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LEC 2 – Even/Odd Functions and Rational Functions

EVEN AND ODD FUNCTIONS

Definition 2.1. (Even/Odd Functions)

Example 2.2.

Let f be a fan .

F is even if ftx) = fCx) for all x
in thedomain .

f- is odd if FC-x) = -fCx) for all X in
the domain .

( Note: most fans are neither
and some fans can

be both .)

An even far has symmetry when reflected
across the y

-axis .

^←µ^ of a

Note ft-x) -- C- x)
'
-
-C-x)C-x) = xZ=fCx)

-

'

y

'

x

An odd fan has symmetry
when reflected across

both axes or
rotation of it about the origin :

#¥:*: note "" 'II'm
.

Is it a coincidence that

x
' is even and X

' is odd??
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Example 2.3. (Challenging Exercise) Let f(x) = anxn + an�1xn�1 + . . . + a1x + a0 be a

polynomial of degree n. Show that

(a) if n is even, and a1, a3, a5, . . . , an�1 = 0, then f is even.

(b) if n is odd, and a0, a2, a4, . . . , an�1 = 0, then f is odd.

No , not a coincidence .

a) For any xEIR :

f- (- x) = an L-x)
"

tan - zC-X)
"-Z
t . . . tazL-x)

'

tao

But since n, n-2, . . . , 2 are even
numbers, wehave

(for example) C- x)" = C- i)
"xn = xn .
in

= t l

Then fC- x) = anX
"t an -zxn

-Z
t . - t a2×2tao =FIX) .
r-fis even .

def'n of even ?

b) for any xEIR :

FC-x) : anC-x)ht an -d-X)
"-Zt

. .
-t azc-x)

'
ta,C-X) .

But since n, n - 2, . . . ,
3, I are odd numbers, wehave

(for example) C-x)n .- C-D
" xn = -x?
in

= - I

Then FC -x) -- -anXh
- ah-zxh

- Z
-

. . .
- azx3 - a,X = - fcx) .
I

def
'

nof odd!
.

.

.
f is odd .
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CATALOGUE OF COMMON FUNCTIONS, CT’D

(4) Rational functions

Example 2.4. Let f(x) =
�x2 � 4x+ 5

x2 � 1
.

(a) Find the domain of f .

(b) What are the roots of f?

f-(x) = P¥x, where P
and Q are polynomials

and Qcxl to .

Domain : IR except for the roots of
QCX) .

e 'S
÷ Dweomgiannwisr:Lexcept

for x --o, so

C- no,
O) V ( O , x)

or sixEIRI xto}
Note: tx is an odd fan!

Let 's fully factor :
there's a

-X
'
- 4kt5 - (x'thx -I

=

- txt5) (x- l) thxEY!95on 't
€1

=

Ftl) TEE cancel this .

So x= - I , I are
not in the domain

Domain : {XEIRIXFI If

Ordinarily, we would just
check where the numerator

is O : x -- -5, x
-

- I . But x=L is not in the domain,

so it cannot be a root .

The only root is XI
- 5

.
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Example 2.5. Find all solutions to
x+ 8

x+ 1
>

x

x� 5
.

PRACTICE EXERCISES

§1.3 pg. 23 # 17-19, 21, 22, 28-32

Move everything to the same side
without multiplying

dividing :
xt8
It

- ¥70 .

⇒ ±¥¥¥ > o
Cxtlllx - 5)

Expand are -factor numerator :

⇒ xYt3X-40-/ 70
Cxtlllx-5) root@ x'-20

⇒ so ⇒ 7*4,7×77, > outs@ x : - is

Put roots and domain
breaks in a table :

Xs - I
- taxes 52×220×720

'x¥E/¥I¥T¥i÷¥.< xc5

X
- 5 ① ① ⑦ ④ or x> 20

I C- 1,5)U(20,6)
-0 ⑤ -0 ⑤ or

T J EXEIRI -kxcsiorxazof


