Applied Ordinary Differential Equations, ENGR-213, Section XX, Fall
2015

2.2. Separable Differential Equations. Method of Separation of Variables
to Solve First Order Linear and Non-Linear Differential Equations.

Given a first-order DE
F(z,y,y)=0.

Suppose that the given DE can be represented in a normal form:

y =G(z,y)
or by using the Leibnitz notation of derivative we have:

dy

If the right-hand side of the above first-order DE can be represented in a form:

G(x,y) = f(x)g(y),

where f(x) is a function only in the variable z; and g¢(y) is a function only in the
variable y, then the given DE is called separable. Hence, separable is a first-order
DE assuming the form:

dy

i f(x)g(y).

We solve a separable first-order DE by applying the method of separation of the vari-
ables:

(1) We represent the given DE in a normal form by using Leibnitz notation of deriva-
tive:

dy

(2) If possible, we factor G(x,y) in a form G(z,y) = f(x)g(y). If this is possible the
given DE is separable.

(3) We separate the variables, representing the given DE in a differential form such
that the function in front of dy depends only on y and the function in front of dx
depends only on z:

dy _

o= fl@)gly) = g(ly)dy = f(x)de = —= = f(x)dx.



(4) We integrate both sides of the above differential form:

/;(Zz) = [ f@ar,

the left-hand side in terms of y and the right-hand side in terms of x, in order to
obtain the solution.

(5) The solution is a one-parameter family presented either in an implicit form
or in an explicit form. Hence, we obtain, either implicit or explicit solution.
Our final goal is to obtain an explicit solution, if possible.

Remark. (A) Note that we can solve linear and non-linear first-order DEs
by using the method of separation of the variables.

(B) The method requires the given DE to be representable in a normal form and
the right-hand side of the normal form to be separable, i.e., to be representable in
the form f(x)g(y).

(C) If the first derivative is given in a prime notation (y'), then the prime
notation has to be replaced by the Leibnitz notation (dy/dz) of derivative
in order to proceed with the separation of the variables.

Example. Solve the given first-order DE
xy/ =1+uy.

Solution. We apply the method of separation of the variables.

Step 1. First we represent the given DE in a normal form by using the Leibnitz
notation of derivative:

o 1+y dy 1+y

= =
T dx T

Step 2. The DE is separable because the right-hand side permits representation of
the form f(x)g(y). We factor the right-hand side in a form f(z)g(y):

l+y 1
Tz

(14+y) with f(x):; and g(y) =1+v.

Step 3. Next, we separate the variables representing the given DE in a differ-

ential form:
dy  dx

1+y x



Step 4. Integrating both sides of the above separable differential form of the
given DE we obtain:

d d
B b
= Injl+yl=hlz|+c—a = hl|l+yl=hlz|+c

replacing the notation ¢y — ¢ for an arbitrary constant by c. Hence, in the above
formula c¢ is an arbitrary constant.
From here,

In|l1+y|=In|z|+¢, (c an arbitrary constant)

is an implicit solution of the given DE.
Step 5. Our final goal must be to get an explicit solution, if possible. In
order to obtain an explicit solution we proceed as it follows:

eln|1+y‘ — eln|:c|+c - ’1 +y| _ 6celn|x\ - ‘y‘i‘ 1‘ _ 60’1".
Replacing e by another positive constant ¢ > 0 we obtain:
ly + 1] = clz|, ¢>0.

Removing the restriction on the constant ¢ > 0 to be positive, we remove the absolute
values in the above formula.
Thus, we obtain one-parameter family of explicit solutions:

y=cr—1, ¢ isan arbitray constant.

This is an explicit solution of the given DE.

Problem 1. Solve the DE
@ = 3ym2
dx

by using the method of separation of variables.
Solution. The DE is in normal form. Next, we separate the variables z and y:
d

Y 322 dx.
)



Integrating both sides we obtain:

/dy:/?)xde
Yy

In order to solve the integral on the right-hand side, recall the power rule:

anrl
/x"dmzn+1+cforn7é—1

In our case, n = 2, thus,

22+
/3x2d:c:3< 3 ) + co

In|y| +c = 2%+ ¢
In|y| = 2* +c.

This is an implicit solution. In order to obtain an explicit solution we proceed as it

follows:
3
eln ly| et te

Since e° is an arbitrary positive constant, we will denote it by ¢ > 0. Also note that
the e and the In will cancel, the functions e® and In(o) being a couple of direct and
inverse functions, isolating y. Therefore,

ly| = e%e”’ = ce”’, ¢>0.

Dropping the condition ¢ > 0 removes the absolute value in |y| and yields an explicit
solution of the given DE :

y =ce®, ¢ is an arbitrary constant.



Problem 2. Solve the DE
Vrdy —\/ydx =0

by the method of separation of the variables.

Note that the given DE is non-linear in y and non-linear in z, but it is
separable. We separate the variables:

d d -1 1
Vrdy = \/ydz :>\/yg:\;5 = /dey:/x7daz

Evaluating both integrals using the power rule yields:

Wi

[NIE
[NIE

= 2y

=z-x3+c =Y

NN GV

R
=-x

4
We obtain an one-parameter family of explicit solutions:

e+
=(-x3+c¢
Y= \1

Problem 3. Solve the DE

/
y = 63:p—|—2y

by the method of separation of the variables.

Solution. The DE is given in a normal form and it is separable. First, we replace
the prime notation by the Leibnitz notation of a derivative:

dy
dx

— 6317+2y'
The DE is separable because the right-hand side can be factored as

63m+2y — e3x€2y'
We separate the variables:

d d
&Y _ 3oy = Y _ ey = /6_23’ dy = /633: dz.
dx ey

Useful integration formula:

kx
/ekxdx:%—l—cwherek#o.

5
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We integrate by using the above formula:

672y 632

_72‘{'61:?—1-02

Replacing co — ¢ = ¢, where c is an arbitrary constant, we obtain
_ 2y 3z 9,3z
e e 9 2e
=—+tc=>eV=——-12c
2 3 3

Note that —2c¢ is an arbitrary constant so, we replace the notation —2¢ by ¢ and
therefore:

_26390
3

This is an implicit solution of the given DE. In order to obtain an explicit solution,
we apply In(o) to both sides in the above formula:

23:1: 2335
ln(e‘2y)—ln<c— Z ) :>—2y—ln<c— 63 )

1 2632 263\ ®
:>y:7ln c-—3 =y=In|c— 3
1

_ 2 31‘
\/C 36

In view of this, explicit one-parameter family of solutions of the given DE is:

1
y=In————— ¢ constant.
c— %eg’x

e = 4+ ¢, ¢ an arbitrary constant.

y=In

Problem 4. Solve the following differential equation:

! y2_1

Remark. General solution for a first-order DE means the set of all one-parameter
family of solutions of the given first-order DE. Solve the given DE means find the
general solution in an explicit form, if possible.



Solution of Problem 4. First, we represent the given DE in normal form (note that
y is the dependent variable), replacing the prime notation by the Leibnitz notation

of derivative:
dy  y*—1

dr  ylx —1)

The DE is separable because the right-hand side can be factored in a form:

yi?i:ll) B <y2y_1) (xil)

Next, we separate the variables and integrate:

d 2 _
dy vy -1y dr
de  y(z—1) y?—1

Y dx
= |
:/yQ—ly x—1

In order to solve the integral on the right-hand side, recall that

1 1 b
/ dx:M+c where a # 0.
ar + b a

Therefore, integrating the right-hand side gives:
In|z — 1| + co.

In order to solve the integral on the left-hand side, we integrate by using substitution.
Make the substitution v = y? — 1. Then,

dv = 2ydy
dv
- = ydy

Hence,

dv 1 fdv 1 Inly? — 1
[t 5 =5)% =gnbira=-2"

Equating the left and right-hand sides together yields:

Injy? — 1| =2Injz — 1| +¢ = W1 = 2inle-tlte

— €1n|y271| _ eceln(zfl)Q = |y2 — 1| = c(x — 1)2, c>0.
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Removing the restriction ¢ > 0 on the constant ¢ will remove the absolute value in
|y — 1| and from here:

yz—lzc(x—1)2 = y2:1+c(x—1)2,

where ¢ is an arbitrary constant.
Implicit solution:

y* =1+c(r —1)%, ¢ an arbitrary constant.

Explicit solutions:

y1=y/1+c(x—1)2  yo=—\/14+c(x—1)2 c is an arbitrary constant.



Problem 5. Find explicit solution of the following DE:
dr + e*dy = 0.
Remark. Equivalent representation of the given DE are

dy dx
TZ41=0;  —4eT=0.
e da:+ ; dy—l—e

The DE is linear in y but non-linear in x.
Solution. Assuming y is the dependent variable, the normal form of the DE is

@ _ —3z

de
and the separable differential form is:
dy = —e 3% dz.

Integrating both sides

/dy = /—e‘gwdx = /dy = —/e_gxdm

we obtain the solution in an explicit form:

6—3:5

3

Y= + ¢, ¢ an arbitrary constant.

Remark. The integration above is done by using the formula:

kx
/ekxdazz%—l—cwherek#().

Problem 6. Solve the given

dy

o sin(bx) + cos(3z).

Solution. The DE is in a normal form and obviously, it is separable. Then,

/dy = / [sin(bz) + cos(3z)] dx



Note that the following integration formulas hold:

/sin (kx)dx = _cos]ikx) +c
/cos (kx)dx = smg{;x) +c,

where k # 0.
By using the above two integration formulas, we obtain an explicit general solu-
tion: _
cos(br)  sin(3x) _
Y= — + 4+ ¢, ¢ an arbitrary constant.

5 3
Problem 7. Solve the initial-value problem (IVP)

Vay' = (' = 4)(@+1), y(0)=-3.

by using the method of separation of the variables.
Solution. First, we find the general solution of the given DE by using
separation of the variables. The normal form of the DE by using Leibnitz notation

of a derivative is:
dy (' —4)(=z+1)
dr NG '
The right-hand side is of the form f(z)g(y) hence, the given DE is separable. We
separate the variables:

(v —4)(x + 1) r+1

v Vo

Separating the variables and integrating both sides gives:

= (y* —4)

dy 9 r+1 dy r+1
— =(y —4 = = d

d 1
L ey,
Yyt —4 T2

We evaluate the integral on the left-hand side:
[iti= =
y? —4 (v —2)(y+2)

10
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by using the method of partial fractions (integration of rational functions):

1 A B

(y—2)(y +2) y—2+y+2
= 1= (y+2)A+(y—2)B.

With y = 2 we obtain A = 1/4 and when y = —2 we have B = —1/4. Therefore,
1 14 14
(Y=2)y+2) y-2 y+2

Now evaluate [ yf{ 1=/ m using the result of the partial fraction:
/ dy / dy /( 1/4 1/4 ) P
— _ = -  _ __r y
y?—4 (y—2)y+2) y—2 y+2
Injly —2| Inly+ 2| 1 |y—2
= — — 2]
1 1 + ¢ 1 n 12 +

We evaluate the integral on the right-hand side:

1 1 1 - 2 2 1
/xt dxz/(a‘;%—l) d:c:/(aﬁ—i—:cTI) dmz§x§+2x5+cg

x2 xr2 xr2

Equating the left and right-hand sides together:

y—2

3 48z24c = M
Yy

2 2 1
25133—!—23:2—1—0 = In

=
411

y+2

Note that the notation e has been replaced by ¢, where ¢ > 0 is an arbitrary positive
constant. Then,

ol

_§x
3

and dropping the condition ¢ to be positive we remove the absolute value on the
left-hand side to obtain:

o
-
Nl

=y—2= yce%””m“&”’7 + 206§$%+8x
g 3,1 s 8 . 1
= y(1 — ce3™?T8%) = (1 4 cen® T872),
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Hence, the explicit solution of the given DE is:

where ¢ is an arbitrary constant.

Second, we apply the given initial value condition. According to the given
initial-value condition y(0) = —3, we are looking for a solution passing through the
point (0, —3). This means that for x = 0 we have y = —3:

1+c¢

—3=2
1—c¢

—3+3c=2+2c=c=5.

Hence, the unique solution of the given IVP is:

g 3 1

1 + Hes®? 822

y=2 31 |-

1 — Hes®? 82
Losing of a Solution. Obviously, y = —2, y = 2 are two constant solutions of the
DE in the above problem. If ¢ = 0, we obtain y = 2 but y = —2 cannot be obtained
by using the above general solution. This effect is called: Losing of a solution. It
can be explained by the fact that we divided by y? —4, i.e., with the separable method

of the solution process. The solution y = —2 is called a singular solution.
However, we can represent the general solution in a different form:

y =2

Now, y = —2 is from the family of solutions, but y = 2 is a singular solution.

Problem 8. Solve the DE

yln(z)a’ = <yl_ 1)2.

12



Solution.

d 1) 1
yln(x)— T _ W+ :>/:c In(z /(y—|— )y dy.
dy Y

Solving the integral on the right-hand side yields:

y+1)2 v + 2y +1 _
/wdy:/ydy:/(y+2+y 1)dy

2
:§+2y+1n|y|+01.

For the integral on the left-hand side, use the method of integration by parts:

3 Slnx 3
/x n(z)dx n(:c)d3 3 3d nzx

plnx 1 1

Equating both sides gives an implicit solution (a one-parameter family of implicit
solutions) of the given DE:

2 3
y z?ln(z) 1 4
= —+2y+1 = - —
5 T2yt n |y| 3 g% te

Problem 9. Solve the differential equation

e'ydy + (e +e > ¥)dx = 0.

Solution. The DE is given in a differential form and it is separable. We separate the
variables x and y:

e“ydy = —e V(1 + e *)dx
= yeVdy = —e (14 e **)dx

= /yeydy = /—e‘x(l + e ") dx.

13



Now, for the left-hand side, we integrate, using integration by parts:

/yeydy:/ydey:yey—/eydy:yey—ey+cl

To integrate the right-hand side, recall that

kx

/ek“dx:%chwhenk;éO.

Therefore,

- —3x
= /—e’z(l +e ) dx = —/(e*:D +e ) dr = — <€_1 + 6_3 ) + ¢

—x+ 1 —3x+
=€ —e C
3 2

Equating both sides:

1
yey —eV4+cp=e" (1 + 36_27”) + ¢o

Finally, we obtain the solution in an implicit form, i.e., we obtain an
implicit one-parameter family of solutions:

1
(y—1)eY =e® (1 + 362‘”> +ec.

Problem 10. Find an implicit, and if possible an explicit solution of the given
first-order IVP (initial-value problem):

d
d—f:3x2+12, a:(”):z

Solution.
dx

_ My
3(x% +4)

Integrating both sides,
dx dz
= fa = [ =
/3@2 Y / ) @y =

14



To solve the integral on the left-hand side, substitute x = 2v, then:

dr = 2dv

/ dr 2dv / 2dv 1 dv

22+4) ) wr+4 S a+1) 2/ 1+02
1 x

arctan(v) + ¢; = 5 arctan(g) + ¢

—~

N | —

Solving the integral on the right-hand side:

3 [dt=3t+cy
Equating both sides:
1
3 arctan <;) =3t+c
In order to solve the IVP, we must first solve for c:
x
arctan <2> =6t +c

The IVP states that when ¢ = £,z = 2.

arctan(l) = —m + ¢
7T_37T+
TRV

-7
c =

2

Hence, an implicit solution to the given IVP is:
x 7

arctan | — | = 6t — —.

(5) -3

Remark. Note that, in fact, the above relation is an explicit solution but in
the variable ¢, in other words if we consider ¢ as a dependent variable.
Applying tan(o) to both sides of the above expression in order to isolate x; this gives
an explicit solution to the given IVP in the variable z:

;:tan<6t—g> :>$:2tan(6t—72r).

15



Problem 11. Solve the initial-value problem (IVP):

—y?de —vV1—22dy=0

Solution.

dx
\/1—1‘2 \/1— /\/1—;52 /\/
From the IVP,

= arcsin(y) = arcsin(z) 4 ¢

3

arcsin £ =arcsin(0) +¢ = T—0tec =ec="1
2 3 3

Plugging c back into the general solution, we obtain:

sin(arcsin(y)) = sin (arcsin(x) + 73r) = y = sin (arcsin(x) + 73T) )

Applying the trigonometric identity sin(a + ) = sinacos 8 + cosasinf into the
explicit solution gives the following equivalent form of the solution:

y = sin(arcsin(z)) cos (g) + cos(arcsin(x)) sin (g)

=y = g + \/5\/1 — sin®(arcsin(x))

=Y = 2+\/_\/1—.Z'2

Remark. Recall several important trigonometric identities:

sin(a + ) = sina cos B + cos asin
sin® a + cos® a = 1
sin(2a) = 2sina cosa

cos(2a) = cos’ a — sin v = 2cos® =1 = 1 — 2sin’

16



Problem 12. Solve the differential equation:

y =3y =>5y%, y=y(x).

Remark. In order to solve the given DE we apply separation of the variables.

Remark. Note that the DE is not only separable but Bernoulli’s DE. This suggests
another method of a solution (see Section 2.5) that we shall study later.

Remark. Note that the given DE is autonomous, i.e., the right-hand side 5y + 3y

depends only on the dependent variable y; not on x. The constant solutions y = 0

and y = —% are attractors or repellers for all other non-constant solutions of the

given DE when z — oco. This can be easily seen by computing the sign of the first
derivative of a solution satisfying a given initial value condition say at x = 0.

Solution. The given DE is separable and autonomous. The constant solution y = —%
is an attractor to all other solutions, when z — oo. The explicit form the solution

also conforms this fact.
dy B
3y +5y2

d
—y:3y+5y2 =

dx.
dx .

We evaluate the indefinite integrals:

dy
——— = [ dx.
:>/3y+5y2 / .

Evaluating the right-hand side:

/da::x—l—cg.

Evaluating the left-hand side:

/ _dy / _dy
3y+5y2  J y(3+5y)
In order to solve this integral, we use the method of partial fractions:

1 A B

—— ="
y(3+5y) y 3+5y
1=A(3+5y)+ By

17



When y = 0,4 = 3.
Wheny:%?’,B: =
11 5
y(3+5y) 3y 3(3+5y)
Therefore,

/ y<3iy5y> -/ (?}y_ 3<3i5y>> W

11 5/ 1
= - [-d —f/ d
S/yy 3) 5y+3"

We solve this integral knowing that:

1 1
/ dx = —Inl|ax + b| + ¢ for a # 0.
a

‘+Cl

ar +b
Hence,
1 r1 5! 1 1 5 /1 1 Y
= - —d——/id = 1 —()1 5y+3 = -In|—Z
S/y Y73 ) 5y1+ 3% ginlyl=3 (5) InPy+3l+a 37 5y +3
Equating the left and right-hand sides together, gives:
1ln 4 :/dm:x—l—c = In i =3r+c
3 |9y+3 o5y + 3
L nlial = goere ;x| y ’:

oy + 3

Denoting e by another constant ¢ > 0 we obtain

3x

‘ y

, ¢ > 0 an arbitrary constant
By + 3 Y

-

and without the restriction ¢ > 0 the above formula takes the form

L et
5y + 3 '

Solving with respect to y gives an explicit solution of the given DE:

y = 5ce®y + 3ce® = y(1 — 5ee’) = 3ee™ =

3ced®

y= 1 — 5ce®

18



Problem 13. Solve the DE, expressing your answer in explicit form:

VY2 + ldz = zydy.

Solution. The given DE is separable.
dx

y 1 y
——dy=—d :>/7d =
Vy?+1 v=z® Vyz+1 Y x

Evaluating the integral on the right-hand side:

dx
/—:1n|:)3|+02
x

To evaluate the left-hand side, it is necessary to use the method of simple substitution,
substituting v = y? + 1, then:

dv = 2y dy
dv

= ud
9 yay

Therefore,

/ vy g dv 1/ 1y
———dy==-[ —===[vzdv
N ES RN AN T

—vite =P +1) e =R+ 1+

Equating the left and right-hand sides:

/y2+1+C:1H’$| :>€1n|x| —e y2+1+c

= |z] = VY ¢ > 0.

Therefore, the explicit general solution is
z = ceVVH

Note that the solution is written in the form = = x(y). In other words, in the explicit
form of the solution, x is the dependant variable and y is the independent variable!

Also, you can verify that z = ceV¥**! is the solution of the DE in order to see if the

19



solution is correct.

Problem 14. Solve the given first-order IVP:
2+ 1y =ay’, y(0) =2
Solution. The given DE is separable. First, we solve the given DE:

Yo 2w = [Yef L e
PVl # Ve

Solve the integral on the left-hand side using power rule:
dy -3 -1
J=]a=gvrea

Solve the integral on the right-hand side by substituting v = 2 + 1, then:

dv = 2z dx
d—v =xdx
2

Therefore,

R — v dv
vVaz+1 2 \/_ 2
:U%"—CQ:(I' +1) +eo=VrZ+1+co.

Equating the right and left-hand sides gives:

—1
73/ 2t =Va2tlte =y’=-2Vr2+1+c

Now we apply the given the given initial-value condition y(0) = 2 in order to determine

the constant c: 1 9
2=-2/02+1+c Sc=2+7=7

Plugging ¢ = 9/4 back into the solution yields an implicit solution of the given IVP:

1 9
7:—2\/‘%'2"‘1"‘1

y2

20



From the implicit solution we have two candidates for an explicit solution:

() = L o=

9 9 '

Now, note that y,(x) = —ﬁ does not satisfy the initial value condi-
4

tion y(0) = 2 hence, y,(x) is not a solution. In view of this

1

9
1—2 x2+1

yi(x) =

is an explicit solution of the given IVP.
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Problem 16. Solve the the given first-order IVP:

d
cos(x) (e* — y)—y =eYsin2z, y(0)=0.
dx
Solution. First we separate the variables.
e —y . sin(2x)
ey ~ cos(27)

or which is equivalent to
(¥ —ye ) dy = 2sin(x) dx

/ey dy — /ye‘y dy = 2/sin(x) dx.

After the integration by parts, we obtain:
eV +ye ¥ +e ¥ =—2cos(x) +c

The initial condition y = 0 when x = 0 yields ¢ = 4. Thus, an implicit solution of
the guven IVP is
e +ye ¥ +e ¥ =4—2cos(x).

Problem 17. Solve the given IVP, expressing your answer in explicit form:

dy
yat o =y =2y y(=1) = 1
Solution.

d
= ya® T = (1 - o)

dy 1

2 1 5

= — = 31_

yr' o =ys(l—a7)
1 — 5

=>y%dy: ;C dx
z

22



Solving the TVP,

3.5 o (=D
:>513:—(—1) — 1 +c
5, 1, . .3.3_-3
) 4 5 4 20
Therefore,
L3 -l a4t 3
5 x 4 20
3z 12 4
(5 st 1)?
Y _<3:c+12+4>
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Problem 18. Solve the IVP, expressing your answer in explicit form

dy
= =1, =0.
ﬁ+y y(0) =0

Solution. First, we find one-parameter family of solutions of the given DE

dy
—“Z=1—-9 = = dt / /ﬁ
dt Y 1—qy? 1—y?

Solving the right-hand side:
/ dt =1 + co

Solving the left-hand side using the method of partial fractions,
I 1 _ A B
1—y? (1-y)l+y) 1-y 14y
= 1=A(1+y)+B(1l-y).

When y = -1, B = %

When y =1, A= %
1 1 1 1 1
NOROe
1—y 2/ 1—y 2) 1+y
Therefore,
dy 1 1 1 1
= ) — | —1 d
1— g2 /l@)l—y+(91+y1y

11 11
SN S —/———d
2/1—yy+2 11y

1 1 1. |1
#:—§In|1—y|+§ln|1+y|+cl:iln 1fz’+cl.
Equating the left and right-hand sides:
1. |1 1
—1In -ty +ci=t+c; =1In ty =2t +
1—y 1—y
=>eln|1+y = g2tte ﬁ‘l—i_y = et :H+y = ce’t.
- -y
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Note that the notation e¢ for the constant has been replaced by ¢, where ¢ > 0 is an
arbitrary positive constant. Because of this condition, we remove the absolute value

and obtain the implicit solution:

1
TY e
-y

, ¢ is an arbitrary constant.

Second, we apply the given initial value condition to find a solution of the

IVP: With t =0, y = 0) we obtain:

140
11—02662X0 =c=1
Therefore,
1
Rt =1+y=(1-y)e*
I—y
et —1
= y(l+e?)=e* -1 Y=y

is an explicit solution of the given IVP.
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Problem 19. Solve explicitly the following IVP by using separation of variables.
(1+ 2 dy + z(1 + 4y*)dz = 0, y(1)=0 .

Solution. First, we find one-parameter family of solutions of the given DE:

dy ~ —wdx dy [ —xdr
1+4y2 1+t - 1+4y2 ) 142t
Evaluating the integral on the left-hand side:
dy
1+ 4y?
Substituting v = 2y we obtain:
dv =2dy
p 1
y=73 dv

Therefore,

— — = — arctan(v C — arctan Ct.
2/ 1102 2 ! 2 yra

We evaluate the integral on the right-hand side:

—zdx
1+ 24

Substitute u = 22, du = 2z dx and from here
—du = xdzx.
2

Hence,
Lo Lpde L (u) + L arct (z*) +
— | — ——arctan = ——arctan .
3] T+ 2aca U Co 2aca T Co

Equating both sides gives:
1
arctan(2y) 4+ ¢; = —5 arctan(z?) + ¢

= tan(arctan(2y

~—

) = tan(c — ; arctan(z?))

= 2y = tan(c —

1
>Yy=3 tan(c — 5 arctan(z?)).

arctan(z?))

)_‘[\D\F—‘

26



Second, we apply the given initial value condition to find a solution of the
IVP:

0 1t ( 7r> N T
—= — ta _ — —
R S T3

Thus, the explicit solution to the given IVP is:

_1t (7T 1 ¢ (2)>
y—2an S 2arcan:ﬁ .

Problem 20. Solve the following equation by the separation of variables method.
You may leave the solution in an implicit form.

i de —2y? dy = dy

Solution. First, divide the entire expression by dy. This gives:

d d
yz—x—2y2:1 :>y2—x:1+2y2.
dy dy

Integrating both sides,

2
:>/d:p:/<1+22y>dy
)
1
:>x+c:/<2+2> dy
Y

:>x+c:/(y_2+2) dy
Sz+e=—y ' +2

1 1
>r+c=—+2y=>2(y)=2y——+c.
Y Y

Note that we got an explicit one-parameter family of solutions in =z = z(y).
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Problem 21. Solve the the first-order IVP

dy 2x —vy 3 _—y
Rt A 2 ® 0) =0
I ee V4 ee Y, y(0) ,

expressing your answer in an explicit form.

Solution. First, we solve the given DE; or in other words, we find the general solution
of the given DE, or in other words, we find the one-parameter family of solutions of
the given DE. Factor out the e™¥ to obtain:

dy _

—y( 2z 3x
il (¥ 4 ).

Separating the variables and integrating both sides we obtain the solution in an
explicit form:

/ey dy = /(e% + 3 da
1 1
=¥ = 5629” + 563”” +c
1 1
=y=1In (26235 + gesx + C) .

In order to obtain the solution of the given first-order IVP we apply the given initial
value condition:

0 0 0
= = - = 1_7 - .
(& 26 +3€ +c = C 6 = C 6

Plugging ¢ back into the general expression we obtain the solution of the IVP:
1 1
= Yy — 2z - 3z -
e 26 + 36 + 6
1 1 1
=qy=1 2 3T > ]
y=1In (26 + 36 + G

Remark. According to Poincare’s Theorem (Theorem 1.2.1/ page 14/textbook ( see
also Theorem 1, page 19, the Teaching Material for WEEK 1 on Moodle)) because
flx,y) = e ¥(e**+¢e3) and Of /0y = —e (e +€3%) are continuous in each rectangle
containing the point (0,0), the given IVP has a unique solution.
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2.3. First Order Linear Differential Equations. Standard Form of a First
Order Linear Differential Equation. Integrating Factor.

Consider a first-order linear DE written either by using Leibnitz notation or by using
the prime notation of a derivative:

d /
@) +aa)y = ga) & a0y +al@)y = gla).
Assuming that a;(x) # 0 and dividing both sides of the above DE by a; () we obtain

the DE in standard form :

dy  ag(x) _ g(x) o ao(r) - g()
dx al(x)y < v ( Y a(z)

If we denote for simplicity p(z) = 3(1)8 and f(x) = %, then the standard form of
the given DE is the following:

dy /

o ey =) &y +p@)y=qa)

Representing the given DE in standard form is the first important step in the
method of integrating factor to solve first-order linear DEs that is the basic
topic of the present section. Here are some exercises on standard form.

Problem. Represent the DEs in standard form:

(a) 2%y +ay=1.
Solution. Dividing both sides of the given DE by the coefficient of 3/ we obtain the
DE in Standard Form:

x 1 11

—y=—= = —y = —.
ny 2 y+xy

2y +ay=1 =y + .

d
(b) (x+ 2)2d—i =5— 8y — 4dxy.

Solution. First, taking into account that y is the dependent variable we represent
the given first-order linear in y DE in the form

ar(z)y + ag(z)y = g(x).
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We have

dy dy

20y _ o o 20y _ o

(x+2) - 5—8y—dry = (v+2) . 5—(8+4x)y
d

= (z+ 2)2d—9yc + (8 4+ 4x)y = 5.

Next, dividing both sides by the coefficient a,(z) = (z + 2)? of 4 we obtain the
standard form of the given DE:

dy  8+4x 5
dx (x—l—2)2y_ (x42)?

The standard form can be further simplified observing that 8 + 4x can be factored to
4(x + 2):

dy 4 5
_Z + y — .
de  x+2 (x4 2)?
dy 2
C =y = )
(c) To —y=asing
Solution.
dy » dy 1 :
r—— —y=x‘sinr = — — —y=uxsinx
dx dr x
(d) cos®xsin 27 (cos® z)y = 1.
dx
Solution.
d d 3 1
cos? x sin x—y + (Cos3 y=1 = 4y + cos 3: y = :
dx dr = cos?zxsinx cos? xsinx
dy cosx 1

dx sinxy "~ cos2rsing
(e) ydr = (ye’ —2z)dy

Solution. Assuming y dependent variable, the DE takes the form

d ,
(yey—%)dfyzy & (ye! —2x)y =y
X

and in view of this we conclude that it is non-linear in y. Hence, we can not talk
about standard form in y because the DE is non-linear in y.
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However, assuming that x is the dependent variable the DE is linear in x and we can
represent the DE in standard form:

Remark. Homogeneous first-order linear DE is a DE with a right-hand side 0:

d d
al(x)d—gyj +ap(x)y=0 = ﬁ +p(z)y =0 (standard form).

Note that each homogeneous first-order DE is separable:

d d

dfi +p(@)y=0 < yy = —p(x)dzx
and can be solved by using the method of separating the variables, also.
Non-homogeneous first-order linear DE is a DE with non-zero right-hand side:

dy dy

7y T a(@)y =g(2), g(x) #0 = -+ p(a)y = f(z) (standard form).
In general, a non-homogeneous first-order linear DE is not separable. For example,

the first-order linear DE:

ai(x)

Zi —y=xr Zi =y+x
is not separable because y + x can not be represented in a product form r(x)s(y),
where r(x) is a function only in x and s(y) is a function only in y.
Suppose that x +y = r(x)s(y). Substituting y = 0 we obtain x = r(x)s(0) hence,
r(z) = az, for some number a. Analogously, s(y) = by for some number b and we
should have x 4+ y = (ab)zy that is not possible.

Method of Integrating Factor
to solve First-Order Linear DEs

We solve first-order linear DE by using the method of integrating factor. Note
that by using the method of integrating factor we find the general solution of
a given first-order linear DE, in other words, the set of all solutions in explicit
form. The general solution of a first-order linear DE is one-parameter family
of functions in other words a set of functions depending on one constant (one
parameter).

Here are the basic steps of the method of integrating factor:
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. Represent the given DE in standard form:
y + )y = fx).

. Evaluate the integrating factor:

6fp(JC) dz

. Multiply both sides of the standard form ¥’ + p(z)y = f(x) by the integrating
factor e/ @ This gives the DE:

y/efp(:v)dz + p(l,)efp(x)dxy — ejp(m)dxf<x>
Now, the left-hand side of the above DE:
ylefp(m) dx + p<m>efp(x)dmy

is a complete derivative of the function yef P@dz Ty other words, by using
the product rule for differentiation we obtain:

d x X x X x X
- [yel P ] = el vrds | ()l v ey

. Hence, ‘ ‘
[yej p(ac)dx]/ _ €j p(ac)dxf(x)

. Integrating both sides of the above equation yields:
/[yefp(:p)da:] ,de’ _ /efp(x)dmf(x) dr

yel @)z / eJ Y@ £ da + ¢

. Isolating y gives the general solution of the given DE that is a one-parameter
family of solutions:

y = e P@)d / efp(z)dxf(x) dz + ce~ JP@dz.

Note that the method of integrating factor gives always explicit so-
lutions.
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Transient Term and Steady State Term of a Solution of a DE. Transient term
(transient part) y:(x) of a solution of a given DE is a term such that lim, ., y:(z) =0,
in other words a term from the solution that disappears for a big time . A term that
is not transient is a steady state term of the solution.

Example. Find the general solution of the DE

d
otacd + 4y =2° — 2.
dz
Determine wether there is any transient term in the solution.
Remark. The given first-order DE is linear in y hence, we can apply the method of
integrating factor to solve it.

Solution. Step 1. First, transform the equation into standard form:

Step 2. Determine p(z) = %. Then, compute the integrating factor:

ep(:c)d;v — ef%da: — 64111\ac| — 6ln;v4 _ (L’4.
Step 3. Multiply the standard form %’ + %y = 22 — 1 by the integrating factor to
obtain:
zhy + dady = 2% — 2.
Step 4. From the product rule, the left-hand side of the above DE is a complete
derivative:

(iL’4y)/ — xﬁ - $4.

Step 5. We integrate both sides of the DE in Step 4:

2P

/(x4y)/dx:/($6_x4>d$ :>I4y=7—€+c.

Step 6. Solving the above equation for y, i.e., isolating y gives the general solution
(a one-parameter family of solutions) of the DE in explicit form:

LB _E,
YT TR T

Obviously, y;(x) = ¢/z* is the transient term of the solution. The steady-state term

of the solution is ys(z) = 23/7 — z/5
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Remark. Note that the method of integrating factor gives the solution in
explicit form. Also, you can always check if the solution is correct.

3 1  4c
/ 2 -
Y= T TP
1 e ¥ o ¢
/ o 2
Wty =2Ge —p - B AT -5t )
3 4 1 4c 4 5 4 4e 3
== —=r— 5+ = —=x+—=2"—x

Therefore, we have verified that the solution is correct.
Problem 1. Find the general solution of the DE
(1+2z)y —zy=1.
Determine the transient term and the steady-state term in the solution.

Solution. First, standard form,

We determine:

We compute the integrating factor:

(14z)—1 1
@f_Hdex = ef_ e 4 — ef(_l—’_m)dx

—z+In(1+z) —z+In(l+z) _ —z In(1+z)

=e =e =e e =(14+x)e ™.

We multiply the standard form by the integrating factor (1 + x)e™*:
(1+z)e ™y —xe"y=e"".
By using the product rule we obtain:

[(1+)emg] = ™.
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Integrating both sides gives:
/[(1 +x)e "y| dx = /e_m dr.

(I+x)e*y=—e"+c
The general solution (a one-parameter family of solutions) is:

1 N ce
142 1+z

y:

Obviously, the transient term of the solution is is y(z) = 1/(1 4+ z) and the steady-
state term is ce” /(1 + x), ¢ # 0.

Problem 2. Find the general solution of the DE

(z+ 1)y + (22 + 3)y = ze .

Solution.

In standard form,
,  2r+3 T gy

vtV T e

Integrating factor:

2043 1
el TH de _ 6f<2+1+1)d$ _ 62936111(:5—}—1) _ (I + 1)621.

Multiplying the equation that is in standard form by the integrating factor, we obtain:

(x+1)e*y + 22+ 3)e*y =z

= /[(a: +1)e*y) dx = /xdx
22
= (v + 1)e*y = ?%—c

x2672x 0672:1:

2(x+1)+a:+1'

=y =

Problem 3. Find the general solution of the DE

@4—@@:@4—1}—1.
dv
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Solution.
In standard form,

Q+w-1)Q=v—1

Integrating factor:

2

e('ufl) dv _ 6%71}.

Multiplying the equation that is in standard form by the integrating factor, we obtain:

eT Q' +(v—1)eT PQ=e7 " (v—1)
'U2 ' 'U2
= / [GQ_UQ:| dv = /(U — 1)67_“[”
'U2 'U2
=ez Q= /(v —1)ez v

We substitute u = ”2—2 — v in order to evaluate the integral. Then,

2

u:%—v = du=(v—1)dv

v2 02
/(U_ 1)67_Ud1)=/e“du:e“+c:eT_”+c
U2 1}2
=e? "'Q=¢€e?"+c

The explicit general solution (a one-parameter family of solutions) is:

2

Q=1+ce 77"

Verify that Q(v) is the solution of the given DE.
Problem 4. Find the general solution of the DE

d
(22 — 1)% +2y = (z+1)%

Solution. In standard form,




Determining the integrating factor:
In order to solve [ —*+ dz, note that % — 1 can be factored to (z — 1)(z 4+ 1). We
solve this integral by using partial fractions:

2 A N B
2—-1 -1 z+1

=2=Ax+1)+ Bz —1).

When z =1,A4A=1.
When z = -1, B = —1.
Then,

2 1 1
/IQ—ldx_/(x—l_x—i-l) du

-1
:>ln|a:—1|—ln|a:+1|:lnx ’
r+1

Therefore, after evaluating the integral, the integrating factor is:

2 _
ef 5 d= _ eln\x—l\—ln|x+1\ _ z 1

x+1

assuming that % > 0.

Multiplying the DE in standard form by the integrating factor yields

Integrating both sides of this expression gives:

17
/x dx:/ldx
z+1
Nt +
=x+c
x—i—ly
_x(x+1)+c(x+1)

Y

z—1 r—1
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Problem 5. Find the general solution of the DE

d
cos?(z) sin(x)—y + cos®(z)y = 1.
dz
Solution. In standard form,
dy | cosx 1

dz | sinz’ cos?(z) sin(z)

Integrating factor:

Gf dr efcotzy — elnsinx — gin .
Multiplying the DE in standard form by the integrating factor,

1
cos?(x)

sin(x)y’ + cos(z)y =

Integrating both sides,

/[Sin(x)y]’da: = / COSi({E) dx

sin(z)y = tan(x) + c.

The general solution is:
1 c

cosr sinx

Verify the solution.
Problem 6. Solve the Initial Value Problem:

dx

— — =27 1)=5.
Y, y', (1)
Solution. Note that the DE is linear in z and non-linear in y. Therefore, in order
to apply the method of integrating factor, we assume x dependent variable, i.e.,
x = z(y).
In standard form,

o1
r ——x=2y.
Y
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Integrating factor:

ef T — gy — iy 1
Y
Then,
, 1
—r — =T =2
) Y
1
[~z =2
Y
1 !/
ﬁ/ [x} dyz/?dy
Y
—r=2y+c
The general solution is:
r =2y + cy.

We determine ¢ by using the given initial-value condition y(1) = 5, i.e., z = 1,y = 5:

—49
1:50+5C :>C:T

The solution to the IVP is:
=22 — 49
x Y = Y-
The solution of the given IVP is unique which makes sense according to Theorem
1.2.1/ page 14/textbook ( see also Theorem 1, page 19, the Teaching Material for

WEEK 1 on Moodle).
Problem 7. Find the general solution of the DE
zy + (1 + z)y = e "sin(2z) .

Solution. In standard form,

Integrating factor:



Then,
e’y + (z + 1)e"y = sin(2z)
= /[xe"”y]’dx = /Sin(Qx) dx

. — cos(2x)
= xe'y = Yy +c

e % cos(2x ce *
(22)

=y=—
Y 2x T

This is the general solution of the given DE.
Problem 8. Find the general solution of

ydx = (ye! —2x)dy.

Solution. The DE is linear in  and non-linear in y. Hence, we apply the integrating
factor method for x = x(y), assuming x dependent variable. In standard form,

2
o+ -x=e¥
Y

Integrating factor:
ef%dy _ teny — elny2 — y2.

Then,
v 4 2yr = y%eY
= [ya] = ye”

= /[?fw]’dy = /ery dy

= y’r = /y2ey dy.

To evaluate the integral on the right-hand side, use integration by parts:
/y2€y dy = /ygdey = y%e¥ — /ey dy?
= y2ey — 2/eyy dy = ery — 2/ydey
= y%e¥ — ye¥ + Z/ey dy = y*e¥ — 2ye¥ + 2e¥ + ¢
= (y* =2y +2)eY +c.
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Therefore,

v’ = (y* —2y+2)e! + ¢

2 2 c
r=(1-—-+ ) e’ + )
y oy Y
Verify the solution.

Problem 9. Solve the DE
dA 2

RN
This DE is obtained from a Mathematical Model of Mixing of Solutions.

A=3.

Solution. Note that the given DE is linear in A but it is not separable.
The DE is already given in standard form and it is linear in A = A(t). We solve it
by using the method of integrating factor for linear first-order DE:

2
t) = ——
P = 55
N ef%“dt — 2In(50+t) _ In(50+t)* _ (50 + t)2.

Then,

(50 + )2 A" 4 2(50 4 t) A = 3(50 + t)?
= [150+02Ayde = [3(50 -+ 8.

Solving the integral on the left gives:
/ [(50 + )2 A dt = (50 + )%A.

Solving the integral on the right requires a simple substitution:
Substitute v = 50 + t. Then, dv = dt:

33
/3(50+t)2dt:3/1)2dv:%+c:(50—|—t)3+c.
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Equating the left and right-hand sides yields:
= (50 +1)2A = (50 +1)* + ¢

C
= A=50+t+———.
HERNG P

Question. Determine the transient term and the steady-state term of the
above solution.

Problem 10. Solve the first-order DE
zy + (1 + z)y = e " sin(2x).

Solution. In standard form,

1 —x
v+ <1 + > y = ¢ sin(2x).
T T

Integrating factor:
(1+%)dx _ x+tlnz __ a;elna: — T

e =e =e xe”.
Then,
ze®y + e*(z + 1)y = sin(2z)
= [ze"y] = sin(2z)
= /[:ce"""y]’d:c = /sin(Q:C) dx
" cos(2x)
= re'y = —
2
e Tcos(2x) ce®
=>Yy=— + .
2z x
Problem 11. Find the general solution of the DE
d
& 2y = 2e*® cos x.
dz

Solution. The DE is given in standard form. Integrating factor: ef —2dr — o2

Then,

e 2%y —2e %y = 2cosx
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= [e’2my]’ = 2cosx

:>/ dx—/QCos:de

2y = 2sinx + ¢

=y =2e*"sinx + ce*®

Verify the solution.
Problem 12. Solve the DE by using the method of integrating factor:

dy vy _,
dr @ '
Solution. The equation is in standard form.
Integrating factor:
ef—ldx _ e—lnx — 6ln% — l
x
Then,
1, 1 1
x 2 T
17 1
- M -2

= y—lnx+c
:>y—:clnx+ca:.

Verify the solution.
Problem 13. Solve the DE:

AN PR
dx y=e

Solution. The given equation is linear in y and it is in standard form.

Integrating factor: e 2% = =2,

Then,

—x

721 o

:>/ dx—/ e dx
Ty=—e"+c

ﬁy:—em—kce%
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Verify the solution.
Problem 14. Solve the IVP:

Yy +y=cosx, y(m) =1
Solution. The DE is linear in y. In standard form:

, 1 cos T
y+-y=
x

T

Integrating factor:
efida: _ eln|:c| — .

Then,
xy +y=cosx
= /[xy]’dy = /COS$d£B
=  zy=sin(z) + c.
Finding c:
(m)(1) =sin(m)+¢ =c=m.
Hence,

ry =sin(x) + 7
oy = sin(z) | 7 _ sin(z) + 7
x

8

T
Problem 15. Solve the DE:
(z+ 1)y +ay = (z+1)%

Solution. The DE is linear in y. In standard form,

/ x 2
—_—y = 1)“.
Yoty (z+1)

To find the integrating factor, we must evaluate eJ #1%  We first break down the
fraction by performing long division. We then evaluate the integral:
efziﬂdx = 6(_%+1+1) dz = e*ln|m+1\+x = 7650 .
r+1
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Remark. Note that long division can only be used when the highest power in the
numerator is greater than or equal to the highest power in the denominator. In this
case,the highest power for both the numerator and the denominator is one, making
long division possible. If this was not the case, try either the method of partial
fractions or completing the square.

Then, we multiply the DE in standard form by the integrating factor and we integrate:

T x

e ,+ xe —ex(l'—f—l)
z+17 T w12 T
€T !
o[58 - feto s

= ;erl = /(936’” +e")dx

:i:/xeg”dx—i—/ezdx.
z+1

The [ ze® dx can be solved using integration by parts. Thus,

e’y
r+1
e’y
r+1
ze®(x 4+ 1) N clr+1)
e’ er
=y=z(x+1)+ce “(z+1).

=zge® -+ +c

=zxe® + ¢

=y =

In conclusion:

- By the method of separation of the variables, we can solve first-order,
linear or non-linear DEs. However, the DEs must be separable.

- By the method of integrating factor, we solve first-order, linear DEs.
Many linear first-order DE are not separable so, the method described in
this section has its own value.

Problem 16. Let us go back and solve a non-linear, separable, first-order DE:

(Vz+z)dy — (Vy+y)dz =0.

Solution. Note that the DE is non-linear and thus, the integrating factor method is
not applicable! Therefore, its is separable and we separate the variables in order to

solve it:
dy

d
VY +y /\/Ey;l—x
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To solve the integral on the left-hand side, We substitute y = v? in order to solve the
integral on the left-hand side:
y=v> = dy=2wdv, Jy=v.

Therefore,

dy _/20dv_2 dv
Vity

v4+v2 1+v
=2In(1+v)=2In(1+/y) + .

Using the same approach, we solve the integral on the right-hand side:

dx
NEE

=2In(1 + ) + cs.

Equating both sides gives:

2In(1+ ) = 2In(1 + /7) + ¢

= In(1+y) =In(l ++z)+¢
— em(+v) — eln(1+\/5)+c

— eln(l-&—\/ﬂ) _ eceln(l-i-\/f)

= 14+y=c(l+Vz)=Vy=c(l++x)—1
2

=y=[c(1+vz)-1] .
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