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Instructions:

(a) You have 80 minutes to complete this exam.

(b) The number of points available for each question is indicated in square brackets.

(c) All work to be considered for grading should be written in the space provided.
The reverse side of pages is for scrap work. If you find that you need extra space
in order to answer a particular question, you should continue on the reverse side
of the page and indicate this clearly. Otherwise, the work written on the reverse
side of pages will not be considered for marks.

(d) Write your student number at the top of each page in the space provided.

(e) No notes, books, scrap paper, calculators or other electronic devices are allowed.

(f) You are strongly recommended to write in pen, not pencil.

(g) You may use the last page of the exam as scrap paper.

Good luck!
Please do not write in the table below.
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1. [3 points] Find the inverse of the matrix

13 -2
A=|11 =2
2 1 —3
Solution:
13 2] 100] Roke-m [I 3 2] 1 00
[A]=1 1 -2 | 0 1 o] 222000 2 0 | -1 1 0
21 -3 |00 1 0 -5 1 | -2 01
poomop (103 =2 1 0 0 1 3
SEETERl0 =2 0 | -1 1 o B2 g 9
o0 1 | 3 =31 0 0
feip |1 302 =52 ) 100 | 3
— o1 0 | 5 —f o) B g g | L
0011 3 =21 001 3
L2
Therefore A™! = % —% 0
L
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2 2

2. [3 points| Let A = [ 11 _32}, B = {0 1} and C' = B _01 ﬂ Solve the following

matrix equation for X:
AXT+C)=BC

Solution:
AXT+0)=BC = A 'AXT+C)=A"'BC = X" +C=A"'BC
= X' =A"'BC-C = X=C"BT(A ) -C"
Now we have .
A _Ill 1}_{1 1] = (A7) _[2 1}

and therefore

12 18 8
CTBT(A™ = [ -1 0 B g] B ﬂ R
31 19 9

and
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1 2
3. Let A={00 -2 1 -1
00 2 -1 1
(a) [3 points] Find a basis for Nul A. Solution: The reduced echelon form of A is

as follows:
12 4 0 3 12 4 0 3 CoM24 0 3
00 —2 1 —1f Bftle g g 9 g g BT 0 g L L
00 2 -1 1 00 0 0 0 000 0 0
0 2 1
R1—R1—4Rso 1%%
000 0

In the corresponding homogeneous linear system, the variables x; and 3 are basic, and
Zo, x4, x5 are free. The general solution is

T = —21'2 — 25(]4 — XI5
_ 1 1
T3 = 5%4 — 575

and its vector parametric form is

T —2 —2 -1
T 1 0 0
T3 | = T2 0 + x4 % + x5 —%
T4 0 1 0
Ts 0 0 1

—2 —2 —1
1 0 0
o || 4] |-
0 1 0
0 0 1

(b) [1 point] What is rank A? Justify your answer.

Solution: By the rank-nullity theorem we know that

rank A +dimNulA =5 = rankA=5—-3=2.
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4. An economy consists of two sectors: the Construction sector and the Service sector.
We know that:

1
e For each unit of output, Construction requires 3 units from itself and 3 units from

Service. . ;
e For each unit of output, Service requires R units from Construction and 1 units

from iteself.
a) [1 point] What is the consumption matrix C' for this economy?

b) [2 points] Find I — C and (I — C)~1.

(
(
(c¢) [1 point] Determine what intermediate demands are created if Construction wants
to produce 12 units and Service wants to produce 24 units.

(

d) [1 point] Find the production levels that will satisfy the final demand of 5 units from
Construction and 10 units from Service.

Solution: (a) The consumption matrix of this economy is:

11
3 6
C = l§]'

2 4
(b) 1 1 2 1
10 3 5 3 —3

1_02{01]—[i§]:[_‘1 16]'

2 4 2 4

N[ =
WIN o=
| I |
[
[\
| ——
N[ =
WIN o=
| |
e
S W
co N
| I

+24

N|—= Wl

W O

-

(d) Let x; and x5 be the outputs of Construction and Service respectively. Let x =

“1 | be the production vector. Note that d = g .
i) 10

x:(I—C)_ld:[g 52;} {150}:[13150]'
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5. Consider the matrix

-1 -1 0 2
1 3 1 -2
A=19 1 o _3
0 4 -1 5

(a) [3 points] Calculate det A by using the cofactor expansion method.

Solution: We use cofactor expansion along the third column:

1 3 —2 -1 -1 2 ~1 -1 2 ~1 -1 2

detA=0[2 1 =3|—1]2 1 =3/+0/1 3 —=2/—(-1)]1 3 =2
04 5 0 4 5 0 4 5 2 1 -3
—1 -1 2] |-1 -1 2

=—2 1 =3+|1 3 -=2|.
0 4 5 2 1 =3

Now we have

- -2 -1 2 1 2 -1 -1
2 1 =3|= 0’ ‘—4 ‘—1-5’ = (—4)(—=1)+(5)(1) = 9 (last row expansion)
1 -3 2 -3 2 1
0 4 5
and
- -2 3 =2 1 -2 1 3
1 3 -2 :(—1)‘1 3‘—<—1)’2 3‘+2'2 L= (CDEDHD () +(2)(-5) = —2. (first vow)
2 1 -3 N N

Therefore detA = (—=9) 4+ (—2) = —11.
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(b) [2 points| This part is independent of part (a).

Let P,Q, R be 3 x 3 matrices such that det(P) = —%, det(Q) = 5, and det(R) = —10.
Compute det(—3 PTQ?R™'P~2).

Solution:

det(~5 PTQPR™P™?) = (~ ) (~5)(67) (~15)(-2) = —3¢ = —2.
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6. Determine if the following sets are subspaces of R? or not. Justify your answer.
(a) [1 point]

a’® + b?
U= b+c | |a,bceR
2c

Solution:  The top entry of every vector in U is a® 4+ b*> > 0. Therefore U is not a
subspace because it is not closed under scaling:

1
O isinU fora=1,b=c=0
0
but
1 -1
(=1) |0f = | 0| isnotin U.
0 0
a—2b
(b) [1 point] V =< [-b+c||a, b ceR
—2c

Solution: V is a subspace because every vector in V' can be written as

a—2b 1 —2 0
—b+c| =a |0 +b|—-1|4+c| 1
—2c 0 0 —2
and therefore
1 -2 0
V =Span< |0, |—=1],| 1
0 0 -2
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(¢) [1 point]
1 1 0 =3| |1 0
W = To r1, T2, x3 € Rand (2 5 2| [z = |0
x3 5 10 -7 T3 0

Solution: Note that W = Nul A where A is the given 3 x 3 matrix. Therefore A is a
subspace.
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