Derivative Recap

Derivative Integral (Antiderivative)
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Product/Quotient Rule

%[f(x}g(-ﬂ] = ) gx)+g(x) f(x)

Sig Fig Truncation Rounding
1.23=3s.f.
0.006 = 1 s.f. 3.456 =3.45 3.456 = 3.46
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Find precision using digits
€s=510"
We want to stop when €a < €s

t: sig. digits

Error definitions

Absolute error:
E; =| truevalue — approzimation |

Error types

r: real root
Xg: approximation or r

backward: | f(l’c) |
Forward:‘ r—=o. ‘

True rel. error:
| truevalue — approximation |

a: point given
f(a) is known. We want f(x)

&t =
- | true value |
Accuracy Vs preC|slon forward error
Precision: how close it is to ﬂ Estimated rel. error
. X, i

the previous one. 3 c current approx — previous approw |
Accuracy: how close to true g‘ r €a = | current approz |

value zl rrentappror

Taylor Serie

Method used to estimate a function at a certain point given that we know the value of a point of the function

(@) (z —a)

n!

RO

fx) = f(a) + f'(a)(z — a) o1

+ ...+

Multiple roots

A function has root multiplicity M if

convergent. Becomes challenging

f=0,fr)=0, M) =0, . Mr=zo
Impact: Newton-Raphson becomes linearly

Naive Gauss Gaus partial pivoting

Convert system to augmented matrix.
Make the matrix upper triangular by
using combinations of rows to form
new ones. Once it's upper triangular,

Also called maximum pivoting. Pick the
pivot with the highest absolute

value. swap rows to put pivot to the

top. make things below the pivot equal to

back propagate to find the point. 0 repeat for every pivot. Then solve.

Bisection algorithm

* function has to be continuous

bracketing around the root where we divide the search region by 2.

Stable, always convergent and error is under control
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Llower
Absolute < |
error

1. find two points around the root such that f(a) < 0 < f(b)

2. Make a table with a, b, f(a), f(b), ¢, f(c) and €,

3. refine brackets based on sign of f(c) (change upper or lower term)

4. when €, < €g the value of ¢ is the root found

a+b
2

Fix point iteration

Iteration algorithm, not bracketing. Does not always converge but is linearly convergent
Depends on starting point and how we made g(x).
g(x) = x rewrite f(x) in terms of g(x)

2

To check converge:
x: root found

[g'(x) [< 1

ex: f(x) = X2x-2 =>x2 = x+2 =>x =1 + 2/x => a(xp) =1+2/x
1. rewrite f(x) in g(x) and guess a first point (Xq)
2. make a table with n, xp = g(xp-1), 9(x) and €4

False position algorithm

Similar to bisection except Stable, Converges, error under control

a and b must be on both side of the root
make table with n, a, b, f(a), f(b), ¢, f(c) and €,

_af(b) ~bf(a)
)~ f(a)

Secant method

lterative. Not always convergent. superlinear convergence (faster than linear but slower than
quadratic). No need to find f'(x)
1. find initial guess xg and x4 close to root. no need to bracket the root

Newton Raphson method

lterative. not always convergent. Quadratic convergence

1. make initial guess x0
2. make table with n, X, f(x,)), f'(X), Xp41, €4

Tn4+1 = Tn — }y/
2o — [ (@) [ ()

—~
8|5
N

2. make table using n, Xp_1, Xp, Xp41, f(Xp-1). f(xp) and €5

Tpn — Tp—1

f(ajn) - f(ajnfl)

Tntl = Tp — f(ajn)

Tpy1 = : _ i .
Modified (used when multiplicity > 0) T @) = fwn) [ (xn) A=LU decomposition with Crout
A = LU decomposition Matrix condition number | _ ﬁ“ oo bt T (a4 =Ly1l [3412= Lqg " Upal [343 = L1 "Us3]
1 2 4 [1 0 0] ~1 e B 23| [ag1 = Lp1] [agp = Loy * Uyp + Lop] [agg = Lg1]
cond(A) :H A HOOH A Hoo L3y L3z Lss 0 0 1
A=(3 8 14 L=1|7 1L 0 [ag3 = Laq * U3+ Lop * Upsl [agp = L3¢ * Uqp + Laol [ag3 = L3y * Ugz + Lgp * Upz + L3l
2 6 13 ?2 72 1 Infinity norm: row in matrix with highest
N S sum (absolute of every element). Jacobi (iterative method Gaus seidel (faster than jacobi
-3 R1+R2 > Ronew Lp1=-(-3)=3 well conditioned >1 : ( — ) ( ] )
(1 2 4 1 0 0] ill-conditioned = 0 and identity = 1 isolate x4, Xp, X3 & set initial guess ex{1,1,1} | similar to jacobi but instead of solving all thred]
initial test in each equation. Find the value | variables, solve x4 and use its value to find
A=|0 2 2 L=13 1 0 . put initial r . , )
5 6 13 7 7 1 Matrix indices of the new x4, Xo, X3 Those WI(”ntﬁ)used Er;)the X, then use the new x4, X, to find x4
2 h R. >R Las=-(2)=2 aip a2 413 next iteration. Rel error = || — 2™ l2 | Make it diagonally dominant if possible
‘11+ 5 Z“ SNew 13’10_ (o‘ )= @21 a2z a23 isolate x; in f;(X)xp in fp. [T FVl2 | The rel error is calculated just like jacobi
az1 az2 ass : .
A=[0 2 2 L=|? 1 0 : - Least square approximation
10 2 3] 17 7 1] Ma:t”x ?etermm*ant Ex: 4 points = > n = 3 => biggest polynomial is n-1 = 2 order => P(x) = ag+ a;X + a,x?
-1 R4+Rg ->Ragnew  Lgo=-(-1)=1 +a1 " (32" 853~ 332" a3) Use the value of the points tofillinthe [, 11 Yz 2227 [ag Sy
r 3 ro . -ay * (a2 * agz-asy *aq3) values in the following matrix. Then solve 2 3 -
124 100 +agq * (a1 * ax3 - 2y * aq3) using the method of your choice. This will P 2173 El‘4 ar| = Zny
u={0 2 2 L=|3 1 0 give the coefs. to write polynomial approx T Yx® Xx a2 Yty
Norms 5
0 0 3 2 11 Total Error (Square residual):E = S, = ¥[f(z) — P(x))? Sy = S
Solving with A = LU Euclidean-norm:|| A||p= V/Xeach?| Use every points to calculate. You can find Standard error of estimate ©
T 21 A*X =b Column-norm: lIAll; = col with max sum| errlor atfa point too S S Perfect fit Sr = 0 and
‘ A'X=D . ! . sy y = average value of y coefof .2 _ POt —POr erfect fit Sr = 0 an
X=|®2| z=[?2| 1.find ZusingL'Z=b | Pmorm: || A][,= V' Zeach N2 determinaton S r= 1. Sr should reduce
3 3 2. find X using U*X =Z Pivofl St = E(yz - y) t when increasing order
ivoting °
Matrix inverse using A = LU Ll 7l 010 Normal Equation
AXq = {1} 11 To 0 71 1|s|1 11 Pl= |1 00 Use to solved inconsistent system of equations (6 equations,3 vars). Use a model eg. Poly
A*X1 B {1}1 Solve them 1 3 1 131 0 0 1 2nd order. find the value ag, a4, a, for all point and make the matrix [A] = ( 6row, 3 col).
A*X2 :{1}2 Of |1 0 * avoid division by zero or ill condition {x} ={ag, a4, ag} and b is a 1 col 6 row matrix with all the values of y. Transpose A to have
378 A 0] 1O 1 p is pivot matrix and now Ax = Pb AT (a;, becomes ay;). ATAX = ATb (x bar is to identify that it's approximation. ATA will give
Group X1, X2, X3 to form A L L 1 Max scaling=pivoting with max val on top a 3x3 and b will now be a 3 row 1 col. You can solve regularly after that




Divided Difference Interpolation (equally spaced points)

Lagrange Interpolation (not equally spaced points + satisfy data pts exactly)

Xg -> f[xq] Interpolation method that can be use up to the n' order (nb points -1).
Li(x) f(; L T Li(z)f(z L
X3 > 1] f[[ 1 0]] lxz X; Xl I otder polynomial: fy(x) = By b (x-Xp) + p(x-Xg)xx) | Z e E - ) 0(> o 0(> § >(1( )>f( ! J(r 2><< )f(> *)
2 1 _ xr—x €T — I ) T — I T — I3 - xr €Ty xr—x
X > fx2] fixol =bg flXy Xol =bq  flxpX1Xol =bo flx1x] = (flxy-lXoD/(x1-X0)| L, () = H & 22) | = e e 0 a2 ) e e )
fxox4Xg] = (flxox4] - flx4%g]) / (X2 - Xg) ~ Only use biggest and smallest x; for denominator iZo (75 — ) This example is with & second order and three points (n = 2)
i =
Trapezoidal rule for numerical integration O(h3) Slmpson ] /3 and 3/8 Composne (both O(h4))
h: step size. n: number of |nteryal [a,b]: limits of integral. I,,: numerical integration h = (b-a)/n h =(b-a)/n
h A smaller step will lead to smaller error 1/3: [ = — )+ 4 Z fz;) +2 Z f(z; :| .
I, = ,[ 4+ f(b)+2 +ih) ] : Ty 5) n: nb. segments (points -1)
2 I (@) + f(b) ; fla+i Single trapezoid: I=(b-a)*(f(a)+f(b))/2 3 i=1 =2 even segments. Min 4
Simpson 1/3 O(h?) and 3/8 standard O(h*) 3/8: X , st a
n— n—
1/3 Three points needed 3/8. Four points needed I = 3_h )+3 ;) 4+ 2 T multiple of 3. Min
I——bfa[f( )+4f(a+b)+f(b>]1—”*”' + (20 s (A2 g s | Z ) j:s%:s»...f( /) 6 segments
6 T8 [f() f( ) f( >+f<)] ];6369.“. o

Gauss Quadrature (2 points) weighted coefficients

Backward, forward & central diff (2 & 3 points) numerical differentiation

Ex you found the

eigenvalue A=2.387426 you 2 —2.387426 —1 0 Za 0
put it in the matrix, Set one -1/2 1—2.387426 -1/2 x| = |0
of the x equal to 1 and 0 -1/3 —2/3 —2.387426| |z, 0

solve for others

2
)d Z c; and x; are values from table. Table is usually from -1 to 1 centre},c()/(h )7 f@iz1) — f(ziza) "  fmi1) = 2f (@) + fwi1)
j = cif (i) so we need to change bounds from [a,b] to [-1,1]. X = m*t+r T = 2h Fiws) = h2
m= (b a)2 r= (b+a)/2 Ex: 8=x < 30. with the change x = 11t+ 19 and dx = m dt = 11dt ot > fl(z:) = f(wiza = 8f(wiz1) + 8f(2in1) — fl@in2) 1, is interval size (x{-Xg)
substitute x everywhere and dx so now f(x)dx [8,30] = f(11t+19)(11)dt [-1,1]. N.B. If the bounds 12h
were changed, you need to tweak the summation. It would now be 11 3 ¢;« f(11x; + 19) forward O(h) (1) f@iz2) — 2f(xig1) + f(a)
q o Ti) =
- - - o - o o . T — J(x; h?
Gerschgorin Circle theorem (find location of eigenvalues using circles) | f'(z;) = f@iry) = fi) ’
- W ot ) = —3@) A @) = f(wis2)
Z laxj add all elements on a row except diagonal. Total is radius and position of center (h%) > ) 2h
“J1 of circle is the diagonal element on the row. Place it on a line. The union of all backward O(h , ) N 9 f(ps )
J/;i circles is the area where the eigenvalues can be found. f/<1‘(i)): f@i) = f@i-1) () = fz:) f(m;lgl) i (wiza)
I7R h
Characteristic equation to find eigenvalues o(h?) -> f'(z:) = fziz) = 4f g;”) + 3/ (i)
-4 14 0 —4-A 14 0 Switch diagonal to be (value)-A. Calculate " " " " "
-5 13 0|»| -5 13-X 0 determinant of new matrix and make it = 0. Power method to find max eigenvalue and eigenvector (iterative)
-1 0 2 -1 0 2 — \| Solve for A. All values of A are eigen values ) [1(() :)4 (];} F B 6 . . (1) Ay: eigenvalue
=|-6 9 - T = xxo9 = [0 0*¥T1 = 0x* . @i
Find eigenvector from eigenvalue 0 -6 6 1 0 of X eigenvector

Pick initial guess xq and
multiply to matrix A

To find A and x normalize vector (divide it by highest
element. lterate until real error is small enough

Ordinary differential equations

System of non-linear equations

1. Start with n equatlons with x4 to x,, 2. Make them =0 ' Jacobian
12z — 323 — 43 = 7.17 12z — 323 — dwg — 7.17] ! dfi(x)
2 ' 7
22 4+ 1029 — 23 = 11.54 p —» f= | a7 + 1023 — w3 — 11.54 -Jij = - 7/
o3+ Twg = 7.631 o3+ Tws — 7.631 0x;

3. Create the jacobian 54_ Find f(xg) by plugging

o 95 *6332 41 .
da1 Do 10 1 Jinitial guess xg in f

J= gfg 302 ; 15. Find J(xg) by plugging
ofs Ofn T2 rinitial guess xg in J

[ Om Owa _ Owed ... A
1 —2.17 12 -6 —4] ) q

z0= |1 f(l‘o) — | 54 J(zo) = | 2 10 _1l 6. Find [J(xq)]"" using
1 0.369 0 3 7 |+ the cofactor method

P 2 J(; ' (xg)l"! = cotactor(J(x,))/ det(J(xg))
o i 0.078  0.0321  0.0491
g ; 4 oo (@)= {0015 0.0897  0.0043
Ik o w1 0.0064 —0.0385 0.1410
cofactor(A) = |- Z f A —|a b E 7. Find xy, 1 and iterate until precision is met
b -1
la A 13 A [weaa] = [oe] = [T (e)] ™ far)

dy _ f(x,y Euler (151 RK):
U (B vk k= ()
H}euns:ﬁ(z"d' RK)kl T ks X ]{;1 = f(x“ yl)
Vi1 =¥t ko = f(®it1,Yit1)
Midpoint: (2 RK) Yir1 = Yi + koh ., h N
________________ b= flry) Pl gutgh)
Ralston (2" order RK) k;2 = f(g;z + %hﬂ/z’ + %h) kl — f(x“ yz)

Yir1 = Yi + f(3k1 + 2ko) R

Classical (4 order RK) Yit1 = Yi + f(kl + ko + ]gg + k4)h
h h

k3 = f(xi =+ §ayi =+ §]€2)
h h

ke = f(wi+ 5.0+ 5k ke = f(@; + hyyi + ksh)

Note: RK is not iterative, at each step, the approximate deteriorates, not refining it. Also,
using RK4 on 3 order polynomial yields 100% accuracy

k1= f(zi,v:)

[T 1 """o?dis""6.6351"'0'6491' | [-2.17]  [1.2005]! 8.Findrel. eror
1= |1] — |—0.015 0.0897 0.0043| |—1.54| = | 1.104 |} [J=+D — z(™)||,
1 0.0064 —0.0385 0.1410| | 0.369 0.9026 E Hx(n+1) [|2
Rel error vectors (step 8) matrix det. matrix product
=abcl&xy=[def] + - + [(1 b] [e f] - {(m +bg af+0bh
VAd=aP T -2+ (-0 - + - c dl|lg h|  |ce+dg cf+dh
VAP @2+ (P o

Errors (some definitions)

f'=maz|f'(z)]

N.B. truncation error single trapezoid, use lagrange instead

Simpson 1/3 Composite Simpson 1/3
—(b—a)h’® —(b
€q = %F(T) =0(n') e, ( 180) 5(x) = O(n?)
Simpson 3/8 . Composne(gls )h4
I ) L vom Ol 4 _Zb—ah 4
fo= —gg @ =00Y)  €a= ——g— (@) = O(n")




