Midterm Exam MATH 205

Differential and Integral Calculus II

Winter 2018 March 3, 2018

SOLUTIONS

Time allowed: 1h 15min

Problem 1.

(b) Use the Fundamental Theorem of Calculus to calculate the derivative of

F(z) = /O (t — 1) cos* (t + 1)dt

x2

and determine whether F is increasing or decreasing at « = 1/27

Solution.

By the Fundamental Theorem of Calculus

d

2

d
= —(—2* —1)cos* (—a* +1)—
Since F'(1/2) = —2-1%.2

1-2cos?(3) <0, then F decreases at z = 1/2.

Problem 2.

Find G(x) if G'(z) = sec® (z) tan® (z) and G(0) = 1.

Solution.

G(z) = /Sec3 (z) tan® (z)dz = /sec2 (z) tan? (z)(sec (z) tan (z))dz =

= /sec2 (z)(sec? (x) — 1)(sec (z) tan (z))dr = /uQ(u2 — 1)du,

where u = sec (x), du = sec (x) tan (z)dz.
Therefore,

dx(_xQ) = —2x(x* + 1) cos* (1 — 2?).

Py = ([ = oot @4 ) =2 ( |- nestes 1)dt> _

G(z) = /uQ(u2 — 1)du = /(u4 —u?)du = 1u5 - 1u3 +C = 18805 (x) — 1sec3 (x)+ C.
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From G(0) = £sec® (0) —3sec® (0)+C =1 —3+C=C—Z=1weget C=1+3Z=1f
1 1 17
G(z) = 58605 (x) — gsec3 (:E)-}-B

Problem 3.

Calculate the following indefinite integrals

(a) [Iny/xdx
Solution.

By the integration by parts

1 1 1 1
/ln\/idx: E/lnzvd:B: 5 (a:lna:—/xd(lnx)) =3 (a:lna:—/x;d:p) =

1 1
=3 <xlnx—/dx) —i(xlnx—x)—i-C

(b) [ Zide

34

Solution.

We write the integrand as a sum of partial fractions

z+1 z+1 _A Bx +C

w3+x  w(z2+1) x+x2+1

with unknown coefficients A, B and C' which we find from the following identity
A@P*+ 1)+ (Br+C)r=x+1

From
(A+B)2*+Cr+A=x+1

we get system of three linear algebraic equations for A, B and C'
A+B=0, C=1 A=1

Therefore, A=1, B=—1and C =1 and

/x—i—ld / 1 z—1 d / 1 1 2z n 1 p
4+ x Tz x?4+1 r 2x2+1 x22+1

1
=In|z| — éln (z* 4+ 1) + arctanx + C




Problem 4.
Find the exact value of the following definite integrals (do not approximate)

(a) [, xv/a —xdx, where parameter a > 0
Solution.

By substitution u = a — x, du = —dz, u(0) = a, u(a) =0 and z = a — u we get
a 0 a
/ rva — xdr = —/ (@ —u)yudu = / (au'’? — u®?)du =
0 a 0

2 a
(232 2
3 )

(b) Oﬂ/2(2 — sin (z))%dx

2 2 4
T BV S V-
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Solution.

/O m(z—sm (z))dx = /0 W/2(4—4 sin (z)+sin® (z))dz = /0 " (4 — 4sin (z) + 1‘%8(2@) dr —

w/2 9
= ZW—4

_ /0 " (g ~ 4sin (x) —  cos (2:5)) do = (gzv +dcos () — 7 sin (2@)

0

Problem 5.

Sketch the region bounded by the graph f(z) = 4x — 22 and the x-axis, and find the volume of
a solid obtained by revolution of this region about the axis y = —2.

Solution.

Points of intersection the graph with the x-axis f(z) =4r — 2> =2(4 — 1) =0, i.e. # =0 and
x = 4. Distance from the parabola to the axis of rotation is R(z) = f(z) — (—2) = 4z — 2 + 2,
distance from the z-axis to the axis of rotation is r(z) = 0 — (—2) = 2. Therefore,

V= /0 m(R*(z) — r?(x))dx = 7r/0 (2 + 42 — 2*)* — 2%)dr =

4 4
:w/ (4—1—8:6—2352—1—81:—1—16952—43:3—21:2—43:3—1—3:4—4)6135:W/ (162 +122° — 82° +-21)dx =
0 0

S8im

1
= (822 + 42® — 22* + —2°)|3 = g

5



Problem 6.

Find the average value of the function f(z) = (z — 3)? on the interval [2,5]. Sketch the graph
of f, and draw the rectangle whose base is the interval [2,5] and whose height is the average
value of f on that interval

Solution.
fa =g [ =1 [ -spar = Ja sy = Lo -9 - @37 =1
AV—5_22 l’l’—32$ I—9{L‘ 2—9 =
Bonus.

Evaluate the limit by recognizing it as a Riemann sum for a function f(z) on the interval [0, 1]

and then using integration.
n -4 .
7 7
li — + —
i S (5502

=1

Solution.

Ap =120 = % and partition z; = 0+ iAz = =, where i = 0, n.

nl—{go — no n2 _nl—{go — n4 n n_nl—{go — n4 n =

- L 1 1
= nh_{lgo 22:1: (SC;l + ﬂfi)A = /0 (:C4 + z)dr = (g:c“r’ + §x2>



