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11. Functions

Building new sets from old:

⇤ power set of S ⇤ Cartesian product of two (or more) sets
P(S) S ⇥ T S1 ⇥ S2 ⇥ · · ·⇥ St

Set Operations:

⇤ union ⇤ intersection ⇤ complement ⇤ difference ⇤ symmetric difference
S [ T S \ T S S � T S � T

Set identities:

⇤ verify using membership tables ⇤ rigorous proof involving sets

⇤ prove other identities using the laws from the Table of Important Set Identities

FUNCTIONS

A function consists of:

• a set A called the domain,

• a set B called the codomain, and

• a “rule” f that assigns to each element a 2 A exactly one element b 2 B.

We write f(a) = b if b is the unique element of B assigned by the function f to the element a 2 A.

Alternatively, we can define functions in terms of their graphs as follows:

A function f : A ! B can be viewed as a subset � ✓ A⇥ B such that for each a 2 A there is

exactly one b 2 B such that (a, b) 2 �. Then, for all (a, b) 2 �, we write b = f(a).

⇤ These notes are solely for the personal use of students registered in MAT1348.
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→
f : A → B

- codomain of fname of function T
domain off

• for each element a EA
, f Ca) is called the image of a ( in particular , Ha ) EB )

• for any subset S
'
EA

, we may consider the set HS ) flat : AES)
-

The set f (8) is called

theimageo• In particular ,
the set f CA) is the image of the domain

,
also called the

rarigeoff .

• for each be B
, define the set f- ' ( b) : = { a EA : flat = b} .

← the set f- ' (b) is called thepreimageofb

EI .

f : LR
,

→ LR, µ
,

← the graph of f consists of all ordered

f- ( x ) = x2
pairs ( Ay ) ELR, XLR,

such that y
= f C x )

T -

- { ( x
, xD : XELR, }



Example 11.1. Let A = {1, 2, 3} and B = {p, q, r, s}

Examples of functions given by rules (instead of arrow diagrams).
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Define fi A  → Bas follows : f (1) =p
A f B

f- (2) =p
too-jPf (3) =p
2• • q

3 .
- • r

f- (A) =f({ 112,33 )={p,r } is the range off • s

f- ({ 1,23 )={ p } is the image of the set { 1,23 fisa function from Ato B .

The graph off is the set

f- ypj={ 1,23 isthepreimageofp . T={ ( I ,p)g(2,p)g(3,r ) }
f- '

(g) =

isthepreimageofq
.

f-  ' Cr )={ 33 isthepreimageofr
. so TEAXBand T contains exactly

f-
'

G) = 0 isthepreimageofs onepairforeachelementofa

A
g

B A h B
1 • - • P zoo - • p

2•→q 2• • of3•#•r3•\•r• s • s

gishota function fromAtoB hisnota function fromAtobecause LEAis assigned to more because3eA
is not assigned to

than one element of B

anyelementofB.EI.fitR.oLR.Ex.fi2xztez@EI.f

:# → & XQ
f G) =X2 ffm ,n)=mz

f HI =L 8,12 )
( a constant function )

Ex. Abinaryoperationonaset A isa function from AxAtoA

EI .
Addition and multiplication of integers are binaryoperations on # :

plus : 74×74326 times:# ⑥ → ②

pluslaibj-atbtmefn.hn/=nm



INJECTIVE (ONE-TO-ONE) FUNCTIONS

A function f : A ! B is called injective or one-to-one, if for all x, y 2 A, the implication
✓
f(x) = f(y)

◆
!

✓
x = y

◆
is True.

To rigorously prove that a function f : A ! B is injective we must prove: for all a1, a2 2 A, the
implication (f(a1) = f(a2)) ! (a1 = a2) is true. We can prove this directly as follows:

• Let a1, a2 2 A. Assume f(a1) = f(a2).

• Then, step-by-step, prove that a1 = a2 must be true.

Example 11.2. Prove that f : ! 2 defined by f(x) = (2x+ 1, 8x� 1) is injective.
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More examples : domain { TiF3x{ TF } codomain { IF }

A V →

( Tpt ) ⑧ HIT ) • Hit ) ⑧

( T , F) •
\

• T ( TIF ) .
¥

• T ( T , F)•\•T( F ,T)•#• F ( Fit ) .

• F
( F. T ) .

• F

( Fi F)
•

( FF )
.

( Fi F)
•

T

Ed
. domain { IF } T o T

codomain EFF }
F :#of

Equivalently ( contrapositiveform ) for all x. YEA , ( Hy )→ffk ) # fly )) is True
.

Thus
,

each distinct element of A is assigned its own distinct unique element

ofB.pro#.Letx,,xzELR
,

be arbitrary elements of the domain off
.

Assume f ( x
, )=fKz ) ( goal : prove x

,
= Xz )

Then (2×+1,8×1-1)=(2×2+1,8×24) by f 's rule

⇒ 2×1+1=2×2+1 and 8x
, -1=8×2-1 since both coordinates

must match to be equal
⇒ 2×1=2×2 and 8×1=8×2

⇒ XFXZ and Xfxz ( goal ! )

We proved ( ft , ) # d) → ( x ,=X2 ) so f is injective D



Example 11.3. Is f : + ! defined by f(x) = x2 injective?

Example 11.4. Is f : ! defined by f(x) = x2 injective?

Example 11.5. Let A and B be sets such that |A| = 4 and |B| = 3.

Does there exist an injective function f : A ! B ?

4

Leta ,bEtRt( the domain off )
Assume f (a) =f(b ) . Then a2=b2

⇒ a2-b2=O

⇒ ( a- b)( atb )=O

¥b or

Note .

Since
,
for this function

,
the domain

Since ,a,bEtRt
,

the only is
,

we Know that neither
possible solution is a=b

a nor bare negative . .  .
so a= - b

is not actually possible .

Thus
,

we proved ( flat -_ Hb))→(a=b) is True for all a ,bELRt.

ooo f is injective ( I - I ) .

D

Nc

!
counterexample : 1 and -1 are two distinct elements of the domain HI

,

yet ga )=gtH=1 .

Eog is not injective ( It ) .

NO !

A B informalexplanation :
=

1 • - • a If IAI > IBI
,

then
,

at some point,
B will27• b "

run out "

of "
new

"

distinct images for the3 .

- • a
4•_?→

elements of A .



Theorem 11.6. Let A and B be finite sets.
If there exists an injective function f : A ! B, then |A|  |B|.

SURJECTIVE (ONTO) FUNCTIONS

A function f : A ! B is called surjective or onto if, for every element b 2 B, there exists at least
one element a 2 A such that f(a) = b.

To rigorously prove that a function f : A ! B is surjective we must prove: for all b 2 B, there
exists at least one element a 2 A such that f(a) = b. We can prove this “constructively” as follows:

• Let b 2 B be an arbitrary element of the codomain of f .

• Construct (figure out / reverse-engineer) an element a 2 A, in terms of b, such that
f(a) = b. How to do this depends on the function f , but, usually, you set f(a) = b, write the expression for
f(a) and then isolate (if possible) for a in terms of b. It can be trickier if f is not an injective function. You
should also double-check that the element a you obtain is actually an element of the domain of f .

Example 11.7. Prove that f : 2 ! 2 defined by f(x, y) = (2x, y) is surjective.
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F- OT

theoreminconraposih.ve#n

: Let A and B be sets
.

If I At > IBI ,
then there does not exist an injective function from Ato B .

- -7Q → 7 p

Equivalently ,
for all be B

,
f

- '

(b)
t ¢ .

Thus
,

each element of the codomain B is the image of at least one element of A .

Let Ca , b)

EHR
( the codomain ) .

In order for f- (x , y ) = La , b) we need (2x
, y ) = ( a lb)

=3 2X = a and y = b

⇒ x = az f- LR) and y
-

- b HA )
⇒ ( I , b) ELR

, xD
. (the domain

So for any @ , b) ELIXIR (the codomain ) , we can find at least one element of the

domain
, namely Laz , b) ETR?

,
such that ffaz , b) = (a

, b)

This is a
"

constructive
"

proof ooo f is surjective (onto ) .



Example 11.8. Is f : ⇥ ! ⇥ defined by f(m,n) = (2m,n) surjective?

Example 11.9. Is q : ⇥ + ! defined by q(j, k) = j
k surjective? Is it injective?

Similar to Theorem 11.6, we have the following theorem that relates cardinality and surjective
functions:

Theorem 11.10. Let A and B be finite sets.
If there exists a surjective function f : A ! B, then |A| � |B|.

STUDY GUIDE

Important terms and concepts:

⇤ function ⇤ domain ⇤ codomain ⇤ image ⇤ preimage
⇤ injective (one-to-one) function ⇤ surjective (onto) function

Exercises Sup.Ex. §5 # 1abd, 3, 4, 5, 7, 9, 10
Rosen §2.3 # 1, 4ac, 7a, 8, 9, 10, 11, 12, 13, 15
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No ! f is netsurjective (onto) .

Counterexample : ( 1,1 ) is an element of the codomain off but

there is no element of the domain with ( I
,
1) as its image because

every element of the domain is assigned to an element of the codomain

Whose 1st coordinate is

e.ve#qissurjectiveproof-
Let ye On be an arbitrary element of the codomain On

.

Then
,

since y is a rational number
,

we can find integers n
,

de ②

such that d to and y = ha .
We may further assume that d > O

[ If d so
,

then we can rewrite ha as Id and - d > o ]

Thus
,

n E
'

Es ,
DE 'Est and of ( n

, d) = ha = y .
so of is surjective . D

qisnotinjects.ve
Counterexample : ( 2,3 ) and ( 10,15) E ② X

'Est

f ( 2,3 ) = 23=0.5 and f- (10,15) = Yes = 0.5

So f ( 2,3 ) = f- (10,15) but ( 2,3 ) t (10,15)

Eog is not injective .

Equivalently , Cin contrapositive form ) :

If IBI> I At,
then there does not exist asurjective function from Ato B .


