Final exam (2014)

L. (a) [TJIEW = {(a1,a2,03,a4) ER*: a; +a3=0,q — az + 4aq = 0}, is W a subspace
of R4? If yes, find a basis of W.

(b) NI T R - R? T{(a,b,¢c) = (a+b,a — b); determine whether T is 1 — 1 and
. onto.

2. (a) [7] Let T : R* - R? be defined by T(-1,1) = (1,2,3) and T(1,1) = (0,1,2).
Assuming that T is a linear transformation, find 7(0,1).

(b) (7] Let T : Myx2(R) — Mays(R) be 2 linear transformation defined by

T(a.j)_(abc)
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find bases for R(T) and N(T), and verify the dimension theorem.

3.(2) [7] Let T : Py(R) — R*' be a linear transformation defined by
T(a+bz+c?) = (a+b,b+a, ate,b+c). Find the matrix that represents T relative to
the basis B = {l,l+z,l+z +2%} of PR} and the basis

C = {(1,1,1,1),(1,0,0,0), (1,1,0,0), (0,0,1,0)} of R*. (P(R) is the vector space
of polynomials of degree < 2).

(b) mIle“{(: g)-‘a,bER}aﬁde{(; z) c,dE]R},ﬁndbasesof
Wi+ W, and Wy N,



4. (a) (7] Let T: V — W be a 1 — 1 linear transformation. If § = {vy,va,...,v0,} is

linearly independent, show that T(S) = {T(v;),T(v2), ..., T(va)}} is also linearly
independent.

(b) [9) If T : R? —+ R? T(a,b) = (3a + 4b,3a — 4b). Let B = {{1,1),(0,1)} and
C = {(1,1),(1,3)}, find [T], [T]; and show [T], = Q= (T, Q for some invertible

matrix Q.
. 1 2 3
A= -1 1 -2
1 5 4
and its inverse, if it exists.

(b) [7] Let T : Po(R) — R® is defined by T(a + bz + cz?) = (a+ b b+c,c+a). IsT
invertible? If yes, find T-1.

5. (a) [7] Find the rank of

6. (a) 7] Let V = {(a1, az,aa, as) : 6 — 2a; + 3a; — day = 0}. Show that (2,0,2,2) e V.
and extend (2,0,2, 2) to a basis of V.

() [V = By(R), T(f(z)) = 2f'(z) + f@)a + f(3), find the eigenvalues of T and
basis B for V such that [Tz is a diagonal matrix.

7. (a) [7) Let A = (; ; ) Find A1,
(b) [7} Let A be n xn. Let A be an eigenvalue of A. Show that X is also an eigenvalue
of AT, the transpose of A. Show by example that, if E) is the eigenspace of A and
E}, the eigenspace of AT, then B\ # Ei.
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