Midterm Exam MATH 205

Differential and Integral Calculus II
Winter 2020 March 8, 2020 Time allowed: 1h 15min

SOLUTIONS

Problem 1.

(a) Derive the sigma notation formula for the right Riemann sum R, of the function f(x) =

r? + 2z on the interval [—2, 0] using n subintervals of equal length. Then calculate the
integral fEQ f(x)dx as the limit of R, at n — oo.

Solution.

By partition Ax =

=2 =2y = —24 Awi= -2+ 2i. Then
i=1 i=1 i—1 n n n
2\ 4 4 2[4, 4\ 8, 8.
:TLZ<4 4 Z+—Z _4+_Z>:Eizl<ﬁl_ﬁl):_ill__ilz:

8nn+1)(2n+1) 8nn+l) 4(n+1)(2n+1) _4n+1_

n3 6 n? 2 3 n? n
Therefore,
0 4 D2n+1 1
/ f(z)dx = lim R, = lim (_(n+ )(2n+ )_4n+ ):
9 n—00 n—oo \ 3 n n
4 1 1 1 8 4
= li —(14+ = 24+ — ) —4(1+— =— —4=——.
i (5 (1 2) (2 2) ~1 (14 0) ) =515
Verification

/f :/ (x2+2x)dxz<%x3+x2) 2):2—4:—2.

Define F(z) = ff (g for > 2. Calculate F'(x) for # > 2. Is F' increasing or decreasing
at v = 20207

Solution.

By the Fundamental Theorem of Calculus

2

F(2) d/‘” dt 1 d(Q) 1 2z 1 x—1
€Tr) = — = —\ —_ = —_ = .

dx In(t) In(2?)dx In(x) 2In(x) In(z) In(x)
Since F’(2020) = 1310(22%;(}) = ln%g(l)go) > 0, then F increases at x = 2020.



Problem 2.

If f'(x) = Hj;—tjf(x) and f(0) = 1, what is the exact value of f(1)7

Solution.

x + arctan () / x / arctan (x) 1 / du /
= [T i = d A e = [ & d
f@),/ x?2+1 . ;ﬁ+1x+ 2 +1 YT q¢+ vav

where u = 2% + 1, du = 2zdz and v = arctan (z), dv =

2+1
Therefore,

1 1 1 1
51 n(u )+2v +c—21 (a:2+1)+§(arctan(w))2+c.
1) + i(arctan (0))2 + c =0+ c =1,

fz) =
From f(0) = 11In (0% +

flz) = %ln (> 4+ 1) + %(arctan (z)) + 1.

Thus, f(l):%ln2+%(arctan1)2+1:%mg_i_%(%) +1_ln2+32+1
Problem 3.

Calculate the following indefinite integrals

3x24+x+2
x(z2+1) dx

Solutlon.

To use the method of partial fractions, we express the integrand as the sum of two fractions

32 +2+2 A Bx+C
r(z24+1) o 2241

with unknown coefficients A, B and C'. From

é+B:c+C_A(x2+1)+x(Bm+C) A+ DB)?+Cr+ A 3+ w42
r o a2+l z(x?+1) B x(z?+1) ox(2?+1)

we get (A+ B)a? + Cx + A = 322 + 2z + 2 and thus, equations for unknowns A, B and C
A+B=3 C=1 A=2.

Therefore C' =1, A=2 and B =1 and

2
/—?w +x+2dx:/ x+1 dx—/Qda:—i—/ / ! dr =
x(z? 4+ 1) x x2+1 x z? + 2?2 +1

1
=21In|z| + 3 In (22 + 1) + arctan (z) + c.




(b) [(1+a?)e **dx

Solution.
By integration by parts for u = 1+ 22, du = 2zdx and dv = e *"dz, v = —3e

1 1 1
/(1 + 23)e ¥ dr = /(1 + xQ)d(—Ee_Qx) = —56_2””(1 + 2%) + 3 / e d(1 + 2*) =

2% we get

1 1 1
= —ie’2m(1 + %) + 3 / e 2xdr = —ie’Zx(l +2%) + /emxdx.

Again by integration by parts for u = x, du = dxr and dv = e~
1 1 1 1 1
/ehygdx = /xd(—ﬁe%) = —56729633 + 5/62%[3; = —§e’2xx — 167296 +c.

Therefore,

2z _ 1 _—2x
, V= —5€" " we get

/(1 + e ¥ dr = —%e2x(1 +2%) — %ehx - iem +c=

1 1 1 1 1 3
= (—§<£L'2 + 1) — 51‘ — Z) 672$ +c= <—§£L'2 — 51' — Z_1> 672x + c.

Problem 4.
Find the average value of the function f(x) = sin® (x) cos” (x) on the interval [0, 7/2].

Solution.

1 w/2 2 w/2
= r)dr = — in® (z " (x)dx
fav | san =2 [ i (@) cos” @)

T
2
By substitution u = cos (z), du = —sin (2)dz, u(0) = cos0 = 1, u(§) = cos (7/2) = 0 and from
main trigonometric identity sin? (z) + cos? (x) = 1, we get

2 7r/2 2 7T/2
Jav = = / sin® () cos” (z)dx = = / sin® () cos’ () sin (z)dz =
™ Jo ™ Jo



Problem 5.

Evaluate the following definite integrals

3 3z
) J} St

Solution.

By substitution v = x + 1, du = dz, u(0) = 1, u(3) =4 and z = u — 1 we get

3x+4 Y3(u—1)+4

- ——du = /4 Sut 1du = /4(3u1/2 +u ) du =
vr+1 1 Vu 1 Vu 1

= (2u? + 2u!?) |t = 2(4%% +41%) — 2(1%2 4 1Y) =20 — 4 = 16.

(b) [ tan® (x) sec(x)dz
Solution.

By substitution u = sec (x), du = sec (z) tan (z)dz, sec0 = 1, sec (7/3) = 2 and trigono-
metric identity 1 + tan? (z) = sec? (z) we get

m/3 /3 /3
/0 tan® (z) sec(z)dr = /0 tan® (x) sec(x) tan (z)dr = /0 (sec? (z)—1) sec(z) tan (z)dx =

:/12(u2_1)du:<“;—u)§_(?—2)—(1;—1):?

Problem 6.

Find the volume of a solid obtained by rotating the region enclosed by the curve y = 2 — \/x
and the lines y = 2 and x = 4 about the z-axis.

Solution.

V = /0 m(R*(x) — r*(z))dw = 7T/0 (22 — (2 — V2)?)dz = 7r/0 (4—(4—4Vx +2))dr =

4 4 8 g 1, 8 3 1 40
=71 | 4d—4+4Vz—2)dev =7 | (4/x —x)dr = 3T -5 s = 34 54 =3
0 0



Bonus.

. \2
Let F(z) = (1 + [{ et dt) . Calculate F"(z) to determine whether the graph of F' is concave

upward or concave downward at x = 1.

Solution.

By the Chain Rule and the Fundamental Theorem of Calculus,

d T e\ T e\ d T e
Fl(z)=— (1 i =2(1 / ) — (1 / ) =
o= (e [ ) =2 (oo fLora) g (o0 [
:2(1+/ e_tht) e
1
and by the Product Rule

d z 2 2 d z 2 2 r 2 d 2
F'iz)=2— | (1 dt)e ™ ) =2— (1 dt e +2( 1 At ) —(e7*) =
=g (1 [ o)) =gy (e [ferar) o (1 o) e
— 272" _ fpe (1 —|—/ etht) )

1

1
F'(1) =2¢7% —4e”! (1 + / et2dt) =2 —de ' =22(1—-2¢) <0
1

Therefore,

and F' is concave downward at x = 1.



