MAT1320 CALCULUS I

ELIZABETH MALTAIS

16. Integrals of Rational Functions & Partial Fractions

Lec 15 mini review.
useful trig identities:
cos?(x) + sin?(z) = 1
1 + tan*(z) = sec*(x)
cos?(xz) = (1 + cos(2z))

sin®(z) = (1 — cos(2z))

sin(2z) = 2sin(z) cos(z)

expression:

identity:

1 —sin?6 = cos? 4

1+ tan?0 = sec?d

sec2 — 1 = tan’4

substitution:

STRATEGIES FOR INTEGRATING RATIONAL FUNCTIONS

Recall: a rational function is of the form f(x) =
denominator D(z) are both polynomials.

We already know how to integrate some rational functions:
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(where g(z) is a polynomial)

Observation: the above forms of rational functions all have the property that the degree of the
numerator is less than the degree of the denominator.

* These notes are solely for the personal use of students registered in MAT1320.
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PARTIAL FRACTIONS

e Now, we consider a new way of expressing a rational function 5 as a sum of simpler

D(z)
fractions.

e Before we can use this idea, we must, if necessary, reduce the integrand into a proper
rational function, meaning one whose numerator N (z) and denominator D(x) satisfy

deg(N) < deg(D)

o If deg(N) > deg(D), then ggg is called an improper rational function.

e We can use long division to turn any improper rational function into one that is proper.
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Lefschesk: 2T+ S =200 R gt~
Thus szl_l dx _S z gy + S—X’fldx
ﬁ X- e X é'\g><+ldx
sl =LA x| +C
Bxample 162, [ =" d: <= @ proper rational unction.
243 _— 2x+3 = _A ;4 B - A2 +B+d

Bx 6 (X+3)x+2) W3 Y+2 (x+3)(><+2.)

=>9x43 = A(X+2) + B(X+3)
Hme-sSaver: plugin x=-2: AL2)+3 = AL2+2) +B-2+3)

= _l — 'B
PlugInX=-3: A(3)+3 = AC3+2) + B(-2+3)
= —3=-A
=3 =A
double check: 2= — —L =36n)—(xx3) _ _Zrt3
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dz
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But x2-2x+5 does not factor:
disuriminant *-tac = Y-4(ys) <O
Whatto do?

complete the square: X2-2x +5 = x2-2x+ |-l +5 = (x-17+4
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PARTIAL FRACTIONS WITH REPEATED FACTORS

Once you have used long division to obtain a proper rational function, you need to factor its
denominator D(z).

Every polynomial can be factored into a product of linear factors (of the form ax + b) and
irreducible quadratic factors (of the form az? + bz + ¢ where b* — 4ac < 0)

o For each distinct linear factor of the denominator D(z) — which may be a repeated factor
(say, to the power r)
(ax +b)"
the partial fractions decomposition will have r terms corresponding to the factor

(ax +b)":
_;A," -]— AZ + oo T+ _AL -
axtb  (axtb} (ax+b)

(ascending pPowers of ax+b in denominators)

o For each distinct irreducible quadratic factor of the denominator D(z) — which may be a
repeated factor (say, to the power r)

(az® + bz +¢)"  (where b? — 4ac < 0)

the partial fractions decomposition will have r terms corresponding to the factor
(ax? + bz + )"

AxtB - AR L AR
(a2 +bx+¢) (ax® +bx+0) (oxt +bx+o)"

(ascending powers of ax+bx+c in denominators)

2¢° + 3z + 1 ‘
Bxample 164. / @12 5@+ 7@ 6113, _ iMfeducible qufdfﬁ ¢ factor
linear fackor N\, fepeats 1 Hime

fepeats 1 Hime. linear factor iMreducible qmdra{'icfac;}o
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“his integrand has the following partial &ractions decomposition

o 2843% +| _ A 4+B tc , D Ex+F , GXtH + Tx+ T
S T e N R R (%5t~ (x5 X* 41 (1) (x*-6x+13)

Now we nged+o solie for +he constants AB CDE F G H T T yies!



o 2f43% +| _ A 4 B yc D 4 Ex+F, GXH 4 TxeT
LI varmns B LA S =S R O S L R A e )

Inprinciple, +his amounts 4o 10 equations in 10 unknowns...
let’s imagine we did this bit of al%bra,
Then what remains is eValua\‘b'ng Hese paf'h‘aI frachon m+eﬂraﬁs~.
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STUDY GUIDE

o integrating rational functions: [ —Lodr = Injaz +b| [ Zlgdr = tan™'(z)
¢ use long division to obtain a proper fractlon

¢ factor denominator into product of linear and irreducible quadratic factors

o decompose integrand into its partial fractions

Exercises (Stewart, 8thed.) §7.4,pg. 501# 7,9,11,15,19,21, 23,27, 29, 39, 41, 43, 47
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