height above ground can be modeled by the equation
H(t) = —16t* + 80t + 40. When does the ball hit the ground?

An3wer *
when the bal WtS the rowd, H®=0 g0+ BE F)(40)
2 6)
Solve H@@® =0
) = 5.455 or -9B8
—ft* + Sot t 4o =0 <o awumb‘e)

a=- - L=8°  c=40 0o when {:54585,'&]9 ball

hit the §round.




Horizontal Asymptote of Rational Functions:

The horizontal asymptote of a rational function can be determined by looking at the degrees of
the numerator and denominator.

o Degree of denominator > degree of numerator: Horizontal asymptote aty = 0
¢ Degree of denominator < degree of numerator: No horizontal asymptote
¢ Degree of denominator = degree of numerator: Horizontal asymptote at ratio of leading

coefficients.

Example 2.11. A large mixing tank currently contains 100 gallons of water, into which 5 pounds
of sugar have been mixed. A tap will open pouring 10 gallons per minute of water into the tank
at the same time sugar is poured into the tank at a rate of 1 pound per minute. Find the
concentration (pounds per gallon) of sugar in the tank after t minutes.

Answer :
- The umount of water in the tonk ds changing fineorly with a slpe m=/o

water = /oo + le"t
7
nikial vale Slope
- The amoutt of sugar n the tank is also chonaing Knewly With & Swpe ™1

sugor = 5 + t

& the Concentrodion. €, will be the ratio of pounds of sugor to gallors of wever

5+

ey = foo t+ fot

Exponential ~ An exponential growth or decay function is a function that grows or shrinks at
Function: a constant percent growth rate. The equation can be written in the form

f@)=a-b" 3 e =b

or

fw)=a-(L+r)

Notation:
e a is the initial or starting value of the function f(0) = ¢
e 7 is the percent growth or decay rate, written as a decimal

e b > 0is the growth factor or growth multiplier. Since powers of negative numbers
behave strangely, we limit b to positive values.



Properties of the Exponential Function: o

o) Domain : R, Conkinutty a e =1

R Range : (o0,+tm) e) Y=0 iS O Horizewte Asymptote

o<k <l

¢) Monotonicity: - bz1, increasing
- 0<b4l,decreasing

Lo, &)

Example 3.1. India’s population was 1.14 billion in the year 2008 and is growing by about 1.34

% each year. Write an exponential function for Indias population, and use it to predict the
population in 2020. i
4

Answer: - the initiod volue < the populttion WS |14 billim n the feor 2B
as

— ¢he growth rocke - Growdng by L2AX per yeor

wsing the bosic ormule for exponenbial growth {ev =ackes

Fte) =114 C 1+ 00134 oF

To estimote the populofin in 2220 . + =2a2 —2wg =12

2 ey =n4 a+ 00134) 29331 billon people in 2020

Application: ~Compounded interest
Note: We will skip this part in class you just need to know the formula of the compound interest.

If an amount A, is deposited into a bank account with annual interest rate » compoundec
times a year, then the balance after ¢ years is

Ang(t) = Ao(1+ )™

When n approaches infinity, we can use the limit to be an approximation of the balance after t
years with a infinite n. In this case, we say that the interest is compounded continuously.

If the interest is continuously compounded, the balance after t years is

]. n
);)rt — Auert

1
n—oo ’]’1/7‘ n—00 n/T

Ar(t) = Aoo,r(t) = AU lim (1 + %)”t = AU lim (]. + —)%Tlt = AU( lim (]. 1=

n—oo

where r is the annual interest rate.



Continuous Growth Formula

Continuous Growth can be calculated using the formula
f(x)=ae™

where

a is the starting amount

r is the continuous growth rate

Example 5

Radon-222 decays at a continuous rate of 17.3% per day. How much will 100mg of Radon-
222 decay to in 3 days?

Since we are given a continuous decay rate, we use the continuous growth formula. Since the
substance is decaying, we know the growth rate will be negative: »=-0.173

£(3) =100e *'*® = 59.512 mg of Radon-222 will remain.




LECTURE 3
LOGARITHMIC FUNCTIONS

Logarithm Equivalent to an Exponential
The logarithm (base b) function, written log, (x), is the inverse of the exponential
function (base b), b™.

This means the statement b = ¢ is equivalent to the statement log, (c) =a.

Properties of Logs: Inverse Properties

log, (b"):x
blogbx =%
log,a =1 log,1=0
loga T + loga Yy = 1Oga Ty loga T — 1Oga Yy = loga %
log, z¥ = plog, = change of base: log, z = }%gbj-




Graphical Features of the Logarithm: Graphically, in the function g(z) = logy{z)
e The graph has a horizontal intercept at (1, 0)
e The graph has a vertical asymptote at z = 0
e The graph is increasing andconcave down < for o 71 ; decreosing & concave wp fir  0<a<1
e The domain of the function is zz > 0

e The range of the function is all real numbers (—o0, 00)

Properties of the Logarithmic Function:

@) Domain: Xz7o ond Confunuity

b Range: R
arl
¢) monotoncity:  ~ When a7l ncreasing [ /
(< 1)
~ when 0<0<l decreasing l /

d) lo(jnl =0

e) X=0is a vertical Aymplte s x20', v =2 1o i B
Example 1

Write these exponential equations as logarithmic equations:

a) 2° =8 b) 5* =25 c) 104 =1

10000
a) 2> =8 is equivalent to log,(8) =3
b) 5° =25 is equivalent to log,(25) =2
1 . . 1

c) 107 = 10000 is equivalent to log,, (10000] =-

Example 2

Solve 2* =10 for x.

By rewriting this expression as a logarithm, we get x = log, (10)



Example 3

Evaluate 1og(1000) using the definition of the
common log.

To evaluate 1og(1000), we can say x =log(1000),
then rewrite into exponential form using the
common log base of 10.

10* =1000

From this, we might recognize that 1000 is the cube
of 10, so x = 3.

We also can use the inverse property of logs to write

log,,(10°)=3

Values of the common log

number | number as | log(number)
exponential

1000 | 10° 3

100 10° 2

10 10" 1

1 10° 0

0.1 107 ]

0.01 10° 2

0.001 |[10” -3

Properties of Logs: Exponent Property
log, (Ar ): rlog,(A4)

Solving exponential equations:
Isolate the exponential expressions when possible
Take the logarithm of both sides

Use algebra to solve for the variable.

Utilize the exponent property for logarithms to pull the variable out of the exponent




Example 35
In the last section, we predicted the population (in billions) of India ¢ years after 2008 by
using the function f(¢) =1.14(1+0.0134)". If the population continues following this trend,
when will the population reach 2 billion?

Chapter | Review Applied Calculus 69

We need to solve for the ¢ so that f{t) =2

2 =1.14(1.0134)’ Divide by 1.14 to isolate the exponential expression
2

T =1.0134' Take the logarithm of both sides of the equation

] 1 0134’ ) Apply the exponent property on the right side

|I\) »—n’M
o

=

) =¢In(1.0134)  Divide both sides by In(1.0134)
ln(l 14]

=———""“_~ 4223 years
In(1.0134)

If this growth rate continues, the model predicts the population of India will reach 2 billion
about 42 years after 2008, or approximately in the year 2050.




Example 3.6. In chemistry, pH is a measure of the acidity or basicity of a liquid. The pH is
related to the concentration of hydrogen ions, [/{*], measured in mgoles per liter, by the equation

pH = —log [H"] Nl
If a liquid has concentration of 0.0001 moles per liber, determine the pH. Determine the
hydrogen ion concentration of a liquid with pH of 7.

ourput,

Pnswer: -4 -
- The inittiol valug : PH = -log¢o.0001) = ~[eg (lo T

- Determine the hudwden ion concentratim of O ‘%nd with PHof*2

F = -Iuj["f]

-3 = o3 THY)

Example 3.7. Find the domain of the function f(z) = log(5 — 2x)

Answer *

The logarithm is only defined when the input rfS',Pos‘ruve o H2X 70

Solving this ineuoldy 5-2% 70

5 7ax
5
= 7 X o A L

5/2

S The domain of the funcim 8 X <§,arin interwl notoxdion C—m*gﬂ




LECTURE 4

LIMITS
X2 " < .

Example 4.4. (Direct substitution rule:) lim,, 32 = ‘iTF is o rodmal funclion.
i is ¢00,-¢) UC 4 t0)

Answer: Do A2 3272 and S demain is é00,-®) VG4,
wa Kk Rt ~ the real valve 2 is in s domain
Domain 25 R - E-41 So we con use ‘direct Supchitution’

o ¢a), -4> U4, 10 Tue

Example 4.5. (Direct substitution rule:) lim,_,5 ¢* !

exponential function

? X+ 25+
Answer ;‘8_,,)2 e = e = Domain is R

Example 4.6. (Direct substitution rule:) lim, ,5+/2z — 4 one - Si ded h\)" it

Answer -
Domain is Xz2 Sinte 2X -4 70

Yoo 55T = FTS =@
X

4

Example 4.7. Consider the rational function f(z) = Zﬁ%m and the limit lim,_,; f(x
p z—1

What happens if we just plug = = 1 into f(x) ?

fex) is undefined <&  denomingdor wold be zero when x= 1




Limit Laws

If lim f(x)=M and limg(x)=N

I—a I—a

Sum lm[f(x)+gx)|=M+N

I—*a

Difference lim[f(x)—g(x)|=M-N

I—rd

Constant lm jk-f(x)] =kM

X—+

Product lim :f(x) g(x)] =M-N

o] M
QUDtiF.‘nt ]1'_513_ g(x) = ‘M N=0

Power lim [f(-x)]ﬂ =M" nisa positive integer

I—a

Root E& |:“"|I'f(.x'):| = \/i'? nis a positive integer




ARITHMETIC SERIES

j;(a+@ld) _ n(2a+(2n—1)d)

Example 4.13. Find 327 (1 +2i) = +

The <Stwhna Pt &= [+2-2 =9
he Commn diffrene ol = 2

me#oF'iem\u n=¢%

5 : ). :
?CH‘Q‘i) = 4‘(251'(4'1)1 =(3> j




