MAT1330 CALCULUS FOR THE LIFE SCIENCES ELIZABETH MALTAIS

3. Discrete-time Dynamical Systems (DTDS)

A discrete-time dynamical system (DTDS) is
® a quantity X whose change is tracKed at time t

L—’wri+e X, Jo represent “x attime t”

® a suitable fime Step
L difference between fime t and fime 441

® an updating function F(x)

L» describes the change in X offer one time step,ie, X+, =£(x)

o for short; the DTDS is summarized 05 | X, , =F£(x,)

ethe updating function f(x) of a DTDS canbe -Simple (ie linear)
. complicated (ie nonlinear)

o £(x) captures the Change that sccurs—o Hhe quantity from one fime step-to the nuxt:

F1XED POINTS (EQUILIBRIA) OF A DTDS

A point z* of a DTDS | 2441 = f(z;) |is called an equilibrium or a fixed point if

HCOER

o If the quantily x=x¥, hen +he DTDS leaves x* unchanged at each time step.

O TE ¢ =X, then Xy, =F()=F(x*)=x"=x, &, X =%y

* These notes are solely for the personal use of students registered in MAT1330.
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Example 3.1. A bacteria population doubles every 24 hours. Give the DTDS that models this
population. What (if any) are the fixed points?

® Qquantity X. = # bacteria on day t
o time S¥P AU hoyrs between time T ond time t+1
o Updating function fx) F)=2x (fisa lingar function)

* DTDS Xeo = F0) = Axg

A t
X‘l:ovnr\onrvw = 2 thodo\y)
%ulvov{\zgrc'gm = lovble +he # bactefia today

o fivad points P Solve Xx=f(): X=Zx => 0=X
Sothare is Ohe fixad point: x¥=0

(O bacteria 'foday => 0 bacferia tomonon)

Example 3.2. Bamboo is one of the fastest growing plants on Earth with certain species having
a growth rate of 3 cm / hour. Give the DTDS that models bamboo height. What (if any) are the

fixed points?

® guantity f o = height (incm) of bamboo at haur £

o tfime S¥P 1 hour between time tond time t+1
o updating function fx) £lx)= x +2

* DTDS his = Fh) =h 43

Vs t
‘F\onehourﬁ*omnow — %now +3

height of bamboo = Yeight o bambao now + 3cm.
one hour from now

ofiyud points? Soliex=f(x): x=x+3=>0=3 7
e equation X=F() has ho Solutions
3 This DTDS has no fived points
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Example 3.3. A patient is given an initial dose (“loading dose”) of pain medication at the start
of her treatment. Afterward, one dose of the medication is administered at the end of each day.
It is known that the patient’s body will absorb 50% of the given medication by the end of the
day. Give the DTDS that models the daily change in the amount (in # doses) of the medication
that is present in her body (not yet absorbed /used up) at the end of each day (just after the
daily dose is given).

® guantity M = amount (4 doses) of med. in patient’s body just afer
daily dese is given

o fime Step 1 day between fime tand time t+1
o Updating function () £(x)= 05x +1

» DTDS Mpy = T, )=05M +1

* in bod 7
jun;ngZH:r da‘.Yy —  half of what'was n body
dose is gven one day ago is absorbed, leaving

half and 1 hew dose iS given.
ofiyed points™”  solve X=£(x): X=05x+] => ¥=2
sothis DTDS has one fived point: M*=2 check: £(a) = 0.5(2) )= &

Calculate the amount in her body at the end of each of the first 4 days of treatment assuming
her loading dose was

a. a single dose b. a triple dose c. a double dose
Mo= 1 Mo=3 Mo=
M,=05M, +1 M,=05M, +1 M,=05M, +1

=05(1)+1 =05(3)+1 =05@)+1
=|.9 =5 =2
=05(9) +! =05@RS) t! =05(2) +!
=175 =d.35 =2
M_3= 05M2 'l’l M3= OSMZ +l M3 =2
=05(75) t| =05@29)+! My =2
=175 =2.1a5 :
When My=3, it follows
ML}'-'- OSMs‘\" Mq'-: OSMS'\" +hat M‘H’) -'—'M.t =1
=19315 = .0635
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SOLUTION OF A DTDS

Let ;11 = f(z;) be a DTDS. A solution to the DTDS z,,, = f(z,;) with initial condition z, is
fhe sequence T Xo %1 9Xas¥3+

That is, the solution o a DTDS with I.C. X, isthe enfire future of

the system, storting from X,.

Example 3.4. Bamboo DTDS. | = F(‘?‘t) =Pz (—F(x) = X+ 3)
o (given)
1= FBo)= Ao +3 Solution

hy=Flh,) =R, +3 = (hotI+3 =het6

$Poyhot3yhet 6 ,%o-)—‘i,...}

fg= £lBy) =, +3 =(hot)+3 =het T

= Flhs)= Py +3 = (hotDt3 =hetld

ParHc.rn: hp=h+3t

9gneral solulion

with each fime siep
Initial height increases
by 3cm

Example 3.5. Bacteria DTDS.

Xt+| = F(Xt) = ;b(‘t

f(x)=2x

Xy (given)

X1 =F (%) =2x0

X2=F(x) = 2%, =2(2%) =Y,
X3=F () = 205 =2(4%,) =8,
AyoFe = 245 20g)= 6%

general patfemn : Xy =9x,

Solufien
ix0)2x07 L}XQ, 8Xo) IGXQ )5-.}

Ex aeneral soluhon with X,=50
Xt =$lt-50

Ex %o =50 = (64)(50) =330

Ey How many doys are needed for # bacieria
to be at least (0000 (with X,=50) ¢

Solve for t in 10000 £ ¥,
10000< 3t 50

=> 00< Qt
=>In200 < tin

=>t>5zna;° ~76Y

S In 8 days,+here will be 3= /o 00d backria.




Example 3.6. Medication DTDS. M‘l:-l-\ = 'F(M{:) = O-SM{, +1 f(x)=05%x +1]

Mo given (“loaal'm\gdosc") parhcular solution with M, =1

M,=£(Mo)=05My+!
= F(Mo)= 05Mo + 11,15,115,1875, 19375,..3
M,=F(M)=0SM,+!
=05(0SM,+ i)+

particular sojution with M, =3
=(o.5)" + 05+

{3,25,335,4135,20625 ,...§

M3= 'F(Ma_) =(05SM,+1
=05 (@-S)zMO-I-O-SH) +1 parhanlar solufion with My =2

= (o'S)sMo +05°+05 +] {El,a,:z, Q)‘Q)'"?

GENERAL SOLUTION OF A DTDS WITH A LINEAR UPDATING FUNCTION
flx)=mx+b (m>0)

Special case: m = 1 'F(X)=X+ b

Solution: {Xo yXo ¥ b yXot2b, X°+3b) y 1

More interesting case: m # 1 -F(x) = mMxX+b

Xo (qwen T.C) Xy =M(m3x, + b2 +mt)) + b
X,= MX,+b =m"x°+b(m3+mz+m+l)
=M+ tb :
X, v

)
%o+ b(m+1) Yhe geneml soluhon is
X3 =M +b Xg =1%o + b nf2e...+mtemed)
={m(ve X, + b)) +b
N

X2 Ta bit tedious v compule
._W\BXo'l' b(W\z'l"VH") Ex X10p = ?®



Sum of a Geometric Series.

general Solution to DTDS with £6)=mx+b, M#1 ook like
Xg=mXo + b(rﬁt"+ MZe. +mtd
-

“+his fermis a geomd'r“;c series

Let S=mt'+mt 2+ +mel Now Solve for S:
Then md =m(mt"+mt’2+...+m-r D =>mS-S =mt-1
=it M W = 3Mm-1) =nf-1
- wt+ -1 - =9 =m—1

Thus, mS =mt+S -1 M-1 |e recall m#l

Solufion to DTDS with Linear Updating Function.

X=X, + bS Qeneral Solu‘l’f.or.\ tpDIDS with £() =mMx+b, m#1
=ntx, + b(%) i5 now simplified o X¢ =mt(xo"f_-k_)‘m> : \—kj‘m
=0t - b('—?%l) Lets let X = 2

=pix, - Tk'r%t +T—b?n =>General Solufion 15 | Xy =it (xo—xX*) +%*

Example 3.7. Medication DTDS Solution. ,F(x) =056x+1 (50 m=05 ; b: 1)
and X'==2 =2
vothe general solution to thisDTDS is 1-m
My = 0S5 (Xo—2) +2 Ex with Xo=1, vie can find x; diecty:
%7 =05"(1-2) +2=1993...

DTDS with linear prdﬁhﬂfj *Funan'Dh: fF(X)’—‘YYDH-b. Xigy = WY + b

M=12 £(x)=X+b  X¢p = Xetbh = genwral Solution is Xg= Xotth

m#EL b=0: £)=MX Xy =mx, => gereralsolution-is Xg =1,

m#1, b¥or: FX)=my+h Xer= M, +b

= gere) solufionis Y =ME(Xe=X)+X" where x*= l—PVV\
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COMPOSITION AND INVERSE OF UPDATING FUNCTION

Example 3.8. Suppose we have a DTDS given by x;,; = f(x;). What would the composition
(f o f)(x) mean with respect to this DTDS?

8 The composition gives us

f( "~ ‘CF(’ZX) EeF)xe) = F(f(xe) o &—ﬁmi«s’rcps%DTDS
1 ), = (Xe)

Xl =5 (xe) = Xiag X = EoF)(x)

Xe+2 =F(Xen)

Example 3.9. Suppose we have a DTDS given by z;.1 = f(x;). If f has an inverse, what does
! (x) mean with respect to this DTDS? Inverse % = F(X) &= K = _F.a('ﬂ )

Xi=fk) < £7(x)=% ~ .
X‘L:”F(Xl) t;?f"<xz)=xl thus Xt-l-l"f’(’('-‘)é:"> Xy =f C)(‘HI)

The inverse gives us a

Xpr =Flve) &= F"(xz+ =X
Xer2 =F(Xen) &= F—\é(:i) =tXt+| back-one-Hme-step DTDS | Xy = £ (X41)

Exercise 3.10. For the DTDS examples given (bacteria and bamboo), compute the composition
f o f and, if it exits, the inverse f~! of their respective updating functions. Interpret these new
functions in terms of the applications.

%X_C)'l:;% | X+ =‘F(xt) =2><| £6)=x+3 'FLQH F(ﬁt) ﬁt+3
(o)) = F(F(a) = F(22)= 2B = x fofind§"  Rpn=R3 ©he=1Ny,-3
2-hmesteps DTDS: bact1- ima-siep DTS
o = (E008) = 2, e =F thew) ~hy—3

#bactena 48— 4-Hmes the s of
]mr: O = e height of bamboo 1 hour ago == heightnow -3cm

STUDY GUIDE

Important terms and concepts:
o updating function ., = f(x)

o equilibrium / fixed point of DTDS with updating function f(z):

a point z* such that z* = f(z*)

¢ solution of a DTDS with initial condition zo: g, x1, 29, . ..
o two-time-step updating function x5 = (f o f)(2¢)
o back-one-time-step updating function [~'(z,y1) =z,

o general solution of a DTDS with a linear updating function: =z, = r'(x¢ — 2*) + 2*

Adler & Lovri¢, 2nd ed. 3.1, pg. 126 #1-14, 17-31
Course Guide (on Brightspace) 3.1 pg. 10#1-5
DGD Workbook (on Brightspace)  pg. 7-9 LEC 3
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