Discrete Mathematics for Computing M AT1348B

First Midterm Examination
8 February 2016
Prof. Philip J. Scott

Instructions. You must sign below to confirm that you have read, understand, and will follow them.

e This is an 80-minute closed-book exam; no notes are allowed. Calculators are not permitted.

e The exam consists of 11 questions on 10 pages. Page 11 contains a table of logical equivalences
for your convenience.

e Questions 1-6 are short-answer. Write the final answer in the appropriate answer box, and
briefly justify your answer where required.

e Questions 7-8 are true-false. In each part, you must circle the correct response. You need not
justify your answers.

e Questions 9-11 are long-answer. To receive full marks, your solution/proof must be complete,
correct, and show all relevant details.

e Be sure to read carefully and follow the instructions for the individual problems.

e For rough work, you may use the back pages. Do not use scrap paper of your own.
e Use proper mathematical notation and terminology.

e If you require clarification, raise your hand.

e Unauthorized electronic devices (such as cellular phones) are not permitted during this exam.
Such devices must be turned off completely and stored out of students’ reach. Students found
in possession of such a device during the exam will be asked to leave immediately and academic
fraud allegations may be filed.

LAST NAME:_ Soluhiens

First name:
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Short-answer questions — write your final answer in the answer box. Wherever indicated,
you must briefly justify your answers to receive full marks.

1. The truth table of a compound proposition P with atomic propositions A, B, and C' is
[2pts] as follows:

« ArBrC

4— AArBATC

<— WAABAIC
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IRl Nl Rl Rl Tl lve!
oA = = Q)
1RSI el Nl Reo Tl TiResT Rav!

Give a disjunctive normal form of P. Do not simplify your answer.

DNF- <A/\?>I\"IC>V @A\BA'IC) Vv (*IA A'B/\'\C.)

No justification is needed.

[2pts] 2. Complete the following definition:

A set {P,, P,, P3} is said to be consistent if Lo S N V-M\M _\/;

VA =VE)=VE)=T. Thd o, sonc wow o, W
-—\Am‘\-"\ -h“‘lolﬁ 'QL (Fl APz"?;) 3\\:\.&0 The Vabue T — . m’éVLM
?‘)?2,.?-3 Grne S| m-AQ,W\eouwl\f T $or sowie V‘\Q**é:k\N\ :

No justification is needed.
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[3pts] 3. Give an example of a proposition in propositional variables a and b that is:

e a tautology: (O... VA a) vb

Thorna aan W\wva TDSSLLL:

e a contradiction: C& Al a_) Ab AMNo W10

e a contingency aVv b

No justification 1s needed.

[2pts] 4. Consider the following atomic propositions:

N: “The system is operating normally.”
M: ”Messages are scanned for viruses.”
U: ”Software is being updated.”

7

F: “Users can access the file system.

Translate the following sentence into a compound proposition using propositional vari-
ables N, M, U, and F'. Parentheses are included to clarify the structure.

< (The system operating normally and software not being updated) is neces-

sary and sufficient for users to be able to access the file system >

only if messages are not being scanned for viruses.

Compound proposition.: ((N A u_> < ZF'> —> " I\/,

No justification is needed.
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5. On the Island of Knights and Knaves, as you know, there are two types of natives,
indistinguishable by sight: knights, who always tell the truth, and knaves, who always
[4pts] lie.

Strolling on the island, we meet two inhabitants A and B. Person A says: “Both of us

are knaves.” What can you conclude about the types (knight or knave) of persons A and
B?

Answer: A l_OT\M) B Kn.gl\j— )

Justification (write solutions in words—no truth tables. Be precise and clear):
Casel - A (¢ o Kﬂig\f_' A—s?e_alés T. -Bud' A SA\NS _ﬂr\l.\) are
bolh Cnaves X Coviradichion.

Case 2 - A is & fnare - A liea - Bt~ A Says y Knawe A BKnre
- S\nee “A Lnane ! wo &c:hl\l\”\l T ) L P enlite
S'\'Gj’ww'\' Fo b fadee "B vnane Lo Falas , SO

B st be & Wt g\T: CoNnst S'\‘BV\_‘_ \.

C A*\S o ¥Xnawa 5 B s a Kvu(gu-jj
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[4pts] 6. Is the following argument valid? If not, give a counterexample.
a—b
=(b + ¢)
Sooa = e
Answer: The argument is (circle): valid @
Counterexample (if applicable): 0=F b= T, C= R
o g=b vV W
Justification: Q “7‘0 J A (be>O) @)
A (b & C/\ / or T (ha=0) (3) 7
)
- (‘10\-70\ / 'lf\ feom ()
by
/\ 1c y
7~ fram
e 2T
7\ / . bl b
b ~b %) ab c é
nC <, ¢ C B Y“ >
l | \ X |
e A 1¢
Drm X 7
0 a be oa=b albec) a->¢
e i T
M:‘T T ¢ T ;
S A S v S
: Tl T‘: T T F £ Lo s exawp\ﬂ_
T EF T r ¥
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True-false questions. Clircle the correct response. No justification needed.

7. Consider an argument with premises P, and P», and conclusion C"

Py
P

Which of the following statements about the above argument are true and which are
[3pts] false?

(a) If P, A P, A —C is a contradiction, then the argument is valid. False

(b) If (P, V P,) — C is a tautology, then the argument is valid. False
(c) If the argument is valid, then {P;, P,, C'} is consistent. True

8. Let P be a complex proposition, and consider a complete truth tree with P at the root.
[4pts] Answer the following as true or false.

(a) If the truth tree for P has no closed branches, then P is a tautology.
True

(b) If the truth tree for P has no open branches, then =P is a tautolo
( True ) False

(¢) The number of complete open branches is equal to the number of counterexamples

to the statement “P is a contradiction”.
True @

(d) Each complete open branch corresponds to one or more counterexamples to the

statement “—P is a tautology”.
False



—

7@ ¥ Pl =T, Than ((P‘A-P;,_\A—IC> — F s a.‘l“m'\?hg\/
so (A = (hC—=F) A
So (PP —C SRR
T\\mwgw\m{—M velid.
(%) Swppmse GvE) = C Lo tame - We wwisl™ s
(RAR) —2C o Tt Supose PR <o Tams Thom (5ay)
P ois Fwa. 5o (JvRh) s tawe. B RV —C s tama
Homae C oo Tame L\] M2dus Ponema - @ AT =C s Tana .
(O oz \F P=F , Bial) > € o atwdilogy , so the
a/\éuw&\‘.{o valid, o™ 2P, %.,¢c3 o neasisTenl .

Q AVE haw wo cl9sad brmc‘v\&___\o"d- AVB s V_"El_

4/\3 o TMTD(»J\/ . ¢ Faloa -

() To cheek \F P 5 a'l‘mi\'a\oasp pul” ’l‘l? (e Jb\ o o Top of
N*\'reg_ . IF at\\ b\"kv\()«w AN C/[OS—-C( ) ) (5 o TMAYD“D(;\), __’ﬁ‘ig i
© The vunber ¢f complele 2pem Bramdhis b The niumber of
ValusRons | stace A or wwe VP bosamdnes \m‘\ékﬁ’ gimm S e
Vilumaton o . Fale
(&) Th © Avowe , ' Yhou ane opan  beancha Tn Yha Tour, eacln
OVUV\\orauv\(,(/\ s & veludin W\L\Lh\é P Tame (T Tp falon) .
So s C_M'\V\i\l\)\j o coumlen e—mfmp\o o “1? 2 a‘]‘m‘\‘o\oaxf "o

Sy T |

Recald ?v'l oo vdld eF <[?. /\PQ—»C> 1S u/\—@j—'b\%\) .
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Long-answer questions. Detailed solutions are required.

9. Prove the following using only the equivalences listed on Page 11. Justify each step by
g giving the number of the corresponding equivalence on Page 11. Do not skip steps or
[/ipts] combine several equivalences into a single step. Do not omit parentheses.

(aVb)/\'((a——)c)/\(bﬁc)) =(aVb)Ac

(&\Vb\ A ( (6\-*7C3/\ ((0’30\\ (1)
— (?LV\D\ A (@0\ Ve YA (“’1‘0\/(,\\ | | (13

]

(@Vb\/\ ( (C\/’m\\/\(c \/’\b\\ (13)
G A [ e v Garaby)

Ny

(20) (
= @L\,p)\/\ (c \V 'n(o\v(o\\
| (18)
= (@v\a\ A C \ v [ @) A - (au‘o,\\
(&)

z ((p\\/b\/\(l \\/ F

{
- (a\/\o\/\c 6
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[6pts] 10. Let P be the proposition ((z <> y) A (x — z)) — (y V z). Using an appropriate truth
tree, determine whether or not P is a tautology. If the answer is negative, give all
valuations making P false.

1 (((x@y) A (X —2)) —)6"’*)) ORd
<)(<—'>)l) ,\(X -z) v (2) z Feomr (D lgy 4
-\(\}\112-) v/ (3)
l
Q) 1 from
R A

(6) X<I—>7 (a.) \,\) ol .
(‘-}) A—>2V ’
@) ﬂx/\a Feon (@, )7 £
RS
o
VoA

X oMb atedilyf —

VI = - I L sFrea The
by =Vip=ve) = F t feool g

Answer: The proposition is a tautology (circle): True

All valuations making P false (if applicable): \f ( )() :'..\//\/) = \/(:L'\ = F -
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11. Recall that an integer m divides an integer n if n = km for some integer k.
[5pts]

Let m and n be positive integers. Give an indirect proof of the following theorem.
(Parentheses are included to clarify the structure of the statement.)

Theorem: If n is odd, then [m is odd or m does not divide n].
. L
Soakay t Bpine P "ol odd
/\/&é . ‘ \
2% Inis pdd
i
P . JE

ootk ’Pf\&a}fo Hen ce L G%une M (5\/ '\(} Ouoh
howy Yk ap follows - Mole. Yok “(i\/’W\ =g he (

Prool.  Aesume W i< oren wol I divicus
Hence w=2k, for some indeges Lo anol
n=_Lun {@QJ W0 In2 l‘m‘&%@\f L . Yo -

N=fwn = ze(zk\zg\(jk\:gg f/&( £=4L
Since £ amd e st (nkgprs <o is 4
Hewee (5 oen .

MM%@V\ HQ*P({)M (’75/\()5 "lP 0&(\60@% %g

%\\%S awv (ndaceck ?@Q? Q@ (‘>-> (g\\/ "N\
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Table of logical equivalences. You may detach this page.

(Note: I added the Domination Laws (8), (9) below, to simplify your calculations)

’ | Equivalence \ Name
) P=>Q = —PVQ
(2) P+Q = (PAQ)V (=P A-Q)
3 PoQ = (PoQAQ—P)
(4) Pv-pP =T Negation Laws
(5) PA-P = F
(6) PVF = P Identity /Unit Laws
(7) PAT = P
(8) PVT = T Domination Laws
9) PAF = F
(10) PvP = P Idempotent Laws
(11) PANP = P
(12) -—-P = P Double negation
(13) PvQ = QVP Commutative Laws
(14) PANQ = QAP
(15) [ (PVQ)VR = PV(QVR) Associative Laws
(16) | (PAQ)ANR = PA(QAR)
(17) | PV(QAR) = (PVQ)N(PVR) Distributive Laws
(18) | PA(QVR) = (PANQ)V(PAR)
(19) -(PANQ) = -PV-Q De Morgan’s Laws
(20) -(PVQ) = -PA-Q




