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12. Functions

Recall:

⇧ A function f : A ! B is called injective or “1-1” if

⇧ A function f : A ! B is called surjective or “onto” if

The properties “injective” and “surjective” are independent properties.
Any combination of these two properties is possible.

⇤ These notes are solely for the personal use of students registered in MAT1348.

1

for all a
, ,azEA ,

the implication

ffCaiffCazDs@Fazlistrue.forallbEB.thereisatteastone.a
E Asuchthatflakbief

- '(b) t0 .

Consider the following functions from
'

Z to ②

idea :#
'

I
s :# '

26

id.dk/=k Sch)=kt1
tidzaisbolh injective and surjective Isis both injective and surjective

'  '
. "

* Note the

ftoorfunchoh
Lt :B - ② is defined by g. 74 → ②

kt-maxfnEE.mx } gck) = Lhs )

EE Ll .8J=1 E±t5I= -5 Eg is surjective but net injective
EItt8J= -2 FILL . 9991=1

h :& -074 fi '

E. → ②

filk )=k3 Hk ) = 55

This injective but not surjective Tf is neither injective nor surjective

) WhyExercise give proofs or counterexamples for each of the above functions and properties



BIJECTIONS

A function f : A ! B is called a bijection if

Example 12.1. Let g : � ⇥ + ! � ⇥ � be the function defined as follows:

g(x, y) =
⇣

x
y , 3xy

⌘

Prove that g is a bijection.
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The identity function.

Let A be any set.

The identity function on A, denoted idA, is the function idA : A ! A defined by

COMPOSITIONS OF FUNCTIONS

Let f : A ! B and let g : C ! D be functions.

Provided f(A) ✓ C, then the composition g of f , denoted g � f , is the function g � f : A ! D
defined by
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Example 12.2. Let f : ! and g : ! be defined by f(x) = 5x� 7 and g(x) = x2.
Find g � f . Find f � g.

Note. In general, f � g 6= g � f , even if both compositions are defined.

INVERSE FUNCTIONS
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The inverse off ( if it exists ) is the function f " :B -0A such that
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• If a function f. A - B hasan inverse , then we call f invertible .

• If f is invertible
,

then its inverse is unique meaning there is one
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.

Then f- is invertible if and only if f is a bijection .



Example 12.3. For the function g : � ⇥ + ! � ⇥ �, defined by g(x, y) =
⇣

x
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⌘
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that g’s inverse g�1 : � ⇥ � ! � ⇥ + is given by the rule
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CARDINALITIES OF INFINITE SETS

Note. If A and B are finite sets and f : A ! B is a bijection, then |A| = |B|.

For infinite sets, the way we compare their cardinality is through bijections. We define the notion
of equality of cardinalities of infinite sets as follows:

|A| = |B| if and only if there exists a bijection from A to B.

An infinite set S is called countable if |S| = | |.

Fact. There is no bijection from to . Therefore, the set of real numbers is called uncountable.

STUDY GUIDE

Important terms and concepts:
⇤ bijection ⇤ identity function ⇤ composition ⇤ inverse of g : A ! B

injective & surjective for all x 2 A, idA(x) = x (f � g)(x) = f(g(x)) g�1 � g = idA

g � g�1 = idB

Exercises Sup.Ex. §5 # 1, 2, 3, 4, 5, 8, 10, 11
Rosen §2.3 # 1, 9, 10, 11, 12, 13, 14, 15, 33, 34, 35, 36, 37, 38, 71
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