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3. Discrete-time Dynamical Systems (DTDS)

A discrete-time dynamical system (DTDS) is

FIXED POINTS (EQUILIBRIA) OF A DTDS

A point x⇤ of a DTDS xt+1 = f(xt) is called an equilibrium or a fixed point if

⇤ These notes are solely for the personal use of students registered in MAT1330.
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•• a quantityX whose change is tracked at time t

↳
write Xt to represent

 "

x at time t
"

•• a suitable
timestep

↳ difference between time t and time tt I

•• an

updatingfunctionfklldescribes the change in X after one time step ,
i. e

,
Xt ti

= f Kt )

•• for short
,

the DTDS is summarized as Xt +1
= f Kt )

• the updating function f C x ) of a DTDS can be . simple ( is linear
. complicated lie nonlinear )

• fk ) capturesthe change that occurs to the quantity from one time step to the next

f ( x
't

) = X*
.

• If the quantity X=x*
, then the DTDS leaves x

*

unchanged at each time step .

• If X t =X*
g

then Xt + ,
= Fk t ) = f ( x

't

) = = Xt : . Xtt ,
=Xt

 



Example 3.1. A bacteria population doubles every 24 hours. Give the DTDS that models this
population. What (if any) are the fixed points?

Example 3.2. Bamboo is one of the fastest growing plants on Earth with certain species having
a growth rate of 3 cm / hour. Give the DTDS that models bamboo height. What (if any) are the
fixed points?
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•• quantity Xt = # bacteria on day

tootimestep 24 hours between timetandtimettt

••updatingfunctionf Fk )=2x ( f is a linear function )

• DTDS Xtt , =fkt)=2xt

T I
X

tomorrow
= 2K today)

tttobmaorterroiwa = double the # bacteria today

• fixed points ? solve X=fK ) : X=2x⇒O=×

ooo there is one fixed point :X
't to

CObacteria today ⇒ 0 bacteria tomorrow )

•• quantity

ht
= height Cincmjofbambooathourt

•• timestep I hour between timetandtimettt

••updatingfunctionf fk)=Xt3• DTDS htt,
=fCht)=htt3

T I
-hone hour from now - know t3

ohnetgnhoturtbqaommbnoow
= height of bamboo now +3cm .

• fixed points ? solve X=fK ) : X=xt3 ⇒ 0=3 #
the equation x=fK ) has no solutions

do this DTDS has no fixed points



Example 3.3. A patient is given an initial dose (“loading dose”) of pain medication at the start
of her treatment. Afterward, one dose of the medication is administered at the end of each day.
It is known that the patient’s body will absorb 50% of the given medication by the end of the
day. Give the DTDS that models the daily change in the amount (in # doses) of the medication
that is present in her body (not yet absorbed/used up) at the end of each day (just after the
daily dose is given).

Calculate the amount in her body at the end of each of the first 4 days of treatment assuming
her loading dose was

a. a single dose b. a triple dose c. a double dose
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•• quantity

Mt
= Amount # doses ) of med . inpatient 's body just after

daily dose is given

•• timestep 2day between timetandtimettt

••

updatingfunctionffkl-O.se/t1
• DTDS

Mtt,=fGt)=O5Mtt1
9

÷:÷÷÷÷:*. -

- in:÷÷÷÷÷:÷:i%
• fixed points ? solve X=fK ) :X 5Xtl⇒X=2

8othisDTDShasonefixedpoint.tl#2checkifG1=O.5fdH=2E

Mo=1 Mo

=3
Mo=2

MFO .5Mot1 MFO .5Mott M ,=O5Mot1
-0.5C Htt =O5(

3)
t1

-0.5121+1=1.5
= 2.5

=LMEO.5M
,

tt MEO.5M
,

tt MEO.5M
,

+1=0.5451+1=O.5(2. 5) H =O.5(2)+1=1.75= 2.25

=L
Mz=O5Mzt1 Mz=O5Mzt1

Mz =2=0.54751+1
=

0.512.251+1

My
.

'2=1.875
= 2.125 :

When Mt=2
,

it follows

My -_ O .5MztI M4=O5M3t1 that Mtt ,=Mt=2
= 1.9375 = 2.0625



SOLUTION OF A DTDS

Let xt+1 = f(xt) be a DTDS. A solution to the DTDS xt+1 = f(xt) with initial condition x0 is

Example 3.4. Bamboo DTDS.

Example 3.5. Bacteria DTDS.
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the sequence { Xogxigxagxzg . . . }

That is
,

the solution toaDTDSwithI.C.to is the entire future of

the system , starting from Xo .

htt ,

= Hht )=ht+3 ( fk )=Xt3 )
ho Cgiven)

hfflho )=hot3 solution

hz=Hh,)=h,t3=(hot3)t3=hot6
{ hoghot3ghotbghot9g.vn}

hz=Hh2)=hzt3=(hot6)t3=hot9

he
,?Hhz)=hzt3=(hot9)t3=hoH2generationht=hot3t

pattern :ht=hot3t iwniihheeanehigtfiensree.es

by 3cm

Xt+i=fKH=2Xt f ( x )=2x

Xo Cgiven)

Eegeneralsolutionwithxosox

, -_f( Xo )=2Xo Xt=2t -50

Xz=fKD=2Xi=2( 2×01=4×0 EIX , -26.50=(64/150)--3200
X3=fKd=2Xz=2(4×01=8×0

How many days are needed for # bacteria

Xy=fHH=2Xz=2(8×4=16×0 to beat least 10000 ( with Xo=5o ) ?
o

. Solve for tin 10000#t
°

10000-22+50
general pattern :Xt=2xo ⇒

20052T
⇒

ln200Etln2
Solution

-

⇒

tZln200
7.64

{ Xo , 2×0>4×0,8×0,16×0 ,
.  - . } ln2

To In 8 days ,
there will be > 10000 bacteria

.



Example 3.6. Medication DTDS.

GENERAL SOLUTION OF A DTDS WITH A LINEAR UPDATING FUNCTION
f(x) = mx+ b (m > 0)

Special case: m = 1

More interesting case: m 6= 1
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Mt+1=f( Mt )=O.5Mtt1 f ( x ) -0.5×+1

Mogiven ( "

loading dose
"

I
particular solution with Mo 't

M ,=f( Mo )=O5Mot1
{ 1,15 , 1.75>1.875,19375

,
. . . }

Mz=f( MD -0.5M ,tl

=O5(O5MotDH
particular solution with Mo

=3
-40.512+05+1

{

3>25,225,2/25,20625
,

. . . }

Mz=f(Mz)=O5Mzt
1=0.5405)2MotO5tDtl particular solution with Mo

-2=(0-5)%+0.570.5+1
{

2,2>2,2
,2g . . . }

:

f- ( x

)=Xtb
Solution :{ Xo

,Xotb,Xot2bgXot3b

,
. . . }

f- Cx

)=MXtb
Xo Cgiven IC

. )
y

Xy=M(m3xotb(m2tmtD)tbXfmxotb
-

X3

Xz=MX,tb=m4Xotb(m3tm2tmtl
)Imm!Y÷Imt!

,

§ImgenerasowionisXz=MXztbXt=mtXotb(mtttmt-2t...tm2tmt#=m(m2xotb(mtHtb

-

Xz Tabittedioustocomput

=m3Xotb(m2tMtl

) FIX ,oo= ?



Sum of a Geometric Series.

Solution to DTDS with Linear Updating Function.

Example 3.7. Medication DTDS Solution.
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general solution to

DTDSwithfkkmxtb.MIL/ooKsliKeXt=mtXotb(mt-'tmt-2t...tMt
't)

-
this term  is a geometric  series

Let S
'

=

Mt
- I

tmt
-2T

. . . t

Mt
't > Now solve for S !

Then

MS'=m(Mt
- I

tmt
't

. .

.tMt1
) M M

-

-

mttmt-it.itmc.am/Esfm7ijImiI

,

⇒ S

'=mt
- 1

=

Mtt
S'

-1

MI
←

recall M¥1

Thus
,

m8=mttS

'
-1

General Solution to DTDS with fk

)=MXtb
M¥1

Xt=mtXotbS

'
I

=mt×o+bfm
)

is now simplified to

xt-mtfxo-fbytyhb.fm

- t

hmmmm=mtxo
-b(m) Let's let =  Fbm m=mtxo-hbmtab⇒ General Solution is

Xt=mt(xo-x*)tX*Nm m

f- G) = 0.5×+1 (som-0.5
,b=1)

mum andx*=¥=2ooo the general solution tothisDTDS.is M

LILf¥ :yes:ngg directly :

DTDS With linear updating function :

fktmxtb
.

XttrmxttbM=1ifH=Xtb
Xtt ,

-

Xttb
⇒ general solution is Xt =

XottbM¥1
,

b=O
: fk ) = MX

Xttimxt
⇒ general solution is

Xt=MtXoM¥1
,

#
O :

fktmxtbXttrmxttb

⇒ general solution is

Xt=mt(
Xo - X

't )tX* where

x*=fb
m



COMPOSITION AND INVERSE OF UPDATING FUNCTION

Example 3.8. Suppose we have a DTDS given by xt+1 = f(xt). What would the composition
(f � f)(x) mean with respect to this DTDS?

Example 3.9. Suppose we have a DTDS given by xt+1 = f(xt). If f has an inverse, what does
f�1(x) mean with respect to this DTDS?

Exercise 3.10. For the DTDS examples given (bacteria and bamboo), compute the composition
f � f and, if it exits, the inverse f�1 of their respective updating functions. Interpret these new
functions in terms of the applications.

STUDY GUIDE

Important terms and concepts:
⇧ updating function xt+1 = f(xt)

⇧ equilibrium / fixed point of DTDS with updating function f(x):

a point x⇤ such that x⇤ = f(x⇤)

⇧ solution of a DTDS with initial condition x0: x0, x1, x2, . . .

⇧ two-time-step updating function xt+2 = (f � f)(xt)

⇧ back-one-time-step updating function f�1(xt+1) = xt

⇧ general solution of a DTDS with a linear updating function: xt = rt(x0 � x⇤) + x⇤

Adler & Lovrić, 2nd ed. §3.1, pg. 126 # 1–14, 17–31
Course Guide (on Brightspace) §3.1 pg. 10 # 1–5
DGD Workbook (on Brightspace) pg. 7–9 LEC 3
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The composition gives us

Xffko ) fof)Kt)=f( HAD
a 2- time - steps DTDS

Xz (Xi ) - -

:
=f( Xttl )

XtH=fHt ) =Xt+z Xtt2= #f) ( Xt )
Xtt2=f( Xttl )

X ,=fKo ) ⇒ f- I

( × ,g=×o
Inverse Y=fCx)⇒x=f

- '

(y )

Xz (Xi ) ⇒ f-
'

(E) =×
,

thus Xtti ' Htt ) # Xt=f
- '

( xt+ , )

: : The inverse gives us a
XtH=f( Xt ) ⇒ f-

'

Htt#Xt
Xtt2=HXttD⇒fYxt+z)=xt+

,
batmespDTDSXt = f-

'

Htt ,)

Bamboo
Bacteria xt+,=fff=2× ¥=×+3 htt ,

# tht )=htt3
f ( x )=2X

ffofkx )=fffkD=fkH=2(2H=4X tofindf
"

:

htt
,

-_htt3⇒ht=ht+
,

-3

2- time .steps DTDS :

back - 1- time - step DTDS :

Xt+z=ffof)Kt)=4Xt
ht

= f-
 'Chitti)=ht+

,
-3

¥fa¥h4o8y=
 4btiamffrl.am#owot

height of  bamboo I  hour  ago =  height now -3cm


