MAT1348 DISCRETE MATHEMATICS FOR COMPUTING ELIZABETH MALTAIS

14. Equivalence Relations, Classes, & Partitions

e An equivalence relation on a set A is a relation that is reflexive, symmetric, and transitive.

Equality: = is an equivalence relation on R.

oforall XER, X=X . =is reflexive.
oSor all XI%QBU ()(:3)4(14;-)(). o = is Symmetric
Sor alll X,y z€R,, [ (x=y) Aly=2)]> (x=2) & = is transitive

Logical Equivalence:

Let A be the set of all compound propositions. Logical equivalence = is a relation on .4 given by
the rule:

forall ,Q e A, P=(@ ifandonlyif P « @ isa tautology.

Exercise 14.1. Prove that = is an equivalence relation on A.

EQUIVALENCE RELATIONS AND EQUIVALENCE CLASSES

Given an equivalence relation R on A, for each element a € A, we define the equivalence class
of a with respect to R as follows:

[alg = SxeA: aRx$

=setof al| elements of A which are relakd o o by (¢

Ex With respect 1o the equivalence relation = on theset [},
Y equivalence class of {2 with respectfo = is

(@] =PeR: @=¢ -f@t

In fact, freach real number XE [R,, the equivalence class
Of X with respect o = s [X]_ =$X%

Question With Yespect o Yhe equivalinee relabion = on Yhe set A4 of
all compound propositions, what is [P>P]. P

* These notes are solely for the personal use of students registered in MAT1348.
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Example 14.2. Let x and y be propositional variables, and let A = {P,, %, P, Py, P5, Py, P, P},
where the elements P, € A are the following compound propositions:

P: xz—y Py —(—zVy) P —(x—y) P x Ay
P xVy Py —xVy Ps: =y Ps: —(x+y)

Let R be a relation on the set A defined by (P, Pj)) € R <= P =P,

Note: Because = is an equivalence relation on the set of all compound propositions, it follows that R is an
equivalence relation on A.

Compute the equivalence class for each element of A.

Fle=1%,R8 [Rlz =1 R,RE
[2le=1R¢ [Fel=1 Rt
[Rlg =R, R, BE [Prle =3P, BB
[Rile=3R:Ri [Felg={R,R¢

Some observations:

[Fle=lPle [Ble=lRle=[Rl, [% =[],

FlenBle=@ [BlNER= @
Pl.nkle=® BOEL,=S

N ®l,=2 BkORL=9 : A
B
A=[rlzURlURIL %], BE

General Observations on Equivalence Classes of an Equivalence Relation

Let R be an equivalence relation on a set A. Then:

i. a € [a]g forall a € A.
ii. [a|g = [b]r if and only if (a,b) € R.

iii. [a]g N [b]g = O if and only if (a,b) ¢ R.

*In fact, these properties turn out to give us Whaéc is called a partition of A.



CONGRUENCE MODULO NN: AN EQUIVALENCE RELATION ON INTEGERS

\ !
Congruence modulon = (mod n)| Letn e L'be a fixed posihve infeqer, ‘he*modulus"

We define a relation on Z, called CONGRUENCE MODULO 7, denoted = (mod n), by the
following rule:

Vxye Z, X=y (mdn) &> N divides X-y
e I£ X=\4 (modn), we say “X is condfuent o Y modulo n."

If the modulus n is clear from the context, then we may denote z = y (mod n) simply as z = y.

Example 14.3. FOU nodulus N=a, y= Y (m 60 2) &= o l (x-Y)
&~ X-Y iseven
Ex [2=H (modd) sine A divides (ja-4).
Ex 1a%3 (mod2) snce 3[(2-2)

Example 14.4. (mod’7) Then =16 Sinte a—l6=-14 is divisible bY 7

Similarly,  O0=-T=7=V [=6=% =70I 5= 7605
Example 14.5. EACH INTEGER m 1S CONGRUENT MODULO n TO ITS REMAINDER UPON DIVISION BY n.
Let neZ and meZ,. Recall: there exist nique infegers g and I such-that

m=gn+r ond O&rén-|
({uo‘\ien'l' 2 AN rew\a'mollf‘

S m—r =gn which is divisibleby n . M= r(modn)

Theorem 14.6. Let n be a positive integer (the modulus). Then the relation = (mod n) of
congruence modulo n is an equivalence relation on Z.

we need toprove = (Modn) is feflexive, Symmedric, and transitive.

[ef]ler o€ Z,. Then 6-a=0=0n < ndivides a-a

o A=A (modn)  (bydef. of ECmodn))
& =(modn) is reflexive



Sym]Lerape Z. Assume A=b(modn). (gl prove b=a(modn)

Then nla-b : I3 ke Zsucnthat o-b=2n (bydef. of =(modn)
=>b-a=C£)n and we KnoW - € Z Since ke Z

— n\ b-a & b=a(modn) s, =(modn) ig symmeific.
[trans | Lex ayb,C € Z. Assume a=b and b=c (modn). (gt powe a=c (modn))
Then nlo-b and n|b-c & 3% ,%.eZ suchthat
a-b=+%n and b-C=fe,n
% 0-C=0-b+b-C

=fNn + &n
=('€|+’kz)n and “&\"'&ZGZ Since {l)&ZeZ
L nja-c & a=c(modn) 2. =(modn) 1S Honsitive. &

Example 14.7. Let m = 4 be our modulus. For each element of the following set A, compute its
remainder (mod 4). Determine which integers in A are congruent to each other modulo 7.

A={-100, —10, =4, =3, =2, =1, 0, 1, 2, 3, 4, 11, 13, 14, 21, 55}

omgndermod) O 2 O 1 23012303 |23

X = &m+r X = &m+r A
-1o0 = (-as)4)+ O 2 = (0)4)+2
~lo =(-3)(4)+2 2 =(0)(y)+3
-4 =(=1)4)+0 =(1)4)+0
-3 =(-1){y)+1 I=(2)4)+3
-2 =)y + 2 |2 =(3)y)+ 1
-1 =(-1)(4)+3 M =03)y)+2
O =(0)4)+0 Al =(5)4)+1
1 =(0)4)+1 55=(13)4)+ 3

Ex The equivalence class of ~I00 IS Elooj‘-:—(_mod'-l) =§—]oo,—'-}, 0, L}E

Ex. The equivalence class of A is [-;l:]'-.‘:(_mod‘l) =§—IO,—2, 2, H E



PARTITIONS

A partition of a set A is a collection P = {Sl, So, ... } of subsets S; C A such that the following
three properties hold:

: Si ke ¢ ’FDF d” ,1 (.Sl are non-empf\/ subsets Of‘ A)

i A=S,U S U (union of all S; isall of A)
i i) S;} = @ forall i+ 4 (pairwise disjoint)
Example 14.8. Let 4 = {1,2,3.4.5} 0 =5534,8,1a% ,{5}5 is a partition of A.
7 ={{3.%,{2’§,{5§E is hot a partition of A (fails property i)
1= 5534,1,1a%, B, 155¢ is ot a parition oF A (Fails property 1)
R =553, 138,858 is not a partition of A (Fils property T11)

Example 14.9. Here are two partitions of Z:

=32, iOZ,Z+§ is a partition of Z,
B=308,11,10, 10,28, 18,3%,+{ 15 a partition of Z.

Example 14.10. Let A = {55, —42, -7, —6,—2,1,5,6,10,11,29}.

i. Determine the equivalence class of —55 with respect to the equivalence relation R, on A defined
by the rule:

forall z,y € A, xR, if and only if x + y is even. Exercise: prove R is an equivalence relation on Z.

~55le, = $-55,-7, 1,5, 11,297 A

[4a) =3-42-6,2,6/0¢ N

Now determine the partition of A into equivalences classes with respect to R;.

\F—; {%‘SS, 7,13, ”Iaqz ) {-L]Q,——E)-Q, © IO}E



ii. Determine the equivalence class of —55 with respect to the equivalence relation R, on A
defined by the rule:

forallz,y € A, xzR,ifandonlyifz =y (mod 9)

(551, =§-55¢

56 “Y2 -7 =G -2 1S 6 10 )] 29
pMandr(modd) 8 3 2 3 7 156 | 2 2

Now determine the partition of A into equivalences classes with respect to R.

Eq:ﬂﬁz:{—"‘lal-Gf Djﬂf—f’) ]oz
[Tk, 257,129 (5, =55¢ @7

iii. Determine the equivalence class of —55 with respect to the equivalence relation R on A
defined by the rule: A

forallz,y € A, xRsifandonlyifz =y (mod 1)
[—55]%, = §-55,-43,~7,-G,-2,1,5,6,10,11,4}

-56 4 -7 =6 -2 1S 6 10 1] a9
pmapdc(modl) O O 0 0 O 000 O O O

iv. Determine the equivalence class of each of the elements of A with respect to the equivalence
relation R4 on A defined by the rule:

forallz,y € A, xRyifand onlyifz =y (mod 10) A

[-55]g, = 55 5¢ ¢4ﬂ

[GJR,* =§ G} -

-55 YA -7 =6 -2 1S 6 )0 1 49
pmandc(mod0) S 3 3 4 € |56 0 | g
STUDY GUIDE
Important terms and concepts: equivalence relations: reflexive, symmetric, & transitive
equivalence classes: alr ={xr € A: 2 Ra}

partition P = {S51,S5,,... } ofaset A

1. .S; # O for all i 2 A=5USU--- 3.5 NS;=0foralli#j
Exercises Sup.Ex. §7#1b,2,3,4,6,8,9,10, 11

Rosen §9.5#1,3,7,11, 15,17, 25, 26, 29, 41, 47




