MAT1348 DISCRETE MATHEMATICS FOR COMPUTING ELIZABETH MALTAIS

13. Relations

Let A and B be sets. A (binary) relation from Ato Bis (| S (AbSd' O(’ AXB

Let A be a set. A (binary) relation on aset Ais g re[ahon ,from A 4o l"'S@H:

ie o subset of AxA

Example 13.1. Let A = {1,2,3} and let B = {z, y}

R=50,%,0y),3y¢ REAXB LR isamrhfonfom AbB

ﬁz:%(":x})(%;)‘)} R, CBXB o Ry i arelationon B
= % O 12)) (Zl ])) <2l3)) (312)-§ 7{3§.AXA o0 Ke, is a relation on A
ﬁ'f’:{(x"))(%;?-)} Ry BXA & Ry is a relation from B o A

Notation for Relations

esine (I,X)€R, it means “|is related fo x by &,

eSince (2,X)¢K, , it means "2 is not related to x by K"
Special Relation Notation:

o for short, We willwrite | X for [ is related foX by %"
and KX for 'Qis not elated fo X by k"

Representing Relations: a finite list of pairs of related elements VS. a rule to relate elements

Fov a sl finife relation, we can simply Writeit as a list-(set) of

ordered related pairs of elemen’rs
X Hg= % (1,2,21),23),3 2)—38

Alfernatively, Some Telations may be described by g rule that fells us exactly
whan/how two elements are relaked:

ex forall uveA=$1235, URzv ifandonly if utvis odd.

* These notes are solely for the personal use of students registered in MAT1348.
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EXAMPLES OF RELATIONS YOU’VE ALREADY ENCOUNTERED

Example 13.2. Friends and Family
Ex forall people A B, ARB ifand only if A and B share a common ancestor,

Ex orall FasbooKusers XY, X-RY ifand ohlyif X and Y are "friends’

Example 13.3. Graphs
Tne graph of g function f:A—>B is is e set of coordinate pairs =3 (a,f@) : aeAf

J S AxB 2 Jis a relation fiom A +o B.
reford: frall aeh,beB, adb ifandonly if £@)=p
Ex_+he graph of i equation x%gi:[ is a subset of [§7 &, its a relation on K
fule: for allxy e[, xRy i and only it XP4yR =|

Example 13.4. Equality = isa re,laﬁor\ on IK/ |
Ex. |3 isrlakd +o 1% bUmrelahon = because |8 =18
.8 is not relakd +o 19 by therelation = because 187 (9
PrQﬂe{'I'{QS of = asa relation on B/‘.

OfralxelR, x=x. @frallxyeR, (x=y)=(4=x) Oforall xg2€R, (=) Al4=2)> (x=2)

Example 13.5. Inequality < is a relation on R
< is a relaonon K Ex Qis relaftd o 2 because A<a.
Ex Qs relaied o Al becase 442 a isre [aded 1o [000.] because A< 000.(
A is not related tv & because A<3 is false. Aisnof related to O becayse A0

Example 13.6. Divides l (“dWidesu) isa re[a-hoh on Z_
forall mn€Z, m#0, min ifand only if N =Rm fr some inkger .

- *“—Yhese afe not frackions! Never forget
Ei 5 “ ! OO I O O/// o) 3 l C{q " divides' is o relation on Zy ot Hha cxri-}’rQMaﬁc operadion of div‘nsiohl.
Example 13.7. Logical Equivalence

= is arelation onth set ofall compound proposions
fule: forall propositions RA,  FP=Q iand only if P-Q is atauhlogy
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PROPERTIES OF RELATIONS ON A SET

[Reflexive] A relation R on a set A is called reflexive if
the implication <XGA> - <(><,X) € %) is frue.
Equivalently, (xe A) - (x® X )

[Symmetric} A relation R on a set A is called symmetric if 'For a“ X ) %_e A )

the implication ((x,pe ﬁ)-*((lg,x) 67@ is frue.
Equivalenth, (XR y)—> ( yRx )

[Antisymmetric] A relation R on a set A is called antisymmetric if

for all X\Y.€ A ,he implication (e and (g,x)e@——?<x=ld4> is frye.

Equivalenth, ( XRy and yKx ) = (x —_-y,)
Cihis shonld remind you of  (X&y and yex)—>( x =Y)

corfopesifieforme  (x#f)—> ()¢ or (4, X)¢R)

[Transitive] A relation R on a set A is called transitive if

for all X9,z €A,
the implication ((x,g)e%f and (g,Z)ER)%((X,Z)6K> is true.
Equivalenth, @ﬂ%and gﬁzj——% X%z)

Cihis showld remind you of  (Xey and y<z)—>(x < 2)

EQUIVALENCE RELATIONS

A relation R on a set A is called an equivalence relation if

T is eflexive, symmelric, and fransitive.




EXAMPLES OF RELATIONS ON A SET AND THEIR PROPERTIES

Example 13.8. Let R be a relation on Z defined by the rule
forall a,b € Z, (a,b) e R ifand onlyif a+ 5b iseven.

Examples (0,0) € R because 0+ 50)=0 is even

(3,-3)& f¢ because Q+5(-3)=-13 is hoteven
FROFERT[ES We canalso Wi these as: O RO and 2 :a(_g

[reflexive] To prove R js reflexive, we must prove (aeg)— (ag a)
let aeZ. Then at5a=6a=3(30) " a€ & .. 30€eZ
S o+ 5Sais even. (def of even)

S ARa (bythe rude for R ) o TR is reflexive.

[Symmetric] 1o prove | s Symmelfic, we mustpiove afb — bHa.
Let abe Zbearhitrary elements of theset Z.
Assume atfb.  (gal:prove b a )
Then a+ Shis even (bytherulefor K ) i 0+5Sb=2k forsome ke Z
= b+5a = b.|.5(9|2_5b) = Jok-24b =Q(5‘k—\2b). % k,bGZ 5 Of-3b WA
s bt5a is even |
= bHa (bytherubfor® ) So T2, Is symmetric
[onfisymmetric] To prove K is antisymmetric, wemus+ prove
- (@R AR ] > [a=h] forall a,beZ
Wait] This is not 4rue or all abeZ
countergsample: 3,7 € Z 3+%0) is even and T+5(3) Is €ven
= both (3i7)eR and (139)eR y but 3#7 &R is not antisymmeiric

ansifie] o prove ) isHransitive, we must prove (@K b)A\( bﬁc)] —[a# C—l
let a)b,c € G be arbitrary elements of the set Zi.
Assume aK b and bR c. (ﬂoal isfo prove a’ﬁc) a—fex/&é?érj Prove this |
Since R is reflexive, Symmelvic and (as you will prove) +ransihve,
K Is anequivalene relation on Z.
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Example 13.9. Let R be a relation on Z defined by R = {(m, n)€EZ X7: m‘n}

Recall: for mn EZ,M#0, “m divides n"& n=&m forsome kel

[transitive] we must pove ¥Ry A yRz — xRz
e [y A (gl2)]—[x]

Letxyze .

Assume X{g and g!z (goal: prove X[z)

Then y=x and z=4Ly for someinfegers |k LeZ (x+0,y#0) [deF of duides)

Consequently, Z= [tk x) = (k)x =4x where 3=

Sine £,%EZ, it fllows Hhat 4€Z .
% X[z (def of divides)

weproved X[y and ylz — x|z . divides” is ransifive

¢ R is transitive, but not reflexive, nor symmetric, nor antisymmetric. (verify this!)

Example 13.10. Let R be a relation on Z* defined by R = {(m,n) € Z* x Z* : m|n}

[&f\‘ﬁS‘/MWHiQ We musk prove, (Xﬁ g A gﬁ X) N (ng) (same rule as in Ex. 13.9 but different set)

let xyeZ! e [OBIA (b= fr=d]

Assume x]g and g!x (g0al: prove x=y)

Then Y=fx and x=dy for soms integers k,LeZ (def.of divides)
Note: sinco Xy EZ' )it Pollows that &,4€'Z"

Thus  Y=%Hy) =>Y-#ly=0
= Y(I-%4) =0
::)g)'@ or %f'—"l

? \ec o 00— .
berc{c{i;fe, s ®=0=1 because the only Infeger factors of 1 ave +1

56%" but- since k.fe Z.+) e on]y op'hon is ‘f{:{:‘j_‘
oo 3=£x Sy=Ix=x &Y=X

We proved X[% and le = X=y & R Is anfisymmedric as a relation on Z°

o As arelation on Z™ (instead of on Z), R is reflexive, antisymmetric, and transitive, but not
symmetric. (verify this!)
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Example 13.11. The relation < on R:

Ts < reflexive? Nol Counlefexample: V3 e R bt 12 < {2 is fulse.
2. the implication (xeR)—>(x<x) is hot always trw. & < is not reflexive.

Ts < antisymmetric 7 Yes! proof et XY € K. Then thete are 3 cases for X and y;
Cosel Assume x=y. Then X<y is False; thus [(x<g)/\(t5<x)]—>[x=g'] is Vactiously +ue.

Cosed: Assume X<Y. Then Y<X is False ) thus Kx<g)/\(«6<x)]—> [x= ﬂ is Vactously tue.
Casel Assumue X>Y. Then X<y is False) thus Kx<3)/\(|3<x)]—>[x=g'] is Vacuously tue.

Soforald Xy € R theimplication [x<)Aly<i=>[x=y]is fue. & < is anfisymmetric.

¢ < is transitive and antisymmetric, but not reflexive, nor symmetric. (verify this!)

Example 13.12. Let R be a relation on A = {1, 2, 3,4} defined by
R = {(17 1)7 (27 2)7 (27 3)7 (37 2)7 (37 3)7 (47 4)}

5K reflexve?
Yes! proot (11),(2,2),33) (44) e R & (aeh)—>(afa) is Hue

Ts® anfisymmeiric’?
No. Coinferexample: (3B3)€R and (33)e R but-a#3

Thus, it is not the case that ((qu)eﬁ A (b,a)ef?)—‘*((Fb) Sor dl) a\beA.
%K is hot antisymmetric.

o R is reflexive, symmetric, and transitive, but not antisymmetric. (verify this!)
In particulat, R is an equivalence celation gn §1.2 341

STUDY GUIDE

Important terms and concepts:

O relation from A to B O relation on A x is related to y by R
RCAxB RCAxA (z,y) € R TRy
important relations on Z properties of relations: reflexive symmetric
= < < | antisymmetric  transitive
Exercises Sup.Ex. §6#1,2,3,5,6,7,9

Rosen §9.1#1,3,5,6,7,8,9, 10, 44, 46acdf




