
MAT1320 CALCULUS I ELIZABETH MALTAIS

16. Integrals of Rational Functions & Partial Fractions

Lec 15 mini review.
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STRATEGIES FOR INTEGRATING RATIONAL FUNCTIONS

Recall: a rational function is of the form f(x) =

N(x)
D(x) where the numerator N(x) and the

denominator D(x) are both polynomials.

We already know how to integrate some rational functions:
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0
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g(x)

dx (where g(x) is a polynomial)

Observation: the above forms of rational functions all have the property that the degree of the
numerator is less than the degree of the denominator.

⇤ These notes are solely for the personal use of students registered in MAT1320.
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PARTIAL FRACTIONS

• Now, we consider a new way of expressing a rational function N(x)
D(x) as a sum of simpler

fractions.

• Before we can use this idea, we must, if necessary, reduce the integrand into a proper
rational function, meaning one whose numerator N(x) and denominator D(x) satisfy

deg(N) < deg(D)

• If deg(N) � deg(D), then N(x)
D(x) is called an improper rational function.

• We can use long division to turn any improper rational function into one that is proper.

Example 16.1.
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¥ is a proper rational function

idea : rethink # =(×t¥D
Now

"
Un - add "

this fraction by deconstructing its ( common ) denominator

k¥+1,
= x.AT + By goat: solveforttandps

so this equation is true

⇒
(x.gg#+y=AktDtBG=( x - DKH )

⇒ 1 =AK+D+B( x-D

⇒ 1 =Ax+AtBX - B

⇒ I =(AtB)× + ( A- B) Now we have two equations
with two unknowns :
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Ls . -0×+1RS=(AtB)xt( A- B) �2� A -13=1

w
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Example 16.2.
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Let's check : In + It÷=¥ , -2¥ , =Y¥j-¥¥=¥e
thus S # dx = Steak + tx¥d×

= £ # dx - £Sx+td×

= Ibnktl - tahr 1×+11 + C

← a proper rational function .

×¥5x3+n=c¥IEn⇒=x÷3 + t÷=Ak¥aE¥Yy→-
⇒ 2×+3 = AQ + 2) + BQ + 3)

time - saver : plug in ×= -2 : 2 t 2) +3 = At 2+4 + BE 2+3

⇒ - 1=13

plug in X =-3 : 2 t 3) +3 =Af3t 2) + �1� (-3+3)
⇒ -3 = - A

⇒ 3 = A

double check : x÷3
-

x÷z=3t¥fj¥Ijh=¥tBYT+I&

thus
,
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Example 16.3.
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← improper since deg. num > degdenom

2x

Long division : 112-2×+5 2×3.4×2+10=2×3
-4×2+10×-1

0+1

oo. 2*4×Itz,Y+×gI = Zx + Xxi

⇒ 52×5,412*+05×+2 ax = Szxdxtsxsisdx
But x2 -2×+5 does not factor :

discriminant b24ac= 4-44×57<0

What to do ?

complete the square : X2 -2×+5=112-2×+1- 1 +5 = ( x - 1) 2+4

then 5×2*+5 dx = S k¥+4 dx ← this is an ardan in disguise
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⇒ S2*xyIztxtg×ttax = Szxdxtfxsisdx
= xzttsarclan # + C



PARTIAL FRACTIONS WITH REPEATED FACTORS

Once you have used long division to obtain a proper rational function, you need to factor its
denominator D(x).

Every polynomial can be factored into a product of linear factors (of the form ax+ b) and
irreducible quadratic factors (of the form ax

2
+ bx+ c where b

2
� 4ac < 0)

⇧ For each distinct linear factor of the denominator D(x) – which may be a repeated factor
(say, to the power r)

(ax+ b)

r

the partial fractions decomposition will have r terms corresponding to the factor
(ax+ b)

r:

⇧ For each distinct irreducible quadratic factor of the denominator D(x) – which may be a
repeated factor (say, to the power r) –
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Example 16.4.
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irreducible quadratic factor

linear factor # repeats 1 timerepeats1- time linear factor irreducible quadratic facto

repeats 3 times repeated 2 times

this integrand has the following partial fractions decomposition

o : a⇒a⇒3EIYyItE,=¥z+¥s+E⇒+¥⇒3+¥¥#+ 9x¥H÷'- Eatin

Now we need to solve for the constants A ,B,C,D,E , F. G. H
,

I ,J yikes !



Example 16.5.
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o : a+⇒usYaIYyItE,
= ¥2 + Its test ¥5,3 + ¥¥# + 9x¥H÷+EEtI#

In principle ,
this amounts to 10 equations in 10 unknowns . .

Let's imagine we did this bit of algebra .

Then what remains is evaluating these partial fraction integrals :

Sxftzdx = Alnkt 21 + K . f ,¥5d× = Bbn 1×-51 + K

S # pdx
= -4×-25
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Rtl is an irreducible quadratic factor
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EFFI =Ax¥t + FIT
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twice
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Example 16.6.
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⇧ integrating rational functions:
R
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a

ln |ax+ b|

R
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2+1dx = tan
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⇧ use long division to obtain a proper fraction
⇧ factor denominator into product of linear and irreducible quadratic factors
⇧ decompose integrand into its partial fractions

Exercises (Stewart, 8th ed.) §7.4, pg. 501 # 7, 9, 11, 15, 19, 21, 23, 27, 29, 39, 41, 43, 47
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get -- It 'It+¥
\# plugin # I :

repeats twice - ⇒ HDTKACOHBAXOHCCD
⇒ C =3

⇒ 2×+1 = ACHPTBXCKDTCX plugin #o :

⇒ 2( OHKAHPTBCOKDTCCO )
⇒ A=1

plugin At ,C=3,x=t :

⇒ 247+1=(1×-42+134×-2) -3

⇒ 13=-1
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