MAT1348 DISCRETE MATHEMATICS FOR COMPUTING ELIZABETH MALTAIS

11. Functions

Building new sets from old:

O power set of S [0 Cartesian product of two (or more) sets
P(S) SxT S1 X Sy x - xS
Set Operations:
O union [ intersection O complement [ difference [0 symmetric difference
SuUT SNT S S—T SeT

Set identities:
O verify using membership tables O rigorous proof involving sets

[ prove other identities using the laws from the Table of Important Set Identities

FUNCTIONS

A function consists of:

FA-B .
e a set A called the domain, name of function—"" — _COﬂVlgm_ of £

domain of £

e a set B called the codomain, and
e a “rule” f that assigns to each element a € A exactly one element b € B.

We write f(a) = bif b is the unique element of B assigned by the function f to the element a € A.

*for each element a€A, £@) is called the image of a (in parhcuar, £@)eB)

°for any subset SCA, we may Consider the sei: £(8)=1f@) :a es}
Theset £(3) is called the image of S.

«In particular, the set £(A) isthe imageof e domain, alsocalled the
fange of £

“for each beB, define theset £7(b):= SacA :5@)=b(.
X< 4he set £ “(b) is called the preimage of b

Alternatively, we can define functions in terms of their graphs as follows:

A function f : A — B can be viewed as a subset I' C A x B such that for each a € A there is
exactly one b € B such that (a,b) € I'. Then, for all (a,b) € ', we write b = f(a).

: —+h hof £ consists of-all erdtered
2ER-R |\ |) RITSRLI
’ =3 (x,x3) : xe[ﬁ,}

* These notes are solely for the personal use of students registered in MAT1348.
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Example 11.1. Let A = {1,2,3} and B = {p, q,, s}
Define £:A—=B as follows: F(1)= ©

f@)=r
f3)=r
‘F(A) ='F(f\ ,9,33) = %vP; F} i9the Yange of £
’FG\)Q—@ =3Pt isthe image 0f +he set 31,27 £ is a function from A o B.
The graph of £ is the set
£71(p) =3 1,3F i5 the preimage of —p. _
£7'(g)= @ 15 the preimage of g A §(I’P)7(2’P)J (3 r)§
£7(r)=§3% is the preimage of . So IS Ax® and [ contains exacty
’F'(S) = ¢ iS the preimage ofs ohe pir foreach element of A
A~ 4 B

9 isnot a function from A o B K is hot a function from A +o
becawse 1€ A s assigned 4o more

+han ohe element of B

because 3e A is not gssigned to
any element of 3.

Examples of functions given by rules (instead of arrow diagrams).

Ex. f:R->[R Ex §ZxZ"—>@ B FR—ZxR
F) = £ (m,n) = Fx) = (8) ";0
" (a constant funchion)

Ex. A binar% operation onaset A isqg function from AxA 4o A
Ex. Addition aind mulhiplication of integers are binary operations on Z.:
plus: ZXxZ > & Yimes: Z X2 —> 2

P\uS(alb) = a,'l'b ‘hn\lS(n) m) =nm



More examples:  domain ITFEXITF  codomain 3T, F?

A v -
Ny — |5
=L 2 >

—
Ev. domain iT, F} "
codomain $T,F3$

INJECTIVE (ONE-TO-ONE) FUNCTIONS

A function f : A — B is called injective or one-to-one, if for all x,y € A, the implication

(f(x) = f(y)> — (x = y) is True.
Equivalently (confrapositive orm) Forall x,y €A, (x #g)—e(%(x);bf(%)) is True.

Thus, each distinct element of A is assigned its owh distinct unique elemant of B.

To rigorously prove that a function f : A — B is injective we must prove: for all a,,ay € A, the
implication (f(a1) = f(a2)) = (a1 = aq) is true. We can prove this directly as follows:

o Letaj,ay € A. Assume f(ay) = f(az).

e Then, step-by-step, prove that a; = a, must be true.

Example 11.2. Prove that f : R — R? definedby f(z)=(2z+ 1,8z —1) isinjective.

proof. et %,,% € [{ be arbitrary elements of the domain of .
Assume F(x\)=+(xz) (goo&: prove X;=Xq)
Then (ax,+1, €%-1) = (Axg+!, 8x2-1) by £'s rule

= = d 8 -] =8x, -1 Since both coordinales
> Ax,+1=3Ax+] and 8, —| =8x, h\r\uSTmm‘c\r\hbee%ua\

= A=A, and 8x, = 8X,
=> X;=Xz2 and X=%z (goal 1)
We proved (ﬂx|)=ﬁxz))—> (xy=%) & Fis injective ]
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Example11.3. Is f:R"™ — R definedby f(z)=2? injective?

Let a,b G]KJ' (the domain OH“)
Assume £@)=F(b). Then  a2=F
= at-b2 =0
= (a—b)(ai-@:O
" 4=b or o= Note . Since for ¥his functioh, tha dsmain
Sina,a,b €, the only is K", we Know that naither

possibla solufion is a=b 0 nor b ate nugafive... o a=—b
1S ot aduad/y possibla.

Thus, we proved (£6) =F(b)>—> <a=b> is Twe forall abe R
o £ is injective (|-I). []

Example114. Is f:R — R definedby f(z)=2? injective?

No! Counkrexample: 1 and -1 arefwo distinct elemants of tho domain T,
Vet g(l)=g¢1)=1.

oov% lsmt .IQS?CHVC (l‘\)

Example 11.5. Let A and B be sets such that |A| = 4 and |B| = 3.

Does there exist an injective function f : A — B ?

Nol
Trnformal exPlanaﬁom:

If Al >8], then, at some point, B will

“run out” of “new” distinct imagesfor M
elemunts of A.




Theorem 11.6. Let A and B be finite sets.
If there exists an injective function f : A — B, then |A| < |B].

\/_v J |-

P —> Q@

Theorem |1.G in conhapositive form- Let Aand B be Sets.

If |A|>|B|, +hen fhure does notexistan injective function ffrom A-o B.
- N~ )
I1Q —> 1P

SURJECTIVE (ONTO) FUNCTIONS

A function f : A — B is called surjective or onto if, for every element b € B, there exists at least
one element a € A such that f(a) = b.

Equivalently, for all beB, £(b)# .

Thus, each elemant of- the codomain B isthe image of gt least one elenunt of A.

To rigorously prove that a function f : A — B is surjective we must prove: for all b € B, there
exists at least one element a € A such that f(a) = b. We can prove this “constructively” as follows:

e Let b € B be an arbitrary element of the codomain of f.

e Construct (figure out / reverse-engineer) an element a € A, in terms of b, such that
f(a) = b. How to do this depends on the function f, but, usually, you set f(a) = b, write the expression for

f(a) and then isolate (if possible) for a in terms of b. It can be trickier if f is not an injective function. You
should also double-check that the element a you obtain is actually an element of the domain of f.

Example 11.7. Prove that f:R? — R? definedby f(z,y) = (2z,y) Iis surjective.

Let (ab) GTKZ (sz Coololvxain).

Tin ordar &or £(x,4)=(ab) we heed (2%,4)=(ab)
= 2X=a and Yy=h
= x=2 €[K) and y=b (€[
= (&8 € RxR (ihe domaig
Sofor any (@3,b) € xR (the codomain) , we. can find af leastone elemant- of tha
domain, namely (4>b)€ K, such that £(%5b) =(a,b)
z:%is is a'constructive” proof wofis Sur\"echve (on'l'o).
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Example118. Is f:Z xZ — Z xZ definedby f(m,n)= (2m,n) surjective?

Nol £ Is notf surjective (ontv).
Cownterexample: (1,1) is an element OF the codomain of £ but
Yhereis No element Of +he domain With (1,1) as its }mage because

every element of the domain Is assrgned 4o an element Of +he codomain
whose 1stcoordinate is even.

Example11.9. Is ¢:Z x Z* — @ defined by ¢(j, k) =4 surjective? Is it injective?
G is surjective.

-V A\

proot Let y€ @ bean arbitrary element of the codomain @&.

Then, since Yis rational nhumber; we can {ind integers n,d e Z,
such that d+0 and l‘/]- - We may further assume that d>0
[TF d<o, then we can rewn}e o 2 and -d>o |

Thus, neZ ,de Z* and ¢.(nd)= % =y. Jo g Is Sugiective. A

Qs not injectve
Counterexample: (2,3) and (10,15) € ZXZ'

f(33) = ———oe and £(10,15)=12=0%

Sof£(@3) =F(0,/5) but (23)+(0,/5)
$» g is Not injectve.
Similar to Theorem 11.6, we have the following theorem that relates cardinality and surjective
functions:
Theorem 11.10. Let A and B be finite sets.
If there exists a surjective function f : A — B, then |A| > |B].

Eq,WValer\Hy, (in conﬁaposihve form):

Tf |B|>|A|, then fhere does not exista Sugectie function fom Ao B.

STUDY GUIDE

Important terms and concepts:

O function 0J domain 0J codomain Oimage [ preimage
O injective (one-to-one) function O surjective (onto) function
Exercises Sup.Ex. §5 # 1abd, 3,4,5,7,9, 10

Rosen §2.3#1, 4ac, 7a, 8,9, 10, 11, 12, 13, 15




