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10. Set Operations & Set Identities

Basics of Set Theory:

⇤ set element when two sets are equal
⇤ describing a set:

set-builder notation
list notation (order / multiplicity do not affect an element’s membership in a set)

⇤ when two sets are equal subset proper subset
⇤ empty set Ø universal set U
⇤ cardinality of a finite set S: |S| power set of a set S: P(S)

SETS OPERATIONS

Venn diagrams are a graphical method for depicting sets and set operations.

Union.

Intersection.

⇤ These notes are solely for the personal use of students registered in MAT1348.
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The Union of sets A and B ,

denoted AUB
, is the set A B

AUB = { x :(XEAJVGCEB) } AUB

The intersection of sets A and B
,

denoted AMB
,
is the set A B

AhB={x:(XEAJAGCEB) } AAB



Complement.

Difference.

Symmetric Difference.

Example 10.1. Let A = {1, 2, 3} B = {1, 3, 5, 7} C = {5, 7} be subsets of a universal set
U = {1, 2, 3, 4, 5, 6, 7, 8}

Disjoint Sets.

Sets A and B are called disjoint if A \ B = Ø.
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thecompementofaseta , If
denoted Fsistheset A

A- ={ x :CxeU)AGc¢A) } At

The difference
"

A minus Bs
"

A B
denoted

A-B.is/-hesetA-BA-B=Ex:GceA)AGccfBBThesymme-tricdifferenceof

A
sets A and B , denoted AOTB ,

B

is the set
AQB

AOtB={ x :( KEA ) GCEB) }

Bnc .={ 5,73=6
.

A -13=923

AUB={ 1,335,7 } BUC '={ 435,73=13 B- C={ 1,33

AhB={ 1,3} 5=12,416,8 } A 13={2,5/7}

Anc '={ 3=0 A={ 4,516,78 } BOtC={ 113}

EIA and Ci are disjoint.
( from above example)



SET IDENTITIES

A set identity is an equation involving sets and set operations that is true no matter what
particular sets we consider.

Example 10.2. For all sets A,B,C, the following equation is true:

MEMBERSHIP TABLES

We can verify a set identity using a membership table.

• Membership tables are similar to truth tables, but more like attendance sheets.

• If there are n sets involved in an identity, then the table will have 2n rows.

• Each row corresponds to one possible “location” of an element x 2 U , relative to the sets in
the identity.

Example 10.3. Using a membership table, prove A [ B = A \B (De Morgan)

USING THE TABLE OF SET IDENTITIES

• As with logical equivalences, we can verify a set identity using established laws from the
Table of Important Set Identities

Example 10.4. Let A, B, and C be subsets of a universal set U .

Using set identities, prove that (B [ C)� A = (C \ B) [ A
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ANBU =(AhB)U( And . a'ignitable?ww ,

AB AUB AVI At Be FNB
Since membership

I I I O O O O
is the same for

I O I O O I O AVI and Ints

O I I O I O O it follows that

00 O I I I I ATB = At NB

HI 2 sets A and B. these 4 rows coverall possible cases

for the membership of an arbitrary elementof the universal set

relative to A and B
.

(BUC#=(BUc# ( Difference ) =L BADUA ( Derlorgan 's)
= ( ENBTUA ( Commutative )

= UF lDemory " 's ) §
:

.pe#=CEnT3NA=CBUCTUA
(Double Complementation)



RIGOROUS PROOFS INVOLVING SETS

Let A and B be subsets of a universal set U .
To give a rigourous proof that S ✓ T we must prove: for all x 2 U , the implication
(x 2 A) ! (x 2 B) is true. We can prove this directly as follows:

• Let x 2 U be an arbitrary element of the universal set. Assume x 2 A.

• Then, step-by-step, prove that x 2 B must be true.

We can also prove the implication (x 2 A) ! (x 2 B) using an indirect proof, a proof by

contradiction, a proof by cases, or some suitable combination of proof strategies.

Example 10.5. Prove the following theorem:

Theorem 10.5. Let A and B be subsets of the universal set.

Then A� B = Ø if and only if A ✓ B.
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•BBB

- -

P ← Q

We must prove P → Q and Q → p lie . give aproof of equivalence)

proof .
Let A and B be sets .

( ⇒ we will give an indirect proof of P → Q .

Assume AIB ( ie assume 7 Q is true ) I goal : prove A - Bt 0 ie prove 7g
Then it is not the case that ( for all XEU

,
HE At → ( x EB ) ) ( by def of AIB )

% there exists at least one element XEU such that XEA but XEIB .

To XE A - B ( by def .
of A - B )

% A - Bt Of because A - B contains at least one element
,
namely x

.

We proved 7Q→7P : . P → Q is true .

⇐ we will giveanindirectproof of Qsp

Assume A - B # 0 C ie
.

assume 7 P) (goal : prove A # B ie prove 70 )

Then there must exist at least one element X EA - B ( since A - B t 0 )

Then XEA and XEIB (by definition of set difference A - B )

ooo A # B (goal ! ) We proved 7pm Q ooo Q - P is true
.

Since Ps Q is true and Q → P is true ,
it follows that Pe Q is true

.

Dogging



Exercise 10.6. Prove or disprove each of the following claims. If you prove it is true, give a
rigorous proof; otherwise, give a counterexample, consisting of concrete sets and a brief
explanation why they demonstrate that the claim can be false.

Claim 1. Let A, B, and C be sets. If A� B = A� C, then B = C.

Claim 2. Let A, B, and C be sets. If A ✓ B and B ✓ C, then A ✓ C.

STUDY GUIDE

Basic terms and concepts of Set Theory:

⇤ set ⇤ element ⇤ subset ⇤ proper subset ⇤ equality ⇤ cardinality
S x 2 S T ✓ S T ⇢ S S = T |S|

Some important sets:

⇤ empty set ⇤ universal set ⇤ naturals ⇤ integers ⇤ rationals ⇤ reals
Ø U

� + � + � +

Building new sets from old:

⇤ power set of S ⇤ Cartesian product of two (or more) sets
P(S) S ⇥ T S1 ⇥ S2 ⇥ · · ·⇥ St

Set Operations:

⇤ union ⇤ intersection ⇤ complement ⇤ difference ⇤ symmetric difference
S [ T S \ T S S � T S � T

Set identities:

⇤ verify using membership tables ⇤ verify using a rigorous proof

⇤ prove other identities using the laws from the Table of Important Set Identities

Exercises Sup.Ex. §4 # 1, 2, 3, 4, 5, 6(use a rigorous proof), 9, 11
Rosen (8th ed.) §2.2 # 1, 3, 4, 5–13(using membership tables or rigorous proofs) 14, 15,

17, 19, 21, 23, 31, 41
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I this can be false .

Counterexample

: Let A= E B
,
B={ 23 , C={ 33 .

Then A - B ={ 13 A - C = { 13 : . A - B = A - C
.

But Btc since these two sets do not contain the same elements .

True !?

proofi Let A
,
B
,
and C be sets

. Assume A EB and BEC
.
C

go.at
prove AEC

.)

Let XEU .

Assume XEA ( goal : prove XEC ) I
-

← this sets up a rigorous proof that Aec to achieve this goal)

Then XEB since AEB means HE A) SHE B) is true for all XEU .

Consequently , XEC since BEC means ( XE B) → HE C) for all XEU
.
:O HE A) s HE C)

We proved ( AEB A BEC ) → ( AEC ) DMM

.



Table of Important Set Identities

1. A [Ø = A Identity Laws
2. A \ U = A

3. A [ U = U Domination Laws
4. A \Ø = Ø

5. A [A = A Idempotent Laws
6. A \A = A

7.
�
A
�
= A (Double) Complementation Law

8. A [B = B [A Commutative Laws
9. A \B = B \A

10. A [ (B [ C) = (A [B) [ C Associative Laws
11. A \ (B \ C) = (A \B) \ C

12. A \ (B [ C) = (A \B) [ (A \ C) Distributive Laws
13. A [ (B \ C) = (A [B) \ (A [ C)

14. A [B = A \B De Morgan’s Laws
15. A \B = A [B

16. A [ (A \B) = A Absorption Laws
17. A \ (A [B) = A

18. A [A = U Complement Laws
19. A \A = Ø

20. A�B = A \B Difference Law

21. A�B = (A�B) [ (B �A) Symmetric Difference Laws
22. A�B = (A [B)� (A \B)
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