MAT3379 (Winter 2020)

Assignment 1 - Solutions

Q1. (8 points) Let {Z;} be independent normal random variables with mean 0 and variance 0. Let a,b,c be
constants. Which of the following processes are stationary? Evaluate mean and autocovariance function.

(a)
(b)
()

X; = Zycos(at) + Zy—1 sin(bt).
Xt =a+ bZt + Cthg.
X, = Z, 7.

Solution to Q1:

Note that E[ZtZt_;,_h] = E[Zt}E[Zt_A'_h] =0 for all h 7é 0 and

(a)

(b)

We have
E[X:] = cos(at)E[Z;] + sin(bt)E[Z;_1] =0

since E[Z;] = 0. Hence, the mean does not depend on ¢.
Also,

vx (t,t + h) = E[ Xt X¢4n] = cos(at) cos(a(t + h))E[Z: Ziyn] + sin(bt) sin(b(t + h))E[Zi—1 Ztyn—1]+
+ cos(at) sin(b(t + h))E[Z: Zi1h—1] + sin(bt) cos(a(t + h))E[Zi—1Z4n]-
For h = 0 we get
vx (t,t) = B[X?] = cos?(at)E[Z7] + sin®(bt)E[Z2_ ||+
+ cos(at) sin(bt)E[Z|E[Z;_1] + sin(bt) cos(at)E[Z;—1]|E[Z]
=cos?(at)o? + sin?(bt)o? + 0 + 0.

Hence, the variance depends on t - the sequence is not stationary.
Marking: This part will not be marked.
We have

E[X;| =Ela4+bZ; +cZ; 5] =a

since E[Z;] = 0. Hence, the mean does not depend on ¢.

Also,
vx (t,t) = Var[X;] =Var(a + bZ; + cZ;_») = b’0% + *o% (1)
Hence, the variance does not depend on t. Moreover,
Yx(t,t+1) = E[X: Xi41] —a®> = E[(a +bZ; + cZi_s)(a+bZiyq +cZi1)] =0 (2)
since none of the indices of Z agree.
Yx(t,t+2) =E[X;X¢11] —a®> = E[(a +bZ; + cZi_2)(a + bZs o + cZ;)] = beE[Z7] = beo, (3)

For h > 2 we have the same situation as for yx (t,t+ 1), the covariance is zero. This, together with (1)-(3)
implies that the covariance does not depend on t.

Stationarity follows.

Marking: 1 point for correct computation of the mean; 2 point for correct computation of covariance (you
must provide general formula for arbitrary h); 1 point for correct conclusion about stationarity. Total: 4
points.

We have
E[Xt] = E[Ztthl] = 0
since E[Z;] = 0. Hence, the mean does not depend on ¢. Also

vx(t,t+h) =E[X: Xiyn]| =B[22y 1 Ziih Zysh—1)-

1



If h = 0, then vx (t,t) = E[Z|E[Z?_,] = 0%0% = o*. If h > 1, then none of the indices t,t—1,t+h,t+h—1
agree. Hence, vx(t,t + h) = 0. Hence, the covariance function does not depend on ¢. Random variables
X, are uncorrelated (but dependent !). The sequence is stationary.

Marking: 1 point for correct computation of the mean; 2 points for correct computation of covariance (you
must provide general formula for arbitrary h); 1 point for correct conclusion about stationarity. Total: 4
points.

Q2. Let {Z;} be independent normal random variables with mean 0 and variance o = 1. Consider the sequence
X, =Z +(Z2,—1),t=1,2,....

e Show that E[X;] = 0.
e Show that E[X;X; 5] = 0 for h # 0. Hint: Note that F[Z}] = 0 since Z; are normal.

Solution to Q2:

We have
EX{|=FE[Z+ (Z} - 1) =E[Z)+E[Z}{]=0+1-1=0.
Next,

EXiXe1] = E{Z: + (22, = OVHZea + (27 = D}

= BE[ZiZi1] + E[Z}] - E[Z/]
+ E[Z}_\Zip) + B2} Z}) - E[Z} ]
— B[Z11] - BIZ{] +1

= E[Z}|E[Zi1] + E[Z}] — E[Z]
+ E[Z} \|E[Zin] + B[Z;_\)E[Z7) - E[Z7_))]
— E[Zi1] - E[Z7] +1

=0+0-0
+02x04+02x0 -0

—0—0?+1.
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We use independence, so for example E[Z} | Z;] = E[Z7_||E[Zy].

Marking scheme for Q2:

Marking: This part will not be marked.

Q3. Let {Z;} be independent random variables with mean 0 and variance o*. Let {Y;} be a stationary sequence
with a covariance function vy (h). Assume also that the sequences {Z;} and {Y;} are independent from each
other. Define X; = Y; Z;.

Verify that for h > 1 we have Cov(Xy, X¢45) = 0 and Cov(X7, X7, ) # 0 (at least not for all ¢ and h).

Solution to Q3:

Note that E[X;] = E[Y}]E[Z;] = 0. We have for h # 0,

’VX(t, t+ h) :COV(..X}7 Xt+h) = E[XtXt+h] = E[Zt]E[ZIH»h]ED/thFFh} =0.



On the other hand for h # 0,
vxz(t, ¢+ h) =Cov(X7, X7,p,) = E[XP X7 ] — BIXPIE[X?, ]
=BV JEIZF]E[ZE, )] — EIYA B[V, E[ZF]E[Z, )]
=0 {B[?Y2,] - BYZIE[Y2 ]} = 0% Cov(Y, VA ,).

Hence, whenever Y; is a dependent sequence, then Cov(Y}?, Y;ih) # 0 at least for some h # 0, so that yx=2(t,t+
h) # 0.

Q4. (2 points) Let {X;} be a stationary sequence with the covariance function yx(h). Let {Y;} be a stationary
sequence with the covariance function 7y (h). Assume also that the sequences {X;} and {Y;} are independent
from each other. Find the covariance function of X; + Y;.

Solution to Q4:

Assume for simplicity that E[X,] = E[Y;] = 0.
Yx+v (t,t+h) = Cov(Xy + Yy, Xoyn + Yign) = B(Xy + Y2) (Xen + Yign)]
= E[X¢ Xeyn] + E[XeYiin] + E[XenVi] + E[XepnYern] = vx(h) + 04+ 0+ 9y (h) .

Marking scheme for Q4:

Marking: 1 point for a partial answer, 2 points for full answer.

Q5. (2 points) Let {Z;} be independent random variables with mean 0 and variance 0. Determine if the following
processes are stationary and causal.
(a) Xt - O.QXt,1 + 0.48Xt,2 = Zt.
(b) X+ 1.6X,_1 = Z; — 0.42Z;_1 + 0.04Z,_».

Solution to Q5:

(a) The autoregressive polynomial is ¢(z) = 1—0.224-0.4822. The roots are (0.2—+/—1.88)/0.96 = 0.208—1.428i
and (0.2 + +/—1.88)/ = 0.208 + 1.428i. Modulus of both roots are larger than one, so that there is a sta-
tionary and causal solution.

Marking: 1 point for looking only at real solutions, 1 point for correct answer in the complex domain.
Total: 2 points.

(b) The autoregressive polynomial is ¢(z) = 1 —1.6z. The root is 1/1.6. Hence, the sequence is stationary but
not causal.

Marking: this part will not be marked.



