MATH 1009 TEST 3 - SOLUTIONS November 2019

Based on sections 4.1 - 4.5.

1. [9 Marks] Find the intervals where each function f is increasing and those where it is decreasing:
3 (a) fla)=c".

6] (b) f(@)=a® 62"

Solution:

(a) fl(z) =e> - (3—x2) = —*% < 0forallreal z. Thus, by the First Derivative Test, the function
is decreasing for z € R.

(b) f'(z)=32" — 122 =3x(x —4). f'(z) > 0 when & € (—00,0) or when = € (4,00), so f is
increasing on those intervals. f’(z) < 0 when z € (0,4), so f is decreasing there.

2. [ 12 Marks| The quantity demanded each week z is related to the unit price p by the demand
equation

z = f(p) = /400 — 5p = (400 — 5p)*/? (0 < p < 80).
pf'(p)
flp)

[9] (a) Is the demand elastic or inelastic at p = 40?7 at p = 607
[2] (b) For what price p is the demand unitary?
[1] (c) If the unit price is increased slightly from 40, will the revenue increase or decrease?

The elasticity of demand is given by the formula E(p) = —

Solution:

(a) We compute

Fo) = (VA= 5p)' = 3 (V0O =5p) ¥+ (-5) = e

—5
. , p. —_
Thus, E(p) = - f'(p) V400 —5p 5p

flp) 2400 -5p  2(400 —5p)’

5-40 1
E(40) = m =3 <1, so the demand is inelastic when p = 40.

E(60) = 2(4005_6;)60) = g > 1, so the demand is elastic when p = 60.
(b) E(p) = 2(41()6)517—5@ = 1 when 5p = 2(400 — 5p), 5p + 10p = 800, so for p = 800/15 ~ 53.3 the

demand is unitary.

(c) Since the demand is inelastic when p = 40, the revenue will increase if the unit price is increased
slightly from 40.



3. [ 19 Marks] Find and classify the critical numbers of the following functions:

22
6] (a) f(zr)= —22%+ 6x+ 23. 71 (b) g(z)= 2 : [6] (c) f(z)=1logs(5x? +4).

Solution:
(a) f(x) is a polynomial function, so its domain is the set of all real numbers. The only source of
critical numbers is the condition f’(z) = 0.

fl(x)=—62>4+6=—6(z>—1)=—6(x—1)(x+1)=0 when =1 or = —1.

As f'(z) > 0 for —1 <z < 1 and f/(x) < 0 otherwise, by the First Derivative Test, at © = —1 the
function has a local minimum and at x =1 - a local maximum.

(b) g¢g(x) is a rational function, defined on the set of all real numbers for which x — 3 # 0, that is,
x # 3.
J () = 4z(z — 3) — 222(1) _ 272 — 12z _ 2z(z— 6).
(z —3)? (=32  (z-3)?

The derivative ¢'(x) is not defined for z = 3. However, since x = 3 is not in the domain of g, the
number x = 3 is not a critical number of g.

d(x)=0 when =0 or z=6.

As f'(z) < 0for 0 < & < 6 and f'(z) > 0 otherwise, by the First Derivative Test, at x = 0 the
function has a local maximum and at z = 6 - a local minimum.

(c) The domain of f is the set of all real numbers, as 522 44 > 0 for all real z.

1 10
(z) = G )3 (522 +4) = m =0 when z = 0. The derivative is defined for

all real . Thus, the function has one critical number x = 0.

f'(x) > 0 when 2 > 0 and f’(x) < 0 when z < 0, which means that the derivative is changing its sign
at x =0 from ”-” to ”+”, and therefore, the function has a local minimum at x = 0.



