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13. Relations

Let A and B be sets. A (binary) relation from A to B is

Let A be a set. A (binary) relation on a set A is

Example 13.1. Let A = {1, 2, 3} and let B = {x, y}

Notation for Relations

Representing Relations: a finite list of pairs of related elements VS. a rule to relate elements

⇤ These notes are solely for the personal use of students registered in MAT1348.
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=
a subset of AXB

.

=
a relation from A to itself .

ie a subset of AXA

R ,={ G. X ) ,
Cl

, y ) ,(3 , Y) }RFAXB
.

:B ,
is a relation from Ato B

Rz={ ( x
,

X) , Cy , x ) } RZEBXB8. R2 is a relation on B

Rz={ (1,21 , Gil ) ,
GB) , (3,2) } RzEAxA % Rs is a relation on A

Ry = { ( xn )
,
(y ,2) } RYEBXAoooRy is a relation from B to A

• since Cl
,

x ) ER , it means
" I is related tox by R

,

"

• since ( 2 ,x)¢R , ,
it means

" 2 is not related tox by R
,

"

special RelationNotation-

• for short
,

We will write IR , X for " I is related tox by R ,
"

and 2Rfx for " 2 is not related tox by R ,

"

For a small finite relation
,

we can simply write it as a list ( sett of
ordered related pairs Of elements :

e±py={ (1,216,1) , (2,3%13,2) }
Alternatively,

some relations maybe described by ante that tells us exactly
when / how two elements are related :

exe for all u ,VEA={ 112,33
, URZV if and only if Utvis odd .



EXAMPLES OF RELATIONS YOU’VE ALREADY ENCOUNTERED

Example 13.2. Friends and Family

Example 13.3. Graphs

Example 13.4. Equality

Example 13.5. Inequality

Example 13.6. Divides

Example 13.7. Logical Equivalence
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EI for all people A ,B , ARB if and only if A and B share a common ancestor
.

EI for all Facebook users X
, Y

, XRY if and only if X and Y are
" friends

"

The graph of a function f : A -013 is is the set of coordinate pairs F- { ( a
, Ha )) : AEA }

I EAXB So Lisa relation from Ato B
.

rule for L : for all a EA
,

DEB
, a Lb if and only if f- (a) = b

EI the graph of the equation X2ty2=l is a subset of HI so it's a relation on HI,

rule : for all my C- HI
, X Ry if and only if X2ty2=I

= is a relation on LR, .

EI .
1.8 is related to 1.8 by the relation = because1.8=1.81.8 is not related to 1.9 by the relation = because 1.8*1.9

Propertiesof-asare.la#ononIh
:

① for all XEHI
,

X=X
.

② for all X.YELP, ,(x=y)→(y=x) ③ for all my ,zEtR, ,¢X=y)A(y=zD→(x=z)

E is a relation on LR
.

< is a relation on LR
. Ex2 is related to 2 because 2<-2

Ex2 is related to 21 because2<2.1
2 is related to 1000.1 because 2E 1000.1

2 is not related to 2 because2<2 is false .

2 is not related to O because 240

I ( " divides " ) is a relation on 74

for all m ,nE② ,
M¥0

, mln if and only if n = km for some integer k
.

EI 5/100 100/15 3/99
← these are  not fractions ! Never forget :

"

divides " is  a relation  on # netthe arithmetic  operation of division !

= is a relation on the set of all compound proposions
rule : for all propositionsRQ ,

PEQ if and only if Pa Q is a tautology



PROPERTIES OF RELATIONS ON A SET

⇥Reflexive⇤ A relation R on a set A is called reflexive if

⇥
Symmetric

⇤
A relation R on a set A is called symmetric if

⇥
Antisymmetric

⇤
A relation R on a set A is called antisymmetric if

⇥
Transitive

⇤
A relation R on a set A is called transitive if

EQUIVALENCE RELATIONS

A relation R on a set A is called an equivalence relation if

3

the implication (

XeA)
→ (C

x.HER
) is true .

Equivalently , ( XEA) → ( ×R× )
for all

x.YEA
,

the implication ( I

x.g)
ER ) -

Ky
,

#
ER ) is true .

Equivalently , (

Ay
) - (

yRx
)

for allX.YEA
,

the implication (Cx,#Rand ( g.

HER)→(X=y
) is true .

Equivalently , (

XRY
and

yRx)→(x=y
)

I this should remind youofHey andYEX ) → ( X = y )

contrapositive form : (*A→ (Cx,y) #Rorty.DE/R)forallX,y,zEA
,

the implication

kxifo-Randfy.HR/s(Hi4ER)istrue

.

Equivalently ,

GRY
and

YRZ
) - (

XRZ
)

I this should remind youOf

Hey
and YEZ ) → ( XEZ )

R is reflexive
, symmetric , and transitive

.



EXAMPLES OF RELATIONS ON A SET AND THEIR PROPERTIES

Example 13.8. Let R be a relation on defined by the rule
for all a, b 2 , (a, b) 2 R if and only if a+ 5b is even.
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Examples ( 0,0 ) E R because Ot561=0
is even

( 2
,

- 3) ¢ R because 2+51-31=-13 is not even

PROPERTIES We can also write theseas : ORO and 2*-3

[ reflexive ] To prove R is reflexive ,
we must prove ( AE

'

24 so ( a R a)
Let a C- ②

.
Then at 5a=6a=2(3a ) °o° a E

'

Z so 3 a C-
'

Es

ooo at5Ais even .
( def of even )

To aRa(by the rule for R ) % R is reflexive .

Csymmetric] To prove R is symmetric ,
we must prove a Rb → bra

.

Let a
, BE

2h be arbitrary elements of the set 76
.

Assume aRb. (goal : prove b R a )
Then atSbis even ( by the rule for R )! at 5b=2k for some RE ②

⇒ btsa = bt5( 2k - Sb) = 10k -

246=2
(5k - Kb)

.

°o° k
,

be 'Is o: 5k - 3b E
'26

To bt Sa is even
.

⇒ bRa(by the rule for R ) To R2 is symmetric

[antisymmetric] To prove R is antisymmetric ,
we must prove

[CAR b) A ( BR a)] →

fa=b]
for all a

,
BE ②

Wait ! This is not true for all a ,
b E

'

Z

counterexample : 3,7 E
'

26

31-541
is even and

7513
) is even

⇒ both ( 3,7) ER and G, 3)ER , but 377
.

do R is not antisymmetric

Itransitive] To prove R is transitive
,

we must prove Kakb) Nb Rc )] → ( a Rc ]
Let a ,b , c C- ⑥ be arbitrary elements of the set EL

.

m
Assume AR b and BR c

.

(goal is to prove ARC ) t⇐fEEEE Prove this !

since R is reflexive
, symmetric and ( as you will prove ) transitive

,

R is an equivalence relation on EL
.



Example 13.9. Let R be a relation on defined by R =
�
(m,n) 2 ⇥ : m

��n
 

⇧ R is transitive, but not reflexive, nor symmetric, nor antisymmetric. (verify this!)

Example 13.10. Let R be a relation on + defined by R =
�
(m,n) 2 + ⇥ + : m

��n
 

(same rule as in Ex. 13.9 but different set)

⇧ As a relation on + (instead of on ), R is reflexive, antisymmetric, and transitive, but not
symmetric. (verify this!)
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Recall : form ,
n E'26

,
M¥0

,

"

m divides n'  '
⇐ n -

- km for some KEK

[ transitive ] we must prove XR y A YR z → XR z

ie XxlylnlyKD -Kk ]
Let x , y , 2 E

'26
.

Assume My and y k Cgoal : prove xlz )

Then y=kx and z -

- ly for some integers k
,

le 'Es ( x to
, y to ) ( def of divides)

Consequently , z=l(kx)=(lk)x=jx where j=lk
Since like

'

26
,

it follows that je
'

26
.

ooo X 12 ( def of divides )

We proved My and ylz → xlz o :
" divides "

is transitive

[antisymmetric] we must prove ( x Ry A y R x ) → ( x -

- y )

Let x
, ye

#
ie [ l Ny) A (ylxD→fx=y ]

Assume x ly and ylx (goal : prove x -

- y )
Then y=kx and x=ly for some integers k

,
l E ② (def . of divides )

Nyk
: since x

, y E
'Est , it follows that k

,
l E

' Zt
.

Thus y=k(ly) ⇒ y - hey -

- O

⇒ ya - he) -

- O

⇒

¥0
or ke ⇒

Project The = I because the only integer factors of 1 are ± I

beyEte but since k
,

l E
' It

,
the only option is k=l=1

.

ooo y=kx⇒
.

y=1x=x so y=X

we proved My and ylx → x -

- y o : Ris antisymmetric as a relation on 2Gt
.



Example 13.11. The relation < on :

⇧ < is transitive and antisymmetric, but not reflexive, nor symmetric. (verify this!)

Example 13.12. Let R be a relation on A = {1, 2, 3, 4} defined by

R =
�
(1, 1), (2, 2), (2, 3), (3, 2), (3, 3), (4, 4)

 

⇧ R is reflexive, symmetric, and transitive, but not antisymmetric. (verify this!)

STUDY GUIDE

Important terms and concepts:
⇤ relation from A to B ⇤ relation on A x is related to y by R

R ✓ A⇥B R ✓ A⇥A (x, y) 2 R x R y

important relations on properties of relations: reflexive symmetric
=  < | antisymmetric transitive

Exercises Sup.Ex. §6 # 1, 2, 3, 5, 6, 7, 9
Rosen §9.1 # 1, 3, 5, 6, 7, 8, 9, 10, 44, 46acdf
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Is s reflexive ? No ! counterexample : T2 ELR, but T2 s T2 is false
.

% the implication ( x ELR, ) → ( Xcx ) is not always true
.

% L is not reflexive
.

Is L antisymmetric ? Yes! proof Let x
, y

ELR
, .

Then there are 3 cases for x andy :

CASI Assume x=y . Then sky is False
,

thus

#g)Nycf-
y) is Vacuously true

.

Casey
Assume

Ky
. Then

ya
is False

,
thus #g)NycD=g) is Vacuously true

.

CASI Assume x > y . Then sky is False
,

thus #g)Nys#⇐g) is Vacuously true
.

ooo for all My

ELR,
the implication Heg)NysD=yl is true .

so L is antisymmetric .

Is R reflexive ?

Yes ! PRI : ( lil ) , 12,2) , (3,3/14,4) ER ooo (a C- A) → ( aka) is true

ISR antisymmetric ?

Noe . Counterexample : (2 B) ER and ( 3
, 2) ER but 21=3

Thus
,

it is not the case that Ka, b) ER A ( b
, a) ER ) → ( a= b) for all a ,

BEA
.

%R is not antisymmetric .

T
-

- n particular, R , is an equivalence relation on 4,213,43


