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Part 1. True or false questions. Each question carries one mark. 

1. Let 𝑢 = [
2
1

−1
] and 𝑣 = [

3
−1
4

] be two vectors. Then  3𝑢 − 2𝑣 = [
0
5

−11
]              T            F 

 

2. The vector equation  

𝑥1 [
0
2

−3
] + 𝑥2 [

1
−1
2

] + 𝑥3 [
−1
1
3

]  =   [
2
4
3

] 

              Has the same solution set as the matrix equation  

              [
0 1 −1
2 −1 1

−3 2 3
] [

𝑥1

𝑥2
𝑥3

] = [
2
4
3

]                                                                        T           F     

   

3.  Let 𝑢 = [
2
1

−1
] and 𝑣 = [

3
−1
4

] be two vectors. Then −
1

3
𝑢 is a linear combination of 𝑢 and 

𝑣.                                                                                                                          T            F      

 

4. Let A be a 𝑚 × 𝑛 matrix and u and v two vectors in ℝ𝑛. Then 𝐴(𝑢 + 𝑣) =
(𝐴𝑢)(𝐴𝑣).                                                                                                  T           F 

 

5. Consider the linear system 𝐴𝑥 = 𝑏, with 𝐴 = [𝑎1 𝑎2 𝑎3 … . . 𝑎𝑛] a 𝑚 × 𝑛 matrix 

and 𝑏 a vector in ℝ𝑚. If the columns of A span ℝ𝑚, that is 

𝑆𝑝𝑎𝑛{𝑎1 𝑎2 𝑎3 … . . 𝑎𝑛} = ℝ𝑚, then the system 𝐴𝑥 = 𝑏 has infinitely many 

solutions.                                                                                                    T           F    

 

Part 2. Essay questions. Show you work in all the following questions 

6. Consider the vectors                                                                                 [4 marks] 

        𝑎1 = [
0

−1

1

] , 𝑎2 = [
2

1

−1

] , 𝑎3 = [
2

3

−1

] and  𝑏 = [
4

1

−1

]                         



                Does the vector b belong to 𝑆𝑝𝑎𝑛{𝑎1 𝑎2 𝑎3}? If yes, then express b as a linear 

combination of 𝑎1, 𝑎2, 𝑎3. Justify your answers. 

The vector b does belong to 𝑆𝑝𝑎𝑛{𝑎1 𝑎2 𝑎3}. Indeed, an echelon matrix of the system  

𝐴𝑥 = 𝑏 with 𝐴 = [𝑎1 𝑎2 𝑎3] is  

              [
1 −1 −1
0 1 1
0 0 1

   
−1
2
0

] 

Then the system 𝐴𝑥 = 𝑏 has the unique solution 𝑥 = [
1

2

0

]. As the vector equation  

𝑥1𝑎1 + 𝑥2𝑎2 + 𝑥3𝑎3  = 𝑏 

has the same solution set as the matrix equation 𝐴𝑥 = 𝑏, the vector b can be written as a linear 

combination of 𝑎1 𝑎2 𝑎3 with the entries of the solution found 𝑥 = [
1

2

0

] as coefficients as 

follows.  

 𝑏 = 𝑥1𝑎1 + 𝑥2𝑎2 + 𝑥2 𝑎3 = 𝑎1 + 2𝑎2 +  0 𝑎3 = 𝑎1 + 2𝑎2 

7. Let    𝐴 = [
0 2 2

−1 1 1
1 −1 −1

  ] and 𝑏 = [ 

𝑏1

𝑏2

𝑏3

]                                                          [6 marks] 

a. Determine the values of 𝑏1, 𝑏2 and  𝑏3  for which the linear system 𝐴𝑥 = 𝑏 has 

a solution? Justify your answer. 

b. When of 𝑏1, 𝑏2 and  𝑏3 are assigned values such that the system 𝐴𝑥 = 𝑏 has a 

solution, write the solution set of this system in parametric vector form. 

Answer 

a. The echelon matrix of the augmented matrix is  

              [
1 −1 −1
0 1 1
0 0 0

   

𝑏3

𝑏1/2
𝑏2 + 𝑏3

] 

 

Therefore, system does not have a solution for all b because for 𝑏2 + 𝑏3 ≠ 0 the 

third equation is impossible. The values for which the system has a solution are 

given by the equation  

𝑏2 + 𝑏3 = 0 and 𝑏1 𝑓𝑟𝑒𝑒 

The reduced echelon matrix of the augmented matrix is  

              [
1 0 0
0 1 1
0 0 0

   

𝑏3 + 𝑏1/2
𝑏1/2

𝑏2 + 𝑏3

] 



b. Thus for 𝑏2 + 𝑏3 = 0 and 𝑏1 free, the solution set can be written in the form  

[

𝑥1

𝑥2

𝑥3

] = [
𝑏3 + 𝑏1/2

−𝑥3 + 𝑏1/2
𝑥3

] = [
𝑏3 + 𝑏1/2

𝑏1/2
0

] + 𝑥3 [
0

−1
1

] 

8. Consider the following system                                                                                   [5 marks] 

                    𝑥1 + 𝑥2 + 𝑥3  = 4                                     

                              𝑥2 + 2𝑥3 = 6 

a. Write the solution set of this system in parametric vector form. 

b. Deduce the solution set of the corresponding homogeneous system for 

question a. 

Answer 

The augmented matrix of the system is  

[
1 1 1
0 1 2

   
4
6

] 

Applying the operation 𝑅1 → 𝑅1 − 𝑅2, we get the reduced echelon form 

[
1 0 −1
0 1 2

   
−2
6

] 

Thus, the variables  𝑥1 and 𝑥2 are basic variables and 𝑥3 is a free variable. 

The solution can be written as  

                    𝑥1 =  −2 + 𝑥3                                    

             𝑥2 = 6 − 2𝑥3 

Let 𝑥3 = 𝑠, then solution can be written as  

𝑥 = [
−2 +  𝑠 
6 − 2𝑠

𝑠
] = [

−2 
6
0

] + 𝑠 [
 1 
−2
1

], where 𝑠 is any real number. 

The parametric vector form of the solution set of the corresponding 

homogeneous system   

                    𝑥1 + 𝑥2 + 𝑥3  = 0                                    

                      𝑥2 + 2𝑥3 = 0 

is given by   

𝑥 = 𝑠 [
 1 
−2
1

], where 𝑠 is any real number. 

 

 

 

 


