3.5. Variation of Parameters; 3.6 Cauchy-Euler Differential Equations

3.5. Variation of parameters. We give the theory for second-order DEs. The
general case is similar. Consider a second-order linear DE:

as(z)y’ + ar(z)y + aolz)y = g()

and suppose that the associated homogeneous DE ay(z)y” 4 ay(z)y +ao(x)y = 0 has
a general solution
Ye = c1pn(z) + c2y2(2),
where y; and y, are fundamental set of solutions.
In order to find the general solution

Y=Y+ Yp
of the given DE we have to find a particular solution y,,.
Idea. We are looking for y, in the form
yp(x) = ur (2)y1(x) + uz(x)ya ().

In other words we replace the constants ¢; and ¢y in the general solution of the asso-
ciated homogeneous DE by functions u;(z) and us(z). We vary these two functions
in order to get a particular solution y,,.

Technically, the Method of Variation of Parameters computes the functions u; (z) and
ug(z). First, place the DE in standard form:

as(z)y + ai(2)y + aolz)y = g(z)
ai(z) () g(x)
(

s / (m)y B as(x)

y +p)y +q(@)y=f(z), flx)=g(z)/a().

1" ’ ao
y + y +
x) as

Next, y, = u1(z)y1(x) + uz(x)y2(z) and we compute:

"

y, +p(@)y, + q(z)y, = f(z)

[ur (2)y1(2) + ua(2)y2(2)]” + p()[ur(2)y1 () + uz(2)ya(2)]
+q(z)[ur(2)y1 (x) + uz(2)y(z)] = f(2)

[Wyys + 2uiyy + wyy + usys + sy, + Usyy ]

+p(@) [uyyn + wyy + upys + uzys] + q(2)[ur (2)y1 () + ua(2)y2(2)] = f(2)

/
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By using the fact that y; and yy are solutions of the associated homogeneous DE the
above expression simplifies to:

[y + 21y + usyo + 2u5y5] + p(a)[urys + upye] = f(2).
The above equation can be written in the following form:

[uryr + uayo] + [urys + usyo] + p(a)[urys + upye] = f(2).
Then, substituting

Uy + gt =0 = [ugyn +ugge] =0
and we obtain the equation:
g + uayy = f(x).

As a result, u; and u, are solution of the following linear system of algebraic equations:

Uy + Ugys =0
UpYy + UglYy = f(x)

Hence,
l Wl / W2
W= S g
where
0 v yi 0O
W, = , Wy = )
' |f(l’) v ? |yi f(fv)|
Y1 Y2
W (yq, = )
(yl y2) | yi yé
Finally

u = /ull(a:)da:, Uy = /u;(x)da:
and the particular solution:
Yp(@) = w1 (2)y1(2) + ua(2)y2(2).

Remark. The Method of Variation of Parameters is applicable for any linear
DE (not only with constant coefficients). However, we have to know a fundamental
set of solutions for the associated homogeneous DE. Note that for some problems
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application of Variation of Parameters is more simple than Undetermined Coefficients
but not in general. Sometimes it is wiser to use Undetermined Coefficients rather than
Variation of Parameters. After some practice, you will develop the intuition to know
when solving a given problem, which method is more appropriate and will simplify
the work.

Remark. Note that in order to start with Variation of Parameters first
we have to place the DE in standard form in order to obtain the correct
function f(x).

Example. Solve the DE using Variation of Parameters:

(NG

4y + 4y +y = ze =.
Remark. This is Problem 4 from the Section on Undetermined Coefficients. You

will see that the Method of Variation of Parameters is more simple for this problem.

Step 1. Solve the associated homogeneous DE:

=4y +4y) +y=0
=4m’>+4m+1=0
—4+/16—-16 1

8 2

= M1 = My =

Thus,

Ye = C1Y1 + C2Y2
_1 _1
Yy =e€ 2377 Yy = T€ 2T

_1 _1
Yo = 1€ 2% 4+ cowe” 27,

Step 2. Prior to use the method of Variation of Parameters, the DE 43" + 4y +y =

re~ 2 must first be placed in standard form:

—x

"y ,+1 _xex re2
Yy Ty Tav=— =

Step 3. Compute the Wronskian W (y;,ys), and the determinants Wi and Ws by
using the formulas:

w=|" ?/3
Y1 Y




_ | 0
|f yz W2_‘y’1 f(ﬂf)‘

Note that f(z) is the function on the right-hand side of the DE once it has
been placed in standard form. In our case:

Computing W:

=W=e%——xe®+ —ge ¥ ="
xT
0 e
Wl 1 z z 1 z
jTeT2 e 2 —gwe 2
1 z _z 1 _
= W) = (—xe 2) (re™2 = —~z%e ™"
4 4
2 0
e 2
WzZ‘ 12 1. -2
—56 Z.ZC@
= Wy -

Step 4. Compute u; and us. Here we have to integrate

x _ 1 3
w= = [ e () = [ = g

12

Wy (1 A 1,
Uy = d:B:>/4936 <€x>d:v—/4xd:r—8$.
Step 5. Form the particular solution y,:

Yp = UrY1 + U2Yo.
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Therefore,

Yp = ge_% - 1—6_%
.
= Yp = ﬂ@ 2
Step 6. Construct the general solution of the given DE by using y. and y,:
Y="Yc+Yp
Y=y + CY2 +Yp
_1, _ 1, 3 _z
Yr=e¢€ 2, Ya=1x€ 2, Yo = 54° 2

3

_1, 1, X7 =
Yy =ce 27 4 coxre 2 +ﬂe 2,
Problem 1. Find the general solution of the DE 3” —y = 2> by using variation of
parameters.

Solution. First, we solve the homogenous:
y// _ y — 0
m?>—1=0=mp =+l
Yo = 1€ + c€”.
Next, we replace the constants ¢; and ¢y with functions u;(x) and us(x) and we look

for a y, in the form: y, = u1e " +uqe”. In other words, we vary the parameters ¢; and
co, replacing them by functions u; and us, as shown in the Example problem above.

Note that the DE is given in standard form and we proceed by finding W, Wy, W5, uy,
and wus:

e_l' X
W = P = W=2
O X
Wy = 2 e = W, =—x%"
e 0 _
Wy = e g2 = W, =z%"




Then,
2

vl
up = / x26 = z%e” dr (integration by parts)

1 -1 -1
= 7x2e‘” + 5 /ew2x dr = 71:26’” + /emx dz = ?erm + xe® — e*.

72
:>u1:<—+x—1>ex
2
2 —x 1
u2:/$§ / _‘”dx——x%_x—i- / “x dx

1 1
= —51*26’“’” +xe ™ + /e’x dr = —§x2e’x daxe ™t —e "

—x2
:>u2:<2 —x—l)e‘

Since y, = u1y1 + U2y2,

2 2
yp:<§+x—1> Te “+<2x—x—1)e"”ex:>—x2—2.

Thus, the general solution is:

Y="Yect+Yp

y=ay1+cy2+yp

y=cre "+ cpe” — 2% — 2.
Problem 2. Solve the following differential equation

—X

y' +2) +y=ze

by variation of parameters.
Solution. First, solve the associated homogeneous:

m*+2m+1=0 = (m+1)?>=0.

= mi=my=-1 = y.=ce"+cxe”.

Note that the DE is given in standard form. So, we proceed to find W, Wy, W,
uy, uy and wuy, uy:

W = e —a _l. = W=e2,



Wi = 0 = 721‘6 =z = W)= —.1'267293.
xe e —xe
W2 = | € = 071 = WQ = .T€_2x
—e xe
Then,
Wl x2€—29: 3
u = [ —d :/ dm:/—xde:——
1 W 67290
W xe—2m 2
Uy = WZd :/ p—r: da::/xdx:?
Since y, = u1y1 + U2ys,
z3 x?
Yp = —ge_x + ?(xe_x)
3 x?
Y= 3¢ s o€ ’
3
= —e .
Yp 6

The general solution of the given DE is:
23
Y=yctyp=cre " +coe” + ge_"”-

Problem 3. Solve by using variation of parameters:
y'+y=ux.
Solution. First, find the general solution of the associated homogeneous DE:

m>+1=0
= mx1

=y, = c1e” " + e = ¢; cos(x) + ey sin(x).

The DE is in standard form. So, find W, Wy, W5 and uq, us:

cos(z) sin(x)
—sinx cosz

W= = W = cos®(z) +sin’(z) = 1.




—sin(z) cos(x)

w, = | 0 sinl@) ‘ = W, =—zsinz,
x cos(x)
cos T 0
Wy = ‘ ‘ = Wy = xcos(x).

Then,

Uy = — /xsin(x) dx = z cos(x) — /cos(x) dx = x cos(x) — sin(z).
Uy = /xcos(:v) dx = zsin(x) — /Sin(x) dx = xsin(x) + cos(z).

Yp = U1Y1 + ugys = (z cos(x) — sin(x)) cos(x) + (zsin(x) + cos(x)) sin(x)
y, = x(cos®(z) + sin’(z)) — sin(z) cos(x) + cos(z) sin(x)

Yp =T
The general solution y = y. + y,:
y = ¢y cos(z) + cosin(z) + .
Problem 4. Solve the following IVP by variation of parameters:

y' 4y +dy = (3+ 1)
y(0)=2, 4(0)=5.

Solution. First, solve the associated homogenous DE:
m*+4m+4=0= (m+2?2*=0= mig=—2=y.= cre”® 4 cpxe ",

Since the DE is in standard form, proceed to find W, Wy, Wy and uy, us:

wol| e me = W= —2e ™ £ 20 =
| S (1 Sy —e xe xe T =e .
oo S B
Y7 B4 2)e® (1—2x)e b ‘
672x 0 —4x




Then,

The general solution of the given equation is

Y=Y+ Yp

3 3
y = cre” % 4 come ™ 4 <2m2 + aéj) e

Now, apply the initial-value conditions of the initial-value problem:
y(0)=c1+ (c2)(0)+0+0=2 = =2
y(0)=—-2c;+c=5 =c=5+2¢=09.

Thus, the unique solution of the given IVP is:
3 2
y = 2e ¥ 4+ 9re * + %6*2’3 + %6721.

Problem 5. Using variation of parameters, find the general solution of
Y =3y + 2y = ® + ze”.
Solution. First, solve the associated homogeneous DE:

3EvV9-8
2

m2—3m+2:O:>m1,2: =1,2 =y, = 16" + o™,



We look for y, in the form: y, = uje® +uge**. Since the DE is in standard form,
we proceed to find W, Wy, Wy and uq, us:

e 621’ 3
W = = W=e".
e 262:0
O €2x 4
W, = = W, =—e"— e,
6237 —{—err 2e2m
er 0 3 2
Wy = = Wy =e* + xe”.
2 et 2 + ze” 2
Then,
_64:1: o IL‘€3x N N 56'2
Uy = fd:c: —e¥ —xdr = —e" — —.
e3® 2

3z 2z
e + ze B _ _
uQZ/de:/l—i—xe *de =2 —ze™* — ",
e

2
v T

Yp = ure” + uge® = (—e 5 ¥ + (z — ze " — e ")e*.

2 172

T
= —e¥ — Eew + ze* — re” — " = —561 — we” + xe®® + (—e* — e").

Note that (—e?* — e%) is a solution of the homogeneous DE and add this term to ..
Thus, the general solution is:
72
y=cie 2 + core T — Eex — xe® 4 xe* + (—eQI —e”)

2
= —%e’“" —ze” + 2e® + (¢ — 1)e” + (co — 1)e*.

Since (¢; — 1) is an arbitrary constant, we denote it by ¢;, and analogously, (c2 — 1)
is denoted by c,. Finally, the general solution:

y:yc+yp
2

X
2 ?eac _$6x+x62x

= cie’ + e
1 )
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3.6. Cauchy-Euler differential equations. We shall consider second-order Cauchy-
Euler DE. The study of higher order DEs is similar. Second-order Cauchy-Euler DE
has the form:

a2y’ + [aaly +agy = g(z), x>0

where ay, a1, ag are constants (numbers). Note that the coefficients are non-constant,
i.e., they are function but of special form.
Solution of homogeneous, second-order Cauchy-Euler DE:

a2932y" + alxy' +apy =0, x>0.

l "

Looking for a solution in a form y = ™ and computing ¥y = maz™ ', 3" = m(m —

1)x™ 2 we obtain:

asz®y’ + arxy + agy = 0

azr®(m(m — 1)2™ ) + ag(maz™ ') + agz™

2™ [agm(m — 1) +aym+ag) =0, x>0

asm(m —1)+am+ay =0

agm? + (a1 — az)m + ag = 0
that is a quadratic equation called characteristic equation of a homogeneous
second-order Cauchy-Euler DE. According to the solutions m; and msy of the

characteristic equation we have the following 3 cases:
(a) Distinct real solutions my # msy. Then the general solution is:

y = c1x™ + cox™?.
(b) Repeated real solutions m; = ms. Then the general solution is:
y = c12™ + cox™ In(x).

(c) Complex (conjugate) solutions m; = a — i3, my = a + i5. Then the general
solution in complex form is:

y = crx" + cox™?

y = Clxa—zﬂ + CQIQ—H’B

—ifB1In(z) i 1n(x)

y = cize + coxe

and from here the real form of the general solution is:
y = x%[cq cos(fIn(x)) + cosin(f1In(x))] .

11



General solution of a non-homogeneous, second-order, Cauchy-Euler DE:

a2’y + axy +agy = g(z), x> 0.

(1) Find the general solution y. of the associated homogeneous DE.

(2) By using the method variation of parameters find a particular solution y, of
the given non-homogeneous DE. Note that the method of undetermined coef-
ficients is not applicable to find y, for Cauchy-Euler DE because Cauchy-
Euler DE is not with constant coefficients!

(3) Form the general solution of the given non-homogeneous Cauchy-Euler DE:

Y="Ye+ Yp.
Example 1. Solve the homogeneous Cauchy-Euler DE:
22y" — day' + 4y = 0.
Step 1. Substitute y = 2™ into the DE x%y” — 4xy’ + 4y = 0.

y=a", y =ma™", Y =m(m—1)z"7.

Plugging these values into the DE:

22 (m? —m)z™ % — dx(ma™ ) + 4a™.
= (m? —m)z™ — 4ma™ + 42™ = 0.
=m?—m—4m+4=0.

= (m—4)(m—1) =0.

= m; =1 and my = 4.

Step 2. We have two real distinct solutions. Hence, the general solution has the form
y = c1x™ +cox™2. Thus, the general solution of the given homogeneous Cauchy-Euler
DE is:
Yy =cxr+ 02x4.
Example 2. Solve the non-homogeneous Cauchy-Euler DE:
2,1

Yy +xy —y = In(x).
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Step 1. Solve the associated homogeneous DE:

22y +xy —y = 0.
Since the expression contains variable coefficients, must solve for y. by Cauchy Euler.
Thus, substitute y = 2™,y = maz™ ! and y” = m(m — 1)2™? into the DE:

m?>—m+m—1=0
=m’—1=0
=m?=1
=m ==+l
Thus, y. = c1@ + cox ™!,
Step 2. Find a particular solution y, of the given non-homogeneous DE. Note that
since the coefficients of the DE are variable (non-constant), we cannot use
the method of undetermined coefficients. If the coefficients of the DE are
variable, we apply the method variation of parameters. Thus, put the DE in

standard form:
1, 1 In(x)

nootor = .
v LAY x?
W:| * 9 = W=-a'—agt=-20"1=-"2.
1 —x x
0 o' —1\ (In(zx) —In(x)
il | = ows (3) () TR
x 0 In(x) In(z)
Wa=|, h;(;)‘ = W2=<x2>($): o

Then, find u; and us, solving both integrals using integration by parts:

w= [T () =g e = =5 -

Ug = / In(z) <_962> dx = _21 /ln(:v)dx = —;(x In(z) — x).

T

Find y, = u1y1 + uayo:

(5@ (G 5) ()



oy = —ln(;) -1 N <—h21(x) N ;)
oy = = In(x) — 12— In(z) +1 N —21;1(3:) = ln(x)

Step 3. Construct the general solution in the form y = y. + y,:
y=c1x+ cor”t — In(x).
Problem 1. Solve the following homogeneous Cauchy-Euler DE:
x2yu —|—xy/—|—y:(), x> 0.

Solution. Looking for a solution in a form y = x™ we obtain:

ny// + ajy/ + y _ 0

z’m(m — )2 2+ ama™ 4+ 2™ =0

2 mm—-1)+m+1]=0

m*+1=0 = my=di.
We have the case of two complex conjugate solutions m; = —i, ms = 7. Complex

form of the general solution:
y=cx "+ cox’.

Real form of the general solution (o =0, § = 1):
y = z%[cy cos(B1In(z)) + cosin(fBIn(x))]
y = 2° 1 cos(In(x)) + ¢ sin(In(z))]
y = ¢y cos(In(z)) + cosin(In(z))
Problem 2. Solve the following homogeneous Cauchy-Euler DE:
nyH + 3:z:y/ +2y=0, z>0.
Solution. Looking for a solution in a form y = 2™ we obtain:
xzy" + 3xy, +2y=0
2*m(m — 1)2™ % + 3zma™ ' 4+ 22" = 0
" m(m—1)+3m+2]=0

—2+y4-8

m*+2m+2=0 = m,= 5

mlz—l—i, m2:—1+z
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We have the case of two complex conjugate solutions m; = —i, ms = i. Complex
form of the general solution:

y=ciz 74 T

Real form of the general solution (a« = —1, = 1):
y = z%[c1 cos(B1In(z)) 4+ cosin(B1In(x))]
y =2 ' [c; cos(In(x)) + ¢y sin(In(z))]
Problem 3. Solve the following homogeneous Cauchy-Euler DE:
x2y” + 3xy/ +y=0, x>0.
Solution. Looking for a solution in a form y = ™ we obtain:
22y +3zy +y=0
>m(m — 1)2™ 2 4+ 3zma™ ' + 2™ =0

" m(m—1)+3m+1] =0

—2++4—-4
m>+2m+1=0 = mm:f

We have the case of repeated real solutions m; = my = —1. the general solution:

y =™ + cox™ In(x).
y=co '+t n(z)
Problem 4. Solve the following non-homogeneous Cauchy Euler DE:
v*y +4xy + 2y = 4In(x), 0<z < c0.
Solution. First, solve the associated homogeneous DE, by substituting y = z™.
*y" 4+ dxy’ +2y =0
= 2’m(m — 1)z™ 2 + dama™ ' + 22" =0
=" (m(m—1)+4m+2) =0
=m?+3m+2=0

—34—\2/9—8:>

= M2 = my = —2,my = —1.
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Thus,

Yo = clx_z + 62:(:_1.
Second, we need to find a particular solution y,. Note that here the method of
undetermined coefficients is not applicable (the DE is not with constant
coefficients!). Thus, we apply the method of variation of parameters. To

do this, make sure the DE is in standard form:

4 2 41In(x 4 2
vy Gy = x§) & Y'Y+ Sy =de (),

From v,., we denote y; = 72 and yo = 2.

Next, compute W, Wy and Wj:

x72 .Til 4
W = ‘ T R = W=z
W 0 N O A e
V7 422 In(z) —a? 1= 7% ).
2
W2 = ‘ v 0 ‘ = W2 = 42774 h’l(.fl:)

—2273 427 ?In(x)

Next, find u; and us:

ul—/_éht?)lrl :—4/xln
Using integration by parts:
up = —4/xln(x)dx = —4/ln x dwj = —41n(:c)x22 + 4/ x;dln(x)
= —22°In(x +2/ ()dw——Qxln() + 2
Uy = / Ao 4ln /41n ) dzx (integration by parts) = 4xlIn(x) — 4.

Next, find y,, knowing that y, = u1y1 + uays:
y, = (=22 In(z) + 2%)2? + (4o In(z) — 4(z))z ™"

= —2In(z) +1+4In(z) —4 = 2In(z) — 3.
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Finally, we construct the general solution y = y. + y,:
y=ciz >+ cpz '+ 2In(x) — 3.
Problem 5. Find the general solution of the non-homogeneous Cauchy-Euler DE:
22%y" + 5xy +y=2*—2x, 0<z<o0
Solution. First, solve the associated homogeneous DE, substituting y = ™:

22%y" + 5xy’ +y = 0.
= 22’ m(m — 1)a™ 2 + bama™ ' + 2™ =0

The 2™ cancels out because x > 0:

=2m>+3m+1=0
—34+,9-3%8
4

= Mio =

:>m1:—1,m2:—

N | —

[N

So, y. = 1z + czx%l. Denote y; = 27! and y, = 27 2.
Next, use variation of parameters to find a particular solution y,. Thus, put the DE
in standard form:

- 5 = I 22—z 1 1
Yoy Top¥ T o T o o
= N‘|‘ 5 /+ 1 1 1 -1
el =~
Yoy Taop¥ =579
Compute W, Wy and Wj:
-1 -2 1 1
W:| PR P IR VN S )
-z —5x 2 2 2
0 272 1 1
1
Wi=1, 1 4 —1,.-3s = Wi=- ( a 33_1) T2
5—51‘ -3 xr 2 2 2
x ! 0 /1 1 _




Find u; and ws:

(Ll 11 s
u1—/ (2 i 5) dz
PR
2 a
é/(x_l—l)xde:/(x—mz)dx:?—3.

Using the formula y, = u;y; + u2y2 we find a particular solution y,,:

562 .133 1 2§ 2§ 1
w={5-5)o+ (5ot - get) o

:>x x+22 2 €T €T
———t -2tz =——--.
2 375" T3 T 15 &6

The general solution has the form

Y=1"Yc +yp =11 + Y2 +yp-

Thus, the general solution is:

2 oz

— ! 54z
Y =Ccxr ~ + Cx +15 6
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