MAT1348 DISCRETE MATHEMATICS FOR COMPUTING ELIZABETH MALTAIS

12. Functions

Recall:
o A function f : A — B is called injective or “1-1" if

forall a,,a, €A, the implication (f(a) =F(0«z)> -——>(a| =0,) is rue.

o A function f : A — B is called surjective or “onto” if

forall be®B, theris atleast one aeh suchthat fla)=b je £7(b)#A.

The properties “injective” and “surjective” are independent properties.
Any combination of these two properties is possible.

Consider +he &llowmg functions from Z. To Z.

io\zf 7 S: LT
dz®) =% Stk)="1+1
t idg, is both injective andsurjective s is both miechve and sugiectie

+ Note the “Floor function”

LI:[{—7Z s defined by %=Z —Z
[X]=maxineZ : n<xt glk) = R
Ex U¥=1 Ex[-8]=-5 (9 is suective but ot injecive

Ex [-18l==3 Ex |l9m]=|
$ L7 pe -z

tﬁ is '|mechve but Qgi‘ SU‘QGCHVZ t? IS Nelther W\\')?_Ch've Nor sm\jed'iVe

iEEr/é%qnve proofs orcountereamples foreach of tha above funcions and properties

* These notes are solely for the personal use of students registered in MAT1348.
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BIJECTIONS

A function f : A — B is called a bijection if

£ i both injective and surjective.

Example 12.1. Let g : R~ x R™ — R~ x R~ be the function defined as follows:
(= Nofe: sine. xe§"and yeRF
g(CC, Z/) B (y’ 3:L'y> it follows that x4y e and 3xy el

Prove that g is a bijection. —we must prove that q is both jn\’)eci\ve and surjective

Recall: Rf=5xeR: x>0¢ and K =9xR: x<of

[Surjective]. Let (rs)e KX, be an arbitrary element of ¢'s codomain.

(%oaﬂ-. prove Yhat thare exists some (x )€ K xR such that gxy)=(re) )
We must reverse-engineer what (xiy) ngedfo egual interms of (1)

=> We heed xy) €g's domain  suchthat (% ’3X3) =(rs)

= weneed X =r agnd 3xy =53
¢ O
=x=ry and 3ey=5 = = 5 = y=[F or =<5
® plug@.nh@ (m;:;maws:—m @ (rietbeawe yeR)

Since r,seﬂi,‘, it pllows that x= FJ% eR and lg=\f3_% e]ﬁ/*
$(xy) e R XK (g's domain).

Moreover,

gtay)= Q ) (Er Sr\ﬂr) (ns). 5 gis swiedtive



linjectvel. Let (a)b) ,ead)e K xK' be arbiffory elements of ¢'s domain.
Assume glab)=g(c d).  (ged: prove (ap)=(cd))
Then (F30b)= (5 »3cd) (oy def of g)

= 9=C gnd 3ab=3cd

b d
s q= Cb . 2/hb), =
-—>a-%r ——>3<%)b 3cd
0 = B =g

=> b=d or b54d
>< wsince bdeR, *hey cannot- have. oppestie sigs

:..b@;dl = a=¢b (huy@ie®) =a=c

oo we proved +hat 8(q|b)=g(c,oﬂ> ——>((a|b) =(c ,d)) so 4 is injective.

Since gis both sujective andinjective, its a bijection. 7

The identity function.

Let A be any set.
The identity function on A, denoted id 4, is the function id4 : A -+ A defined by

ida®)=X for all xeA

In particwar; idy 15 a bijection from +heset A v itself.

COMPOSITIONS OF FUNCTIONS

Let f: A— Bandletg: C' — D be functions.
Provided f(A) C C, then the composition g of f, denoted g o f, is the functiongo f : A — D

o GH@=966) Forallach

Noje: forald aeh, we need £@) fo be an element of ca’s domain,;
oferwise, 9(F6)) would not be defined.
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Example 12.2. Let f : R — R and g : R — R be defined by f(z) = 5z — 7 and g(z) = 2*.

Find g o f. Find f o g.
5’ dom@ L—a's codomai %)S dm%‘ +—35's codomain
g R—>K . g R—~>K
6 =966) Tog(9) = (%)
=%(5X—7) ={(x*)
=[Bx-7f =50¢)-7
= 25x% 70X +14 =bxt -7

Note. In general, f o g # g o f, even if both compositions are defined.

INVERSE FUNCTIONS

Let £:A-B be a funclion.
The Inverse of £ (if it exists) isthe function §:B—>A  such that

F'Of'r-'\d,\ and '§°¥—‘=idg

Fquivolently,
Hhe Inverse of £ (i€ it exists) is4he function $:B—>A  such that

fral a€h, beB, |F'®)=a ifandonly if f&)=b.

Some facts about inverse functions
ANAANANNANNANANANAANAANNANANANAAN

o Not every function has an inverse.

o TF afunction £:A—B has an inverse, +hen we cal| £ inverfible .

o ITf fis Invertible, ¥hen its inverse is unique Meaning fhere is one
and only one function from BtoA whose compositions with £
qe the respective io\enh‘hOL functions.

o Theorem Let £:A—=B be a funcfion.
Then £ isinverhble i€ and only if £ is a bjjection.
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Example 12.3. For the function g : R~ x Rt — R~ x R™, defined by ¢(z,y) = (g ,3xy>, verify
that ¢’s inverse g~! : R~ x R~ — R~ x R" is given by the rule

9= (5 5)
et (rs) e B xR Ze‘f i‘(%) A x(ﬂi,*
| ; g'e9) (i) = 9" (g (x)
gyt A
(r\rr’ \T_;) ¢

= [ X | 3X X
g SRR ERE
3¢ = _XX_'L- \l—i
=(r’SJ @ % )\/* becqusc> eR*
° aod” =|d - 1 ' = lld WCKMN\& I
"%3 xR :,8 o9, =ldﬁ§'xﬁ\

CARDINALITIES OF INFINITE SETS

Note. If A and B are finite sets and f : A — B is a bijection, then |A| = |B]|.

For infinite sets, the way we compare their cardinality is through bijections. We define the notion

of equality of cardinalities of infinite sets as follows:
|A| = |B| ifand onlyif there exists a bijection from A to B. (md&hve)/\ (uecte)

(Al‘lﬁl)/\(hsj¢ )

An infinite set S is called countable if | S| = |IN|.

EX. £:Z35N  defined by {:@ =§2{_1 iiFF r;zg i5 1-1 and onfo (verifyhis! )

O-11-22-33-y
= £
2N eGpd i

Fact. There is no bijection from R to IN. Therefore, the set of real numbers is called uncountable.

°

dofhure is a bijection from Z, N oo

STUDY GUIDE

Important terms and concepts:

O bijection O identity function O composition Oinverseof g: A — B
injective & surjective forallz € A, ida(z) == (fog)(x)= f(g(z)) g tog=idy
gog ' =idp
Exercises Sup.Ex. §5#1,2,3,4,5,8,10, 11

Rosen §2.3#1,9, 10, 11, 12, 13, 14, 15, 33, 34, 35, 36, 37, 38, 71
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