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Preface to the First Edition

Scholars have tried for many years to find the meaning of Hamlet’s last
words “The Rest is Silence?” in Shakespeare’s play. In a 2007 movie with
the same title as Hamlet’s famous quote, in the city of Bucharest of 1911,
a 19-year old actor decides to become a film director (an utopian dream
at the time), after realizing that cinema could save for eternity some of
the magic captured in a theater performance. The present book has been
born from the desire to give an answer to the very same question, that we
face at the end of each term when we finish teaching a course. Could it
be possible to save for the future generations of students some parts of the
vibrant atmosphere in the classroom and make them share this incredible
experience?

This manuscript has been developed from the authors’ lecture notes for
the course MAT 2379 “Introduction to Biostatistics” (and its former coun-
terpart MAT 2378 “Probability and Statistics for the Natural Sciences”),
that has been taught at University of Ottawa since 2003 to the present.
During the years, these notes have constantly evolved and been enriched
with more examples; this process will probably continue over the years to
come. However, most of the examples that are included in the book are
new and have not been used in the classroom before.

Unless a specific source of information is specified, all the examples in
the book are using hypothetical data. The examples are usually based on
a real-life situation, which is connected in a very simple way to the natural
sciences. Computer-generated data sets have been avoided, and simulation
results are not discussed.

The goal of the book is to introduce and explore the usefulness of various
statistical or probabilistic methods, by means of simple and non-technical
examples, allowing the reader to understand quickly the meaning of a newly
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introduced concept, and apply it later in a more complex situation. Some
of the examples used in the book are drawing the attention to various
problems of today’s world, related to environmental issues, climate change,
loss of biodiversity, and their impact on wild life and humans.

The book has two parts. Part I introduces the basic concepts and rules
of probability theory, while Part II focuses on statistics. This order re-
flects the authors’ philosophy that probability theory lies at the foundation
of statistics, and that it is important to understand the meaning of ran-
domness before doing any data analysis. This explains why the topic of
descriptive statistics is discussed only in Part II, and not at the beginning,
as it seems to be the common practice when teaching statistics.

In a 1914 address by Raymond Pearl to the American Statistical So-
ciety entitled “The Service and Importance of Statistics to Biology”, he
mentioned three important contributions of statistical methods to biology:
(i) to describe a group of individuals in terms of the group’s own attributes
and qualities; (ii) to measure the precision of an estimate with high confi-
dence; (iil) to measure the degree of association between the variations in a
series of characters or events (see [54]). These three fundamental methods
are discussed at length in the present textbook.

Biostatistics is an interdisciplinary subject which lies at the intersec-
tion of biology and statistics, and consists in the study of quantitative or
statistical methods applied to biology. This subject has a recent history,
its origins dating back to Francis Galton, a cousin of Charles Darwin, who
was interested in the problem of heredity. He used quantitative techniques
(such as fitting a line to describe the association between two variables), to
answer biological questions.

The field of biostatistics (also known as biometrics) was born in the
late 19th century and early 20th century, mostly out of the work of Karl
Pearson (the founder of the world’s first statistics department at University
College London) and Ronald Fisher (a pioneer in the field of experimental
design). Both Pearson and Fisher developed statistical methods to answer
questions from the biological sciences. In fact, the work of Gregor Mendel
went unnoticed for many years by biologists, since they were not used to
think in quantitative or statistical terms. It was Pearson and his peers that
rediscovered Mendel’s work, and the laws of inheritance.

The purpose of this book is to introduce the biology students to sta-
tistical reasoning and modeling, which are of critical importance to the
foundations of modern biology.

Ottawa, February 15, 2011



Preface to the Second Edition

Six years have passed since the writing of the first edition of the book.
During this time, we have been fortunate to teach the course MAT 2379
and its French counterpart MAT 2779 to over four thousand students. Many
of them expressed their gratitude for writing the book, and shared with us
valuable comments about its content. We are thankful to all of them. We
hope that the new edition will continue to be a useful tool in the learning
process of future generations of students. We would also like to thank
our colleagues Pierre-Jerome Bergeron, Catherine Dalzell, Aziz Khanchi,
Termeh Kousha, Rafal Kulik, Vladimir Pestov, M’hammed Mountassir,
Maryam Sohrabi, Chen Xu, and Mahmoud Zarepour, with whom we had
the pleasure to teach this multi-section course during this time.

This second edition contains the following changes, compared to the
first edition. We introduced a large collection of new problems as even-
numbered problems, and we included the answers to the odd-numbered
problems (which are mostly problems from the first edition of the book).
We shortened the probability part, the focus of the new edition being on
statistics. More precisely, we removed the sections on combinatorial meth-
ods and the Poisson distribution, and we added two new chapters on sample
size and power, respectively non-parametric methods. We re-wrote entirely
the section on the normal quantile-quantile plots, to provide a better under-
standing of this procedure. In the construction of the confidence intervals
and tests of hypotheses for one mean, or for the comparison of the means
of two independent populations, we removed the case based on the (unre-
alistic) assumption that the variance is known, and introduced instead a
discussion based on large samples. The chapter on regression was re-written
and simplified to be in-line with our current teaching practice. Finally, at
the end of most sections in the statistics part, we introduced a technol-

vii
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ogy component using the R programming language, which is the statistical
package that we use in our teaching.
Ottawa, January 15, 2017



Contents

Preface to the First Edition v
Preface to the Second Edition vii
Probability 1
1. Introduction to Probability 3
1.1 Interpreting Probabilities . .. ... ... ... ... ... 3
1.2 Tree Diagrams and Punnett Squares . ... ... ..... 6
1.3 Problems ... .... ... ... . ... ... 10
2. Axioms of Probability 15
2.1 Venn Diagrams . ... ... ... ... ... ....... 15
22 AdditionRule . . . ... ... oo 20
23 Problems . ...... .. ... L L. 22
3. Conditional Probability 27
3.1 Definition . ... ... ... ... o 27
3.2 Diagnostic Tests . . . ... ... ... ... ..., 30
3.3 Multiplication Rule . . . . ... ... ... .. ..., .. 32
34 Bayes’Rule . ... ... ... ... ... ... ... 34
3.5 Independence ... ... ... ... .. ... ... 38
3.6 Problems . .......... . ... . 42
4. Discrete Random Variables 51
4.1 Definition . . . ... ... o 51



X Ezxpect the Unezxpected: A First Course in Biostatistics
4.2 Binomial Distribution . . . ... ... ... ...
43 Problems . ...... ... ... ...
5. Continuous Random Variables
5.1 Definition . ... ... ... .. L.
5.2 Normal Distribution . ... ... ... ......
53 Problems ... ..... ... ... 0.
6. Supplementary Problems (Probability)
Statistics
7. Introduction to Statistics
7.1 Random Sampling and Data Description . . . . .
7.2  Sampling Distributions and Point Estimation . .
7.3 Assessing Normality . ... ............
74 Problems ... ..... ... . ... ...
8. Confidence Intervals
8.1 Confidence Intervals for the Mean: Large Samples
8.2 Confidence Intervals for the Mean: Small Samples
8.3 Confidence Intervals for the Proportion . . . . . .
84 Problems ... ..... ... ... ..
9. Hypothesis Testing
9.1 Hypothesis Testing for the Mean: Large Samples
9.2 Hypothesis Testing for the Mean: Small Samples
9.3 Hypothesis Testing for the Proportion . . . . ..
94 Problems . ...... ... ... L.
10. Comparison of Two Independent Samples

10.1 Study/Experimental Design . . . . ... ... ..
10.2 Confidence Intervals and Tests for Means: Large
Samples . . .. ... ... ... ...
10.3 Confidence Intervals and Tests for Means: Small
Samples . . .. ... ... ... ...
10.4 Confidence Intervals and Tests for Proportions .

81

83

83
96
104
110

119

119
126
131
135

141

141
149
154
158



Contents xi

10.5 Problems . . ... ... ... ... ... ... 183
11. Paired Samples 191
11.1 Confidence Intervalsfor uyp . . . . . . ... ... ... .. 191
11.2 Hypothesis Testing for up . . . . . . .. ... ... ... 194
11.3 Problems . .. .. ... ... ... ... .. ... 199
12. Categorical Data 207
12.1 Test of Independence . . . . . . ... ... ... .. .... 207
12.2 Test of Homogeneity . . . . ... .. ... .. ....... 212
123 Problems . . ... ... ... ... ... ... 218
13. Regression and Correlation 225
13.1 Sample Covariance and Correlation . . . . . ... ... .. 225
13.2 Least Squares Line . . .. ... ... ............ 230
133 Problems . ... ... ... ... ... ... 234
14. Supplementary Problems (Statistics) 243
141 Problems . . ... ... ... ... ... ... 243
Additional Topics 257
15. Sample Size and Power 259
15.1 Maximum Error of the Estimate . . . ... ... ... .. 259
15.2 Power of a Test of Hypotheses . . . . . . ... ... .. .. 261
16. Non-Parametric Methods 265
16.1 Inference Concerning the Median . . . . ... ... .... 265
16.2 Comparing Two Independent Populations . . . .. .. .. 270
17. Answers to Odd-Numbered Problems 281
18. Tables 287
Bibliography 293

Index 299



This page intentionally left blank



PART 1
Probability



This page intentionally left blank



Chapter 1

Introduction to Probability

Probability theory was developed in the 17th century, from the study of
games of chance by some French mathematicians, like Blaise Pascal and
Pierre de Fermat. It was not until the 20th century that people realize that
probability theory has deep connections with statistics, and can be used as
an explanation for the variability exhibited by data sets. The underlying
assumption is that the same unknown rules which make unpredictable the
result of a game of chance can be used for explaining the nature of this
variability. These rules have to do with the common underlying concept
of randomness. In this chapter, we explain the concept of randomness
and examine several methods for assigning probabilities to events. Then,
we explore the connections between the elementary theory of genetics and
probability theory, which allow us to calculate the chances associated with
the inheritance of certain genes.

1.1 Interpreting Probabilities

Statements about probabilities associated to various events are frequently
encountered in everyday life. For instance, when predicting the weather,
the news channels report the chances that a certain event (like rain) will
take place; before the election date, the possible outcomes of the election
are reported as percentages which represent the chances of winning for each
candidate. Some events could be perceived as more likely than others due to
the lack of proper information: since plane crashes are more often included
in the news than car accidents, one may be tempted to think that motor
vehicles are a safer mode of transportation than aircrafts.

It has become common knowledge that events which are unlikely to oc-
cur are associated with small probabilities, and events which are very likely
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to occur are associated with large probabilities. However, when dealing
with random events, it is important to realize that the fact that an event
has a small probability does not mean that this event cannot occur. A
blackout like the one of August 14, 2003, which left 55 million people in
Ontario and the Northeastern part of the United States without power, was
considered an unlikely event, until it happened.

In general, probabilities are associated only with events which arise in
situations when one cannot say with 100% confidence what the outcome will
be. For example, the outcome of a surgery varies from patient to patient,
and a physician cannot guarantee that the operation will be successful for
all the patients. The outcome in such situations is subject to randomness.

Definition 1.1. We say that a random experiment is an experiment
whose outcome is determined by chance and cannot be predicted with 100%
accuracy. The set S of all possible outcomes of a random experiment is
called the sample space. An event is a subset of S.

A classical example of a random experiment is flipping a coin. In this
case, there are only two possible outcomes: the coin lands on heads, or
tails. A medical operation can also be viewed as a random experiment,
which has several possible outcomes: the patient could recover entirely,
suffer side effects, need a second operation, or even die.

Definition 1.2. The probability of an event is a number between 0 and
1 (or a percentage), which represents the chance that the event will occur.

For instance, a dental surgeon estimates that the probability that a
patient recovers entirely after a wisdom tooth removal is 99.9%.

There are three methods for assigning probabilities to events:
1. The personal method

When using this method, the probability represents a person’s degree of
belief that the event will take place. This is a subjective method, because
it depends on the person’s access to relevant information, and ability to
assess the situation. It is the method that we use in real life when we are
faced with situations that we encounter only rarely.

For instance, a student has an idea about the probability that she will
have at least one job offer, after a series of interviews for a summer intern-
ship position. Without a map, a group of tourists can easily get lost in the
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Algonquin Park, and come up with different probabilities for the event that
a certain path will take them back to the camp site.

The problem with the personal method is that it does not have a scien-
tific basis, and therefore it is not accurate. It is certainly not the method
that will be used in this book. We mention it because of its wide applica-
bility.

2. The relative frequency method

To use this method, the random experiment has to be repeated a large
number of times. If in a sequence of n repetitions of the experiment, the
event A occurs f times, then the probability of A is defined as:

Example 1.1. In the study [11] regarding the injuries associated with the
use of Tasers (weapons that use electrical current), among the 1,000 cases
examined, 997 persons had mild injuries, and 3 persons had serious injuries
and needed hospitalization. The probability that a person will have serious
injuries after being shot by a Taser is 3/1,000 = 0.003.

Example 1.2. A neurologist noticed that among the 565 cases of epileptic
children who received a low dose of anti-epileptic medication, 32 reported
side effects to the medication. He concludes that the probability that this
medication will have side effects in children even when used in a low dose
is 32/565 = 0.057.

The relative frequency method is more accurate than the personal
method, but requires some prior information about the frequencies associ-
ated with the outcomes of the random experiment. The larger the number
n of repetitions, the more accurate the probability of the event A will be.

3. The classical method

This method is used when the random experiment has a finite number
of equally likely outcomes. We denote by n(S) the number of elements
in S. An event A can be regarded as a subset of .S, which contains n(A)

elements. The probability of the event A is defined as:
n(A)
P(A) = ——=.
(4) ()
Example 1.3. An animal shelter has received a litter of 5 kittens, which
consists of 3 males and 2 females. One of them is randomly selected for
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adoption. Since the 5 kittens are equally likely to be selected, and 2 of
them are females, the probability that the chosen kitten is a female is 2/5
= 0.4.

The classical method is very accurate, and can be used in a variety of
situations. These include examples from genetics that will be examined in
the next chapter.

1.2 Tree Diagrams and Punnett Squares

Initiated by Gregor Mendel’s 1865 landmark paper, genetics is one of the
areas where probability plays a crucial role. Mendel was the first who rec-
ognized the significance of statistical thinking in predicting the inheritance
of certain traits. His quantitative methods of counting large number of pea
plants with specific traits over several generations provided the basis for
the law of segregation, without which the modern theory of genetics would
not exist. In this section, we review Mendel’s laws, and their connections
with probability, as explained in [33].

Example 1.4 (Mendel’s example). Mendel began with purebred strains
of peas, i.e. strains that were bred only with themselves for many gen-
erations. He crossed purebred yellow-seeded with purebred green-seeded
plants. Though the peas resulting from this cross (called the F; genera-
tion) might have been a mixture between yellow and green, they all turned
out to be yellow. Mendel then planted the F; seeds and crossed the resulting
plants with one another to make a second generation F,. Remarkably, some
of the Fy seeds were yellow, but some were green, with the green/yellow
ratio close to 1/3: he obtained 2001 green seeds and 6022 yellow seeds in
F5. The other features Mendel studied showed the same pattern: in follow-
ing the flower color, he obtained 224 white plants and 705 purple plants in
F.

Mendel postulated that:

(i) Plants carry factors that determine the inheritance of each character
(e.g. seed color).

(ii) Each plant carries a pair of hereditary factors for each character, one
factor derived from each of its parents.

(iii) When a plant has two different factors, one of them is dominant (i.e.
its effect is visible) while the other is recessive (i.e. its effect is
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hidden).

Today we recognize that Mendel’s two factors are forms of a single gene
that determines the character, and we call them alleles of each other. When
both factors are the same, we say that the individual is homozygous; when
the two factors are different, the individual is heterozygous.

A specification of the genes that an individual carries is called the geno-
type. The expressed character of an individual is called the phenotype.

The major breakthrough of Mendel’s discovery (which became later a
solid base for explaining Darwin’s theory of evolution by natural selection),
can be summarized as follows: An organism can carry a genetic potential
that it does not exhibit!

Example 1.4 (continued). Mendel’s explanation for his results was the
following. Yellow seed color is dominant, while green seed color is recessive.
The purebred yellow seed carries two Y factors (YY), and the purebred
green seed carries two y factors (yy). These plants are homozygous. Since
the original plants contribute one factor for seed color, all the F; plants are
Yy, i.e they are heterozygous. Each plant in the F; generation produces
two types of gametes: half of them carry Y, and half carry y. (The fact that
the two genes segregate from each other, so that each gamete contains only
one of them is called “the law of segregation”.) These gametes combine at
random to produce one of the 4 combinations: YY, Yy, yY or yy. Among
these 4 combinations, 1 yields green seeds (yy), and 3 yield yellow seeds
(YY, Yy, yY). This explains the observed green/yellow ratio close to 1/3.

This experiment can be illustrated using a Punnett square (see Figure
1.1) or a tree diagram (see Figure 1.2).

Male Gamete

Female Gamete %Y | %y

JY Yy 1Yy
(yellow) | (yellow)

2Y Y vy
(yellow) | (green)

Fig. 1.1 Punnett square for Mendel’s experiment

Note that this diagram corresponds to the familiar chance operation
of flipping two coins, in which case the 4 equally probable outcomes are
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Female Male Offspring Offspring
Gamete Gamete Genotype Phenotype Probability

Y YY yellow 1/4
— Y, yellow  1/4
Y yY yellow 1/4
Yy
< green 1/4

) Yy

Fig. 1.2 'Tree diagram for Mendel’s experiment

HH,HT,TH,TT, where H = head and T = tail. Similarly, we can use the
same diagram for determining the children’s sex in a family with 2 children:
the 4 outcomes are MM, MF,FM, FF, where M = male and F' = female.

In general, many simple examples in genetics, dealing with equally likely
outcomes, can be represented using the tree diagram method. The idea is
simple: start with a common “root” and then draw one branch of the tree
for each possible outcome.

Example 1.5. This example examines the genetics of the A-B-O blood
system. Type A people have only A antigens on their blood cells and have
antibodies in their serum against type B blood cells. The opposite is true
for type B. Type AB people have both A and B antigens on their blood
cells. Type O people have neither A nor B antigens. The blood type is
determined by three alleles of a gene denoted by I. (This is an example of
a gene with multiple alleles.) The allele [ 4 determines type A antigens, I?
determines type B antigens, and i specifies no antigen at all. I4 and I8
are dominant over i, but I4 and I® are codominant with each other, i.e.
(a) a type A person can have genotype I4I14 or 44,

(b) a type B person can have genotype IBIB or I7i,

(c) a type O person has genotype i3,

(d) a type AB person has genotype I4I5.

A woman has type A blood and is heterozygous; hence, her genotype is
I4i. A man has type AB blood; hence, his genotype is I4IZ. To determine
the genotype of their child, we cross I4ix I4IB. We use the Punnett square
(see Figure 1.3) to illustrate the possible genotypes for the offspring, and
the associated probabilities. The phenotypes are between the parenthesis.
The child can have type A blood with probability 1/2, type B blood with
probability 1/4, and type AB blood with probability 1/4. Note that in this
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Male Gamete
Female Gamete ir4 ‘ 2158

%IA %IAIA %IAIB
(type A) | (type AB)

i it 1iIB
(type A) | (type B)

N[

Fig. 1.3 Punnett square for I4i x I4T5

case, the child cannot have type O blood: the probability that the child
has type O blood is 0. For this reason, blood types can sometimes be used
in cases of disputed paternity. The same conclusion can be reached using
the tree diagram (see Figure 1.4)

Female Male Offspring Offspring
Gamete Gamete Genotype Phenotype Probability

IA IATA type A 1/4

A
<I =" I upedn 1
; <IA iIA type A 1/4
IB iIB type B 1/4

Fig. 1.4 Tree diagram for I4i x I4IB

Sometimes, two or more genes are considered simultaneously. Mendel
performed such experiments in which he considered two characters together
(e.g. seed color and seed shape), and observed that the two alleles of the
two genes assort independently when gametes are formed. This is called
the law of independent assortment.

Example 1.6. In humans, the hair color is determined by a gene whose
allele for dark hair (D) is dominant over the allele for red hair (d), while
the eye color is determined by a gene whose allele for brown eyes (B) is
dominant over the allele for blue eyes (b). A women is red-haired and has
blue eyes; hence, her genotype is ddbb. A man is dark-haired and has brown
eyes, but he is heterozygous for both genes, i.e. his genotype is DdBb.
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To calculate the probability that their child is red-haired and has blue
eyes, we draw the Punnett square (see Figure 1.5) which gives all the pos-
sible genotypes and phenotypes for their child.

Female Male Gamete
Gamete ‘pp | ipv | 4B | idb
db 14D bB 14D bb 1dd bB Ldd bb
(dark hair, | (dark hair, | (red hair, (red hair,
brown eyes) | blue eyes) | brown eyes) | blue eyes)

Fig. 1.5 Punnett square for ddbb x DdBb

The 4 possible genotypes for the children are: dDbB, dDbb, ddbB and
ddbb. These are equally probable. Among these, only one corresponds to
a red-haired child with blue eyes (ddbb). Hence, the probability of a red-
haired child with blue eyes is 1/4. This can be illustrated by a tree diagram
(see Figure 1.6).

Female Male Female Male Offspring
(hair color) (hair color) (eye color) (eye color) Phenotype

B dDbB dark hair
D———b < brown eyes
b dDbb dark hair
—d blue eyes
B ddbB red hair
d—b < brown eyes
b ddbb  red hair

blue eyes

Fig. 1.6 Tree diagram for ddbb x DdBb

1.3 Problems

Problem 1.1. Rabbits injected with human blood cells develop antibodies
against antigens on the human cells. These antibodies help identify two
types of antigens, called M and N. Cells from a person with type M blood
induce the rabbits to make anti-M antibodies. Cells from a person with
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type N blood induce the rabbits to make anti-N antibodies. Every person
has blood of type M, type N, or type M N (which contains both antigens).
The gene of this character is called L (in honor of Karl Landsteiner) and
has two alleles denoted by L™ and LY, which determine the type M and
type N antigens, respectively. The two alleles are codominant. A person
with type M blood has genotype LM LM a person with type N blood has
genotype LV LY ; a person with type M N blood has genotype LM LY. Use
a Punnett square or a tree diagram to illustrate all the possible genotypes
and phenotypes of the offspring and the associated probabilities, in the
following cases:

(a) the woman and the man have type M N blood;

(b) the woman has type M blood and the man has type M N blood;

(c) the woman has type M blood and the man has type N blood.

Problem 1.2. In humans, the presence of freckles is a dominant trait, and
their absence is a recessive trait. The eyebrow shape is also a genetically
inherited trait, with separated eyebrows being dominant and joined eye-
brows being recessive. In a couple, the woman has freckles and separated
eyebrows, and she is heterozygous for both traits. The man does not have
freckles but he has joined eyebrows. What is the probability that their
offspring has freckles and separated eyebrows? Draw the tree diagram or
Punnett square to justify your answer.

Problem 1.3. A chemical called phenylthiocarbamide (PTC) tastes very
bitter to some people (tasters) but is tasteless to others (non-tasters). This
character is hereditary, the taster allele (T") being dominant over the non-
taster (t) allele. Another hereditary trait is albinism, the absence of pig-
ments in skin, hair, and eyes. The gene determining skin pigmentation
has two alleles: a dominant allele (A) for normal skin pigmentation, and a
recessive allele (a) for albinism. Use a Punnett square or a tree diagram
to illustrate all the possible genotypes and phenotypes of the offspring and
the associated probabilities, in the following cases:
(a) the woman and the man are heterozygous for both genes;
(b) the woman is a heterozygous taster and an albino, and the man is a
non-taster and is heterozygous with normal skin pigmentation;
(c) the woman is a non-taster and an albino, and the man is homozygous
dominant for both genes.

In each case, calculate the probability of an albino non-taster offspring.

Problem 1.4. The wood lemming (Myopus schisticolor) is a species of
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rodents that is found mainly in China, Finland, Mongolia, Norway, Rus-
sia, and Sweden. Wood lemmings are peculiar since they produce more
females than males. This phenomenon has been observed in the wild and
also in captive stocks (see [25]). In most mammals there is an XY sex-
determination system. The sex of an individual is determined by a pair of
sex chromosomes. The chromosome type for a female is XX and for a male
is XY. However, it has been postulated that there is an X-linked mutant
gene in the wood lemming population. This mutant gene suppresses the
male determining effect of the Y chromosome, which means that the off-
spring will be female. We denote by X* the X chromosome with the mutant
gene. Males are all XY, females are XX, X*X or X*Y. There are no X*X*
females, since males cannot transmit an X* chromosome. Females with the
chromosome type XX or X*X are called MF females, while females X*Y
are called F females. Note that the females cannot produce Y gametes, so
an F female will only produce X* gametes.

(a) We cross a normal female (XX) with a male (XY). What is the prob-
ability that the offspring will be a male? Draw a tree diagram or Punnett
square to justify your answer.

(b) We cross an MF female with the mutant gene (X*X) with a male (XY).
What is the probability that the offspring will be a male? Draw a tree
diagram or Punnett square to justify your answer.

(c) We cross an F female (X*Y) with a male (XY). What is the probability
that the offspring will be a male? Draw a tree diagram or Punnett square
to justify your answer.

Problem 1.5. The authors of [44] studied the frizzle character of fowls.
A frizzled fowl has genotype F'F, a normal fowl has genotype ff and a
fowl with genotype F'f is slightly frizzled. This is an example of codomi-
nant alleles. Use the Punnett square or the tree diagram to illustrate all
the possible genotypes and phenotypes of the offspring and the associated
probabilities, in the following cases:

(a) both parents are slightly frizzled;

(b) only one parent is slightly frizzled and the other is normal;

(c) only one parent is slightly frizzled and the other is frizzled.

Problem 1.6. Epistasis is a process that explains how gene interaction can
affect phenotypes (see [47]). Consider an example of epistasis which was
explained by the authors of [20]. The color of the flower of a pea plant can
be purple or white, and is affected by two genes C' and P which control
the biochemistry of the plant. The flower is purple only if the dominant
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allele for both genes C' and P are present.

(a) List all the possible genotypes for a pea plant with white flowers.

(b) Use the Punnett square or the tree diagram to illustrate all the pos-
sible genotypes and phenotypes (and the associated probabilities) of the
offspring resulting from the cross of two pea plants with genotype CcPp.
What is the probability that the offspring has purple flowers?

Did you know? Gregor Johann Mendel was an Augustinian monk,
who lived in Brinn, Austria (now Brno, Czech Republic), and had two
interests outside the religious life: botany and statistics. He discovered the
Mendelian laws of inheritance (which later led to the development of gene-
tics) by patiently crossing pea plants in the monastery garden, and carefully
recording the results. In 1865, he published his findings in a respectable (but
rather obscure) journal called Proceedings of the Natural History Society
of Briinn. Mendel died in 1884 without knowing the importance of his
crucial discovery. In 1900, the same laws of inheritance were rediscovered
independently by 3 other botanists: Hugo de Vries, Karl Correns, and Erich
Tscermark. All three gave credit to Mendel, and published their work as a
simple confirmation of a discovery made by an unknown monk decades ago.

More details about this amazing story from the history of science can be
found in [6].
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Chapter 2

Axioms of Probability

In the previous chapter, we were interested in calculating the probability of
a single event A. In this chapter, we study some simple techniques which
allow us to calculate the probabilities associated to two or more events
which may occur simultaneously.

2.1 Venn Diagrams

The Venn diagram is a graphical method used in elementary set theory
for representing subsets of a set S. This method is useful for illustrating
situations in which we consider two or more events, each event A being
regarded as a subset of the set S of all possible outcomes of a random
experiment.

The idea is to represent the set S as a large rectangle, and a subset A as
the region inside a closed curve in this rectangle. (The particular shape of
the curve is not important.) This closed curve is called the Venn diagram
of A.

We denote by A’ the event that A fails, and we say that A’ is the
complement of A. Note that A’ is represented by the region outside the
same closed curve which is used for representing A.

Note that

1= P(S) = P(A) + P(A"). (2.1)

Example 2.1. A woman and a man are heterozygous for the gene which
determines to eye color. Since the allele (B) for brown eyes is dominant
over the allele (b) for blue eyes, both man and woman have genotype Bb.
Similarly to Example 1.4, the offspring has a probability of 1/4 of having
blue eyes (i.e. the genotype bb), and a probability of 3/4 of having brown

15
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A/

Fig. 2.1 The shaded region represents the event A

eyes (i.e. the genotype BB of Bb). Suppose that this couple has 3 children.
We are interested in calculating the probability of the event A that they
have at least one child with blue eyes.

The complement A’ of A is the event that all 3 children have brown
eyes. Hence

n_ 3 3 3 27
PAY =111 &
Using (2.1), it follows that:
271 37
PA)=1- il 0.578.

Let us consider two events A and B. We denote by AN B the event
that “A and B occur”, and A U B the event that “A or B occur”. (The
word “or” is understood in the non-exclusive sense, i.e. the possibility that
A and B occur simultaneously is permitted in the event AU B.)

Suppose first that A and B cannot occur simultaneously. In this case,
A N B is the impossible event, denoted by (), and the events A and B
are called mutually exclusive. The Venn diagrams of A and B are not
overlapping.

We have:

P(AUB)=P(A)+P(B) if AnB=0.

The simplest example of mutually exclusive events are A and A’. Since
AUA =S, we say that A and A’ form a partition of S.

In general, we say that events A;, As, ..., Ay form a partition of S, if
A; and A; are mutually exclusive for any ¢ # j, and

AlUAzU"'UAk=S.
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Fig. 2.2 The Venn diagrams of mutually exclusive events A and B

Example 2.2. Among Canadians, 42% have type A blood, 9% have type
B blood, 3% have type AB blood, and 46% have type O blood. A new
patient is admitted into a hospital and needs a blood transfusion. We are
interested in the event that this patient has blood of type A or type B.

We denote with A, B, C' and D the events that the patient has the blood
type A, B, AB, or O, respectively. These 4 events form a partition of S.
To represent them, we draw the Venn diagrams of only 3 events (say A,
B and C), using 3 non-overlapping curves, the region outside these curves
representing the 4-th event.

Fig. 2.3 Mutually exclusive events A, B, C, D, which form a partition of S

The desired probability is
P(AUB) =P(A)+ P(B) =0.42+0.09 = 0.51.
Note that the event AU B is the complement of C U D. Since P(CUD) =
P(C)+ P(D) =0.03 + 0.46 = 0.49, we could have argued also that
P(AUB)=1-P(CUD)=1-0.49 = 0.51.
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We consider now two events A and B which may occur simultaneously.
In this case, the Venn diagrams representing A and B are overlapping (see
Figure 2.4).

Fig. 2.4 The Venn diagrams of events A and B which may occur simultaneously
We distinguish several regions, which correspond to different events:

e The region in the middle represents the event ANB (see Figure 2.5).

A B

ANB S

Fig. 2.5 The shaded region represents the event AN B

e The shaded region on the left represents the event “A occurs and B
does not occur”, denoted by ANB’ (see Figure 2.6). The probability
of this event is linked to the probability of A by the following
relation:

P(A)=P(ANB)+P(ANB').

Example 2.3. Consider a certain male population in which 48% are smok-
ers, 5.5% have lung cancer and 4.9% are smokers with lung cancer. A ran-
dom individual is selected from this population. Let A be the event that
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Fig. 2.6 The shaded region represents the event A N B’

0.006

0.049 S

Fig. 2.7 The probabilities associated to the events AN B’, AN B and B'N A

this individual is a smoker and B be the event that the individual has lung
cancer. We know that P(A) = 0.48, P(B) = 0.055 and P(A N B) = 0.049.

The probability that the randomly chosen individual is a smoker who
does not have lung cancer is:

P(ANB') = P(A) — P(AN B) = 0.48 — 0.049 = 0.431.

The probability that the randomly chosen individual has lung cancer but
is not a smoker is:

P(BNA') = P(B) — P(AN B) = 0.055 — 0.049 = 0.006.

Example 2.4. The percentage of people with diabetes in the Canadian
aboriginal population is estimated to be higher than in the general popula-
tion. A sample of 1,500 persons was randomly selected from the Canadian
aboriginal population. Among these, 220 were diagnosed with diabetes and
reported having a family physician, and 75 were diagnosed with diabetes,
but reported not having a family physician. Calculate the probability that
a randomly chosen Canadian aboriginal has diabetes.
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Let A be the event the person has diabetes and B be the event that the
person has a family physician. We know that P(A N B) = 220/1, 500 and
P(AN B')=175/1,500. Hence.

220 75

+ —— =0.197.

P(A)=P(ANB)+P(ANB') = 7500 T 1500

2.2 Addition Rule

When the events A and B are not mutually exclusive, the Venn diagram of
the event AU B is the closed curve obtained by joining the Venn diagrams
of A and B. The region situated outside this curve corresponds to the
complement of AU B, which is the event A’ N B’.

A B

—

A'NB

Fig. 2.8 The shaded region represents the event AU B

The probability of the event AU B (“A or B occurs”) can be calculated
using the following addition rule:
P(AUB) =P(A)+ P(B) — P(ANB). (2.2)

To justify this rule, recall that the possibility that both A and B occur
is permitted in our definition of the event A U B. Therefore, the event “A
or B occurs” means

e cither A and B occur simultaneously;
e or A occurs, but B does not occur;
e or B occurs, but A does not occur.

The three possibilities listed above correspond to the mutually exclusive
events AN B, AN B’ and BN A’. These 3 events form a partition of AU B,
and therefore:

P(AUB)=P(ANB)+ P(ANB')+ P(BNA'). (2.3)
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On the other hand, we have seen in Section 2.1 that
P(A)=P(ANB)+P(ANB)
P(B)=P(ANnB)+P(BNA).

Taking the sum of the previous two equalities, we obtain:

P(A)+ P(B)=2P(ANB)+ P(ANB')+ P(BNA').

Subtracting P(A N B) from both sides of this equality, we get:

P(A)+ P(B)— P(ANB)=P(ANB)+ P(ANB' )+ P(BN A"). (24)

Relation (2.2) follows from (2.3) and (2.4).

Example 2.5. In sub-Sahara Africa, one child in three suffers from mal-
nutrition. In the same region, one in five children are born HIV positive,
due to the transmission from the mother to the newborn. Ten percent of
the children population of this region suffers from both conditions.
A child is randomly selected from this population. We are interested in
the probability that the child suffers from either one of these conditions.
Let A be the event that the child suffers from malnutrition and B be

the event that the child is HIV positive. We know that
1 1 1
P(A) = P P(B) = 5 P(ANnB) = 10
The probability that the child is malnourished or HIV positive is:
1 1 1 13
P(AUB)=P(A)+ P(B)—P(ANB) = 3 + 5 10" 30 = 0.433.
Note that the probability that the child suffers from neither one of these

conditions is:

P(A'NB)=1-P(AUB)=1-0.433 = 0.577.

The addition rule can also be used to calculate P(A N B), since from
(2.2), we deduce that

P(ANnB)=P(A)+ P(B)— P(AUB).

Note that the complement of A N B is the event A’ U B’, which says that
“either A or B fails”.

Example 2.6. The symptoms of the seasonal flu include fever (in 90%
of the population), and muscular pain (in 80% of the population). When
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infected with the flu virus, 95% of the population has either one of the two
symptoms.

We calculate the probability that a patient with the seasonal flu has
both symptoms. Let A be the event that the patient has fever, and B be
the event that the patient has muscular pain. We know that

P(A)=0.90, P(B)=0.80, P(AUB)=0.95.
The desired probability is
P(AnB)=P(A)+ P(B)— P(AUB) =0.90+ 0.80 — 0.95 = 0.75.

2.3 Problems

Problem 2.1. Due to an inappropriate nutrition program, the chicken
in a large poultry farm have developed some nutritional diseases. It is
estimated that 2% of the poultry have the fatty liver syndrome, a condition
characterized by obesity and an enlarged fatty liver, and 3% suffer from cage
layer fatigue, a condition which results in soft bones, similar to osteoporosis.
4% of the chickens have either one of the conditions, but not both.

(a) Find the percentage of chicken which have both conditions.

(b) A chicken is randomly selected from this farm. What is the probability
that it has neither one of the two conditions?

Problem 2.2. Historical records between 1977 and 2012 indicate that the
daily average temperature for the month of January in the city of Ottawa
is frigid (i.e. below —9°C) 51% of the times. Light snow (between 1-
5 cm) is the most common type of precipitation, and is encountered with
probability 68% in this month. Assuming that 35% of days in January have
frigid temperature and light snow, what is the probability that a randomly
chosen day in January has temperature above —9°C without light snow?

Problem 2.3. The official languages in Canada are English and French.
Ottawa is a multicultural city whose residents have a diverse linguistic
background. According to a 2006 Statistics Canada census, 59.9% of the
residents of the city of Ottawa speak English and do not speak French,
1.6% speak French and do not speak English, and 1.3% speak neither one
of the official languages.

(a) What is the percentage of the city of Ottawa residents who speak English
or French (including both)?

(b) What is the probability that a randomly chosen resident of the city of
Ottawa speaks both official languages?
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Problem 2.4. In the study [74], 268 women with breast cancer were fol-
lowed up for at least two years after the initial diagnosis. In this study,
87 women suffered from inoperable locoregional recurrent disease, 140 from
distant metastases and 41 from both.

(a) What is the probability that a randomly chosen woman in this study
suffered from inoperable locoregional recurrent disease, but did not have
distant metastases?

(b) What is the probability that a randomly chosen woman in this study
suffered from distant metastases, but did not have inoperable locoregional
recurrent disease?

Problem 2.5. The Rideau Canal connects the Ottawa River with Lake
Ontario. In the winter, a section of 7.8 km of the canal which passes through
the city of Ottawa is open for public skating, being the world’s largest
naturally frozen skating rink. Typically, it takes 10 to 14 days of continuous
cold temperature (—15 degrees Celsius or colder) to form safe ice, which
would allow the canal to be open for public skating. Meteorological data
collected during the past 40 years shows that, during the 120 days of winter
season, on average, the canal was open for public skating for 50 days, and
the weather was sunny for 54 days. On average, a winter season would have
33 sunny days when the canal is open for public skating.

(a) What is the probability that on a randomly chosen day during the
winter season, the canal is open for public skating, but the weather is not
sunny?

(b) What is the probability that on a randomly chosen day during the
winter season, the weather is sunny, but the canal is not open for public
skating?

Problem 2.6. A large percentage of the trees in British Columbia have
been affected by forest fires or western spruce budworms in recent years. It
is estimated that 75% of the forest remains in healthy condition, 12% has
been devastated by a fire but not by budworms, and 5% has been damaged
by budworms but not by fires. What is the probability that a randomly
chosen tree has been affected by both fires and budworms?

Problem 2.7. Consider a population of subjects such that 23% have a
certain disease, 19% have been exposed to a certain risk factor, and 31%
have been exposed to the risk factor or have the disease. What is the
probability that a subject from this population

(a) has been exposed to the risk factor and has the disease?
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(b) has been exposed to the risk factor, but does not have the disease?
(c) has the disease, but has not been exposed to the risk factor?

Problem 2.8. Consider 1150 students that were enrolled in both Biology
and Chemistry. Among these students only 50 got an A+ in Chemistry.
However, 375 students got an A+ in Biology. There were 45 students that
got an A+ in both Biology and Chemistry. We select a student at random
from these 1150 students.

(a) What is the probability that the selected student got an A+ in Biology
but not in Chemistry?

(b) What is the probability that the selected student got an A+ in Chem-
istry but not in Biology?

(c) What is the probability that the student did not get an A+ in Biology
or did not get an A+ in Chemistry?

(d) What is the probability that the student got an A+ in at least one of
these two courses?

(e) What is the probability that the student did not get an A+ in Biology
and did not get an A+ in Chemistry?

Problem 2.9. Consider 16 gallons of genetically modified tomatoes. Sup-
pose that 75% of these tomatoes have an increased resistance to pests, 50%
were engineered to have a longer shelf life, and 30% have an increased re-
sistance to pests and were engineered to have a longer shelf life. If one
of these tomatoes is randomly selected, compute the probability that this
tomato

(a) has an increased resistance to pests, but was not engineered to have a
longer shelf life;

(b) has an increased resistance to pests or was engineered to have a longer
shelf life;

(c) does not have an increased resistance to pests, but was engineered to
have a longer shelf life;

(d) does not have an increased resistance to pests and was not engineered
to have a longer shelf life.
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Problem 2.10. Some parents are permissive regarding the alcohol con-
sumption and the cigarette use by their adolescent children. Assume that
13% of the parents permit the cigarette use in the house, 8.5% of the par-
ents permit the alcohol consumption in the house, and 6% of the parents
permit both cigarette use and alcohol consumption in the house. In a ran-
domly chosen house, what is the probability that the parents permit:

(a) the use of at least one of the two substances;

(b) the cigarette use, but not the alcohol consumption;

(c) the consumption of alcohol, but not the cigarette use?

Did you know? In 2008, the Rideau Canal (a waterway located in On-
tario, Canada) was declared a World Heritage Site by UNESCO (source:
http://whe.unesco.org/en/list). It is a series of lakes and rivers stretch-
ing from Kingston in the south to Ottawa in the north, and connected by
man-made canals and locks. The canal was opened in 1832 and the locks
are still operating much as the they were when first opened. The waterway
spans a distance of 202 km. The Rideau Canal was build for military pur-
poses, allowing the British forces to defend the colony of Canada against
the United States of America. It is an alternate route from Lake Ontario
to the St. Lawrence river that flows to the Atlantic Ocean. Lieutenant-
Colonel John By (a British military engineer), the architect of the Rideau
Canal, decided to create a slackwater canal system, flooding rapids rather
than bypassing them with canal cuts. In doing so, he created many lake and
marsh environments, home to hundreds of species of plants and animals
(source: http://Rideau-Info.com). The greatest post-canal change took hold
at the north end of the canal. The community thrived, became the City of
Ottawa in 1855, and was chosen as the site of Canada’s national capital
by Queen Victoria in 1859. Every winter since 1971, the National Capital
Commission (of Canada) maintains the ice surface of the Rideau Canal
(in Ottawa), making it the largest skating rink in the world. The skate-
way spans a distance of 7.8 kilometers. It is a great way to see some of
Ottawa’s attractions, or quickly commute to work or school. In fact, both
authors enjoy skating on the Rideau Canal to travel the 5 kilometers be-
tween the University of Ottawa and Carleton University (both universities
are located in Ottawa, Ontario, Canada).
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Chapter 3

Conditional Probability

In this chapter we introduce the concept of conditional probability. Of-
ten we want to restrict the focus of the study or want to compute the
probability of an event with access to partial information. In such cases
we are interested in conditional probabilities. We will also see that condi-
tional probabilities can be used as a tool to simplify the computation of a
probability in some cases.

3.1 Definition

We motivate the concept of conditional probability by way of a few exam-
ples.

Example 3.1. In Ontario, legal fishing requires a fish to actively strike and
bite on a hook. Hooking a fish anywhere else on the body is considered foul-
hooking and the fish must be released. We are interested in the probability
that an angler will unintentionally foul-hook a fish in a particular bay.
Furthermore, we believe that the use of a jig instead of live bait might
increase the chances of unintentional foul-hooking. During a fishing season
we interview some randomly selected anglers. The data is presented in
Table 3.1.

Table 3.1 Foul-hooking fish

Foul Hook
Fishing Method | No Foul Foul Total
Jig 35 20 55
Live Bait 41 4 45
| Total | 76 24 [[ 100 |

27
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Using the relative frequency approach we can estimate the probability
of foul-hooking a fish in this bay as 24/100 = 24%. Does the use of a jig
affect this probability? We only consider the hooked fish with the condition
that a jig had been used. Out of the 55 fish that were hooked with a jig,
only 20 were foul-hooks. We estimate the probability of foul-hooking a fish
in this bay, given that a jig is used, as 20/55 = 36.4%. It appears that the
use of a jig will increase our chances of foul-hooking.

Example 3.2. The authors of [40] studied the germination of different
species native to Australia. Germinability was expressed as a percentage
of viable seeds that germinated after 10 days. Germination was defined as
the time of emergence of an embryo through the seed coat. Some of the
data is presented in Table 3.2.

Table 3.2 Germination of 95 different species

Germinability
Germination Speed | Low Intermediate High || Total
Fast 14 4 4 22
Medium 36 22 2 60
Slow 6 13 4 23
[ Total | 56 39 10 [ 105

We can use these data as a probability model to describe the actual
germination in Australia. We select a species at random and hence we can
assume that each of the 105 species are equally likely. The probability that
the species has high germinability is P(A) = n(A)/n(S) = 10/105 = 0.095,
where A = “high germinability”. Does the germination speed affect this
probability? If we narrow our focus to species with a fast germination speed,
then intuitively, the probability of high germinability should be 4/22 =
0.182, since 4 of the 22 species in this class are classified as high. Within
the event B = “fast germination speed”, the probability that A will occur
is
4 n(AnB) n(ANB)/n(S) P(ANB)

n(B) n(B)/n(S) P(B)

The preceding examples bring us to the following definition.

Definition 3.1. Let B be an event with P(B) > 0. The conditional
probability of an event A, given that the event B has occurred is defined
as

P(ANB)

PAIB) = =55
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It is often useful to think of the statement “given the event B” as
an indication that B plays the role of the sample space. Consider again
Example 3.2. The probability of A = “high germinability” given C =
“medium germination speed” is

(ANnCQC) 2/105 2

P
PAIO) = =@ = soj105 ~ 60°

For a fixed event B, it can be shown that the function P(:|B) is a
probability function. For example, we can use the complement rule. If
the probability of foul-hooking given the use of a jig is 0.364, then the
probability of no foul-hooking given the use of a jig is 1 — 0.364 = 0.636.

Example 3.3. The species drosophila melanogaster (also known as the
fruit fly) is a commonly used model organism in biology classrooms. In
the early 20th century Thomas Hunt Morgan described many mutations
in drosophila (see [2]). For example, Morgan was the first to observe the
white eye mutation in drosophila. The normal eye color is red.

We study a population of drosophila in which 25% of the flies have
curly wings and 2% of the flies have purple eyes. Furthermore, 1% of the
flies have both mutations. If we select a fly at random and this fly has
curly wings, what is the probability that it also has purple eyes? Let E =
“purple eye mutation” and W = “curly wing mutation”, then the answer
is the following conditional probability:

P(ENW) 001

PIEW) = =5y ~ 025

= 0.04.

Note that this probability is not equal to the proportion of the purple-
eyed flies that have curly wings, which is
PWnNE) 0.01

= ——=0.5.

PWIE) = P(E) 0.02

In the previous example we see that P(A|B) is not equal to P(B|A). As
it is pointed out in [3], it is a common mistake of students to confuse the two
probabilities. To avoid this mistake it is important to properly interpret the
probability within the context of the problem. In Example 3.3, P(W|E) is
the proportion of the purple-eyed flies that have curly wings, while P(E|W)
is the proportion of the curly-winged flies that have purple eyes.
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3.2 Diagnostic Tests

In this section, we show that conditional probabilities are useful to assess
the performance of diagnostic tests.

A diagnostic test is a tool that is used to assess the presence or absence
of some condition. For example an enzyme immunoassay is often used as
an initial screen for HIV detection. Hair analysis is another example of a
diagnostic tool that is used in the fields of forensic toxicology, environmental
toxicology and occupational health (see [49)]).

A unit (called a subject if the unit is human) is said to be positive if it
has the condition of interest, e.g. the subject has the disease. A negative
unit means that the condition is absent. Most diagnostic tests are not
perfect. The test result can be negative or positive. If the test result is
positive but the unit is negative, then we say that it is a false positive. A
false negative is a negative test result for a positive unit.

We can assess the performance of a diagnostic test with its sensitiv-
ity, specificity, positive predictive value and negative predictive value. In
Table 3.3, a population of subjects are cross-classified according to the pres-
ence or absence of the condition, and also according to their test result.

Table 3.3 Results for a diagnostic test
True Condition

Test Result Positive (Uy)  Negative (U-)
Positive (T4 ) 9.5% 1.8%
Negative (T-) 0.5% 88.2%

We consider a diagnostic test as sensitive if it is highly likely to react
(i.e. give a positive result), when exposed to the appropriate stimulus (i.e.
the unit is truly positive). We define the sensitivity of the diagnostic test
as the conditional probability of obtaining a positive test result, given that
the subject is a true positive:

sensitivity = P(Test + |True+) = P(T4|Uy).

In our example, the sensitivity is P(T'|Uy) = 9.5%/(9.5% + 0.5%) = 95%.
This means that 95% of the subjects with the disease have been correctly
classified.

The false negative rate is defined as the conditional probability of ob-
taining a negative test result, given that the subject is a true positive:

false negative rate = P(Test — |True+) = P(T_|U4).
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This is denoted by 8. Note that 8 = 1 — P(T%4|U4), which is 5% in our
example. This means that 5% of the subjects with the disease have a
negative test result.

A good diagnostic test has to be sensitive, but also specific. We do not
want the test to be likely to react (i.e. give a positive result), when the
condition is absent. We define the specificity of the diagnostic test as the
conditional probability of obtaining a negative test result given that the
subject is a true negative:

specificity = P(Test — |True—) = P(T_|U_).

In our example, the specificity is P(T_|U_) = 88.2%/(88.2% + 1.8%) =
98%. This means that 98% of the subjects without the disease are correctly
classified.

The false positive rate is defined as the conditional probability of ob-
taining a positive test result given that the subject is a true negative:

false positive rate = P(Test + |True—) = P(Ty|U-).

This is denoted also by a. Note that o =1 — P(T_|U_). In our example,
this is 2%. This means that 2% of the subjects without the disease have a
positive test result.

A good diagnostic test has to be sensitive and specific. However, we
still do not have the whole picture. Of most interest to the subject and
the physician is his/her chances of having the disease given that the test
result is positive, or his/her chances of not having the disease given that the
test result is negative. The corresponding metrics are the positive predictive
value (PPV), which is the probability that a subject is a true positive, given
that this person has a positive test result:

PPV = P(True + |Test+) = P(U.|T}),

and the negative predictive value, which is the probability that a subject is
a true negative, given that this person has a negative test result:

NPV = P(True — |Test—) = P(U_|T-).

In our example, the positive predictive value is PPV = P(UL|Ty) =
9.5%/(9.5% + 1.8%) = 84.1% and the negative predictive value is NPV =
P(U_|T-) = 88.2%/(88.2% + 0.5%) = 99.4%.
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3.3 Multiplication Rule

In some circumstances it might be easy to compute P(A|B). If we also
know P(B), then we can use the definition of conditional probability and
find P(A N B). We get the following multiplication rule:

P(AN B) = P(A|B)P(B).

The multiplication rule is a technique of “conditioning”. Above we
are conditioning on the occurrence of the event B. However, we can also
condition on the occurrence of the event A and obtain:

P(AN B) = P(B|A)P(A).

Example 3.4. People with Rh Negative blood of type O are considered
universal donors because patients of all blood types can receive their blood.
It is estimated that 46% of all Canadians have type O blood. Among these
type O donors, about 15% are Rh Negative. We use the multiplication rule
to determine the proportion of Canadians who have Rh Negative blood of
type O. Define the events O and Rh— as “type O blood” and “Rh negative”,
respectively. We know that P(O) = 0.46 and P(Rh — |O) = 0.15. Hence,
the probability that a Canadian has both type O blood and is Rh negative
is

P(ON Rh—) = P(Rh — |0)P(0)
= (0.15)(0.46) = 0.069 (or 6.9%).

Example 3.5. Surfactants (also known as “wetting agents” ) can be used on
hydrophobic soil to allow water to penetrate and be absorbed. In particular,
wetting agents are used by golf course superintendents for fighting localized
dry spots.

To compare the effectiveness of a few surfactants, we assign randomly
the surfactants to experimental units (i.e. soil samples). Suppose that
there are 10 experimental units (labeled 1 through 10), and that we select
randomly one at a time for the assignment. What is the probability that
we will first choose unit 5, and then unit 47

Let A be the event that unit 5 is chosen in the first selection, and B be
the event that unit 4 is chosen in the second selection. If unit 5 was chosen
first, then unit 4 is one possible result for the second selection among the
9 remaining units. Thus, it is reasonable to take P(B|A) = 1/9. By the
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multiplication rule, the probability that we will first choose unit 5 and then
unit 4 is

P(ANB) = P(B|A)P(A) =

1
1090

Nl i

Many processes of interest involve more than 2 events. The multiplica-
tion rule can be extended to three or more events as follows:

P(A1N---NAn) = P(A1)P(As|A1)P(A3|A1NAz) - - P(An] A1 0 - -0 An_1).

Example 3.6. In the study of population health and risk assessments, we
often select a sample of subjects from a target population. The sampling
is carried out through stages. For example, our sampling scheme might
involve selecting a few cities, then selecting a few streets from these cities,
and then selecting one household from each of the selected streets.
Suppose that our household is one among ten on Bass Avenue, which
is a street in the city of Pike. The investigators use a sampling design that
selects the city of Pike with a probability of 20% and if the city of Pike
is selected, then Bass Avenue is selected with a probability of 5%. What
is the probability that our household is chosen to take part in the study?
Since we are selected only if our household, street and city are selected
simultaneously, the probability that our household is selected is

P(“Pike”) P(“Bass”| “Pike”) P(“our house”|“Bass” N “Pike”)
= (0.2)(0.05)(0.1) = 0.00L.

We end this section with a few examples that use a tree diagram to
help us visualize conditional probabilities. To build the diagram think of
the multiplication rule in steps. The tree diagram, in Figure 3.1 is an
illustration of our application of the multiplication rule in Example 3.6.

0.2 0.05 0.1
Pike Bass Our House

Fig. 3.1 Tree diagram: visualizing the multiplication rule

Example 3.7. Beginning in the 1950s Kettlewell performed a series of
experiments involving peppered moths (Biston betularia) in England (see
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[41]). Following the industrial revolution, the darker colored moths became
abundant, while the lighter colored moths became rare. He alleged that
pollution made the darker moths almost invisible to predatory birds, while
the lighter moths became conspicuous. One would expect a larger propor-
tion of the lighter moths to fall prey to these birds. This is an example of
selective predation by birds.

In a polluted forest, Kettlewell marked and released 630 male moths:
21.7% were light-colored and 78.3% were dark-colored. The released in-
sects were recaptured by assembling to females and at light traps. The
proportions of recaptured insects are 13% of the light-colored moths and
27% of the dark-colored moths. We select one of the 630 released moths at
random.

0.13 recaptured
0.217 light —_

0.87 not recaptured

0.27 recaptured
0.783 dark -

0.73 not recaptured

Fig. 3.2 Tree diagram: peppered moths

Let R be the event that we recapture the moth, L be the event that
the moth is light-colored and D be the event that the moth is dark-colored.
The probability that we recapture the moth is

P(R)=P(RNL)+ P(RND)=(0.217)(0.13) + (0.783)(0.27) = 23.96%.

The conditional probability that we recapture the moth, given that it is
dark-colored is P(R|D) = 0.27. The darker moths have a slightly larger
probability of being recaptured.

3.4 Bayes’ Rule

Often the sample space S is partitioned into & mutually exclusive events
FEy, E,,...,Er and we are interested in the probability of another event
B. If we know the marginal probabilities P(E;) and the conditional prob-
abilities P(B|E;) for i = 1,...,k, then we can combine these quantities to
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obtain the probability that B occurs. This is known as the total probability
rule:

P(B)=P(BNE,)+ P(BNE3)+---+ P(BNE)
= P(B|Ey) P(E1) + P(B|Ez) P(Ey) + - -+ + P(B|Eg) P(Ek).

E; Ey, - Ex

BC >

Fig. 3.3 Partitioning the sample space

Example 3.8. Beech trees are abundant in Central Europe. Some beech
trees develop “red heartwood” which reduces the timber quality (see [42]).
Suppose that in a particular forest, 25% of the beech trees are young, 30%
of the trees are moderately aged and 45% of the trees are old. Furthermore,
1% of the young trees develop “red heartwood”, while the “red heartwood”
rates for the moderately aged and old trees are 25% and 90%, respectively.
The probability that a randomly chosen tree in this forest has formed a

“red heartwood” is

P(R) = P(R|Y) P(Y) + P(R|M) P(M) + P(R|O) P(O)
= (0.01)(0.25) + (0.25)(0.3) + (0.9)(0.45) = 0.4825.

Here R denotes “red heartwood” and Y, M and O denote ”young”, ”mod-
erately aged” and ”old”, respectively.

We might want to reverse the conditioning, that is we want to know
P(E;|B) for some j. Bayes’ rule shows us how to compute this quantity.
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Bayes’ rule is

P(E;|B) = % (by definition)
_ P(B|E;) P(E;) e
= P(B) (by the multiplication rule)

_ P(B|E;) P(E;)
~ P(B|Ey) P(Ey) +--- + P(B|Ey) P(Ey)’

Example 3.8 (continued). After cutting a tree, we realize that the tree
has formed “red heartwood”. What is the probability that the tree is old?

Using Bayes’ rule, we compute
P(R|O)P(O) (0.9)(0.45)

P(O|R) = PR) = oason = 08394,

In the next example, we see that the total probability rule and Bayes’
rule can be used to combine information from different studies.

In practice, the computation of the positive (negative) predictive value
is a two-step process. First, from a study population we can estimate
the sensitivity and the specificity of the diagnostic test. However, for many
studies the prevalence of the disease for the study population is not the same
as the prevalence of the disease for the target population. So the second
step is to estimate the prevalence of the disease in the target population
with another study. (The prevalence of a disease is the percentage of the
population who has the disease.)

Example 3.9. [Diagnostic Tests] Suppose that we have 50 subjects with
the disease and 50 subjects without the disease. We give the diagnostic
test to all the subjects. Among the subjects with the disease, 48 obtained a
positive test result. There were only 4 positive results among the subjects
without the disease. A summary of the data is found in Table 3.4. A
person is selected at random among the 100 subjects. We denote U, the
event that the person has the disease, U_ the event that the person does
not have the disease, T the event of a positive result and 7_ the event
of a negative result. The sensitivity P(T4|Uy) = 48/50 = 96% and the
specificity P(T_|U-) = 46/50 = 92% of the test for the study population
can be used as estimates of the same metrics for the target population.
Since the subjects were chosen randomly within their respective subpop-
ulation (with and without disease), we should not use the study population
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to estimate the probability that a subject has the disease. Another study
is needed. Suppose that 500 subjects from the target population are ran-
domly chosen and that 45 have the disease. The probability that a subject
has the disease is P(U;) = 45/500 = 0.09.
Using Bayes’ rule, the positive predictive value for this test is
P(T,|U4)P(Uy)
P(Ty|U4)P(Uy) + P(TL|U-)P(U-)
(0.96)(0.09)
= == V. 42 .
(0.96)(0.09) + (1 — 0.92)(1 —0.09) _ 427
Example 3.10. [Diagnostic Tests and Rare Diseases] We consider
data from Table 3.3. The sensitivity is P(T%|U+) = 0.095/(0.095+0.005) =
0.95 and the specificity is P(T_|U-) = 0.882/(0.882 + 0.018) = 0.98. Con-
sider a population with a prevalence of the disease of only 0.5%. The
positive and the negative predictive values are
P(T,|U+)P(Uy)
PPV =P(U,|T,) =
Ut = P U P + P00 PO
(0.95)(0.005)

PPV = P(UL|Ty) =

= 0.95)(0.005) + (1 — 0.98)(1 — 0.005) _ 1927
and respectively we get
P(T_|U_)P(U-)
NPV = P(U_|T.) =
U-12) = P10 P, + PT_U)PU-)
_ (0.98)(1 — 0.005) — 09007,

(1 —0.95)(0.005) + (0.98)(1 — 0.005)

Despite the fact that the test has high sensitivity and specificity, because
the disease is rare the positive predictive value of the test is small. In this
example there is a big chance of not having the disease even if the test
result is positive.

We end this section with an example from genetics.

Example 3.11. Consider a gene with two alleles A and a, that is not linked
with sex. We cross two mice with genotypes Aa. A male offspring that

Table 3.4 Results for a diagnostic test

Diseased  Non-diseased
Test + 48 4
Test — 2 46

| Total [ 50 50 I
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resulted from this cross is crossed with a female with genotype Aa. This
new pair has an offspring with the dominant trait. What is the probability
that the father is heterozygous?

We denote by H, HR, HD the events that the father is heterozygous
(i.e. its genotype is Aa), homozygous recessive (i.e. its genotype is aa),
and homozygous dominant (i.e. its genotype is AA), respectively. From
Example 1.4, we know that P(H) = 1/2, P(HR) = 1/4 and P(HD) =
1/4. We denote by D the event that the father has an offspring with the
dominant trait. Note that P(D|H) = 3/4, since when we cross Aa x Aa,
3 of the 4 possible offspring genotypes correspond to an offspring with the
dominant trait. P(D|HR) = 1/2, since when we cross Aa X aa, 1 of the
2 possible offspring genotypes gives rise to an offspring with the dominant
trait. Finally, P(D|HD) = 1, since when we cross Aa x AA, all offsprings
have the dominant trait.

The probability that the offspring has the dominant trait is

P(D)=P(D|H)P(H)+ P(D|HR) P(HR) + P(D|HD) P(HD)
31,11, 1.3
4 2 2 4 4 4
By Bayes’ rule, the probability that the father is heterozygous given

that he has an offspring with the dominant trait is
P(DIH)P(H) _ (3/4)(1/2) 1

P(HID) = P(D) ~ 3/4 2

3.5 Independence

In this section, we introduce the concept of independent events. Often we
are interested in the association between events. For example, does the
flu shot change the chances of contracting the flu? If not, we say that the
event of contracting the flu is independent of receiving the flu vaccine. We
begin with the formal definition of independent events and then motivate
this definition with a few examples. We end the chapter by generalizing
the notion of independent events to a collection of more than two events.

Definition 3.2. The events A and B are (statistically) independent if
P(ANB) = P(A) P(B).

One can show that if two events A and B are such that P(A) > 0 and
P(B) > 0, then the following statements are equivalent.
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(1) P(ANB) = P(A) P(B);
(2) P(A|B) = P(A);
(3) P(B|A) = P(B).

By definition, if the equation from statement (1) holds, then the events
A and B are independent. Since we cannot condition on an event if it has
a probability of zero, statement (1) is more general. Furthermore, as we
will see at the end of the chapter, statement (1) is easier to generalize.
Statements (2) and (3) mean that the given event does not contain any
information concerning the other event, in the sense that the probability of
the event of interest does not change even if the other event has occurred.
This leads us to a more appealing interpretation of independence. So, if
the probability of contracting the flu remains unchanged even if someone
receives the flu shot, then we say that the events of getting the flu shot and
contracting the flu are independent.

Example 3.12. Consider the foul-hooking Example 3.1. Are the events
F = “foul-hooking” and J = “use of jig” independent? Using the data
and the relative frequency approach, we found that: P(F) = 24% and
P(F|J) = 36.4%. Since P(F) # P(F|J), the events F and J are not
independent. It appears that the use of the jig will increase the chances of
foul-hooking a fish.

Note that we do not actually know the true probabilities. Estimation
of probabilities (that is population proportions) is discussed in Section 7.2.
In Section 8, we discuss ways to measure the error of this estimation in a
probabilistic sense. In Chapter 12, we introduce a test for independence.
Using this test, we will be able to assess the strength of our evidence against
independence.

Example 3.13. [Sampling Without Remplacement] According to the
Ontario Ministry of the Environment, approximately three million Ontari-
ans depend on wells for their supply of safe drinking water. Consider a small
rural community of fifteen households, in which five households have high
sodium content in their wells. Select two of these households at random
without replacement. Let A; be the event that the i-th selected household
has a well with high sodium content, for i = 1, 2.

We verify that the events A; and As are not independent. The prob-
ability that the first well has a high sodium content is 5/15. Given that
the first well has a high sodium content, the conditional probability that
the second well has a high sodium content is P(Az|A41) = 4/14 = 0.2860.
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However, the (unconditional) probability that the second well has a high
sodium content is

P(A) = P(A; N Ay) + P(A; N AY)
= P(A2|A1)P(A1) + P(A2|A})P(A7)
4 5 5 10 1
=TT ﬁ'1—5—§—0.3333.
Since P(Az) # P(Az|A1), the events A; and Ag are not independent.

Example 3.14. [Sampling Without Remplacement from a Large
Population] Refer to Example 3.13. We consider now a larger community
of 300 households. We assume that the proportion of households with a
high sodium content in their wells is the same as in Example 3.13. If the
first selected well has a high sodium content, then the probability that the
second well has a high sodium content is P(Az|A4;) = 99/299 = 0.3311. The
(unconditional) probability that the second well has a high sodium content
is

P(A2) = P(A2 N Ay) + P(A2 N A7)
= P(A2|A1)P(A1) + P(A2|A7)P(AY)
99 100 100 200 1
=299 300 " 299 300 3 0%

Notice that the difference between the conditional and unconditional
probabilities is smaller for this larger population. Consider the same ques-
tion with 3000 households. Then, P(A3]|A1) = 999/2999 = 0.3331 and
P(A2) = 1/3 = 0.3333. The statistical dependence between the two trials
becomes negligible as the size of the population becomes larger.

When sampling from a large population the statistical dependence be-
tween the trials is often negligible. In this case, it is reasonable to consider
the trials as independent. The independence of the trials is considered as
an underlying assumption of the probability model.

Example 3.15. It is estimated that 46% of Canadians have type O blood
and that 15% of Canadians are Rh Negative. Suppose that these are inde-
pendent events. The proportion of the Canadian population who has Rh
Negative blood of type O is

P(0-) = P(O)P(Rh—) = (0.46)(0.15) = 0.069 = 6.9%.
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Example 3.16. [Linked Genes and Independent Assortment] We
are interested in two different genes, say A and B, and we cross two organ-
isms each with the genotype AaBb. Mendel’s Law of Independent Assort-
ment states that the alleles of different genes assort independently of each
other during gamete formation. This is actually only true for genes that
are not linked to each other.

Assuming that the two genes are not linked, compute the probabil-
ity that an offspring has the genotype aabb. When considering only
one gene, the cross of two heterozygote parents results in an offspring
with a recessive phenotype with a probability of 0.25. By independence
P({aabb}) = P({aa})P({bb}) = (0.25)? = 6.25%.

In 1913, Alfred Sturtevant, an undergraduate student who worked with
Thomas Hunt Morgan, crossed drosophila with genotype RrWw, where R
= red eyes (r = vermilion eyes) and W = long wings (w = rudementary
wings) (see [63]). He observed that 4 out of 458 (that is 0.09%) offspring
have rudimentary wings and vermilion eyes. It appears that wing length and
eye color are linked, since the data is not consistent with the calculations
from our model assuming independent assortment.

We now extend the notion of independence to a collection of two or
more events.

Definition 3.3. The events A, A, ..., A, are (mutually) independent
if for any sub-collection of events A;,, A,, ..., Ai,, we have

P(Ai, N A, N--- N Ayy) = P(Aiy ) P(A3y) - -~ P(Ayy).

Fundamental understanding of the random process under study com-
bined with a good judgement enables us to determine when it is sensible
to assume that events are independent. If we can assume that certain
events are independent, then we can easily compute the probability that
all events occur simultaneously, by multiplying the probabilities of the in-
dividual events.

The following property is useful in applications. Let A;, Ag,..., A, be
independent events. We construct a new collection of events as follows. Let

B; be either A; or A, for i = 1,...,n. In other words, we keep an event, or
we replace it with its complement. Then, By, Bs,..., B, are independent
events.

In particular, if A and B are independent, then

e A and B’ are independent;
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e A’ and B are independent;
e A’ and B’ are independent.

Example 3.17. A particular medical procedure has an 85% success rate.
Four patients undergo the procedure. What is the probability that the op-
eration is successful for all four? What is the probability that it is successful
for at least one of the patients? What is the probability that only the first
operation is successful?

We assume that the results of these operations are mutually inde-
pendent. Let A; be the event that the i-th operation is successful, for
i = 1,2,3,4. By independence, the probability that all the operations are
successful is P(A; N---N Ay) = P(A;)--- P(As) = (0.85)* = 0.5220. The
probability that at least one of the operations is successful is

P(AjU---UAy) =1—-P[(A1U---UAY) | =1-P(A]N---NAY)
=1-P(A})---P(A})) =1—(1-0.85)* = 0.9995.

The probability that only the first operation is successful is P(A4; N A5 N
Al N A}) = (0.85)(0.15)% = 0.0029.

3.6 Problems

Problem 3.1. One of the objectives of the study [67] was to estimate the
probability of developing lung cancer by the smoking status, based on the
incidence rates of lung cancer in the Canadian population between 1987
and 1989. It was found that 17.2% of the male smokers and 11.6% of
the female smokers will eventually develop lung cancer. In the non-smoker
category, 1.3% of the males and 1.4% of the females will develop lung cancer.
Knowing that 52.2% of the male population are smokers, and 28.4% of
the female population are smokers, find the probability of developing lung
cancer for males and females, respectively.

Problem 3.2. Sleep apnea is a sleep disorder in which breathing stops
repeatedly during sleep. Typical symptoms for this disorder include restless
sleep (symptom A) and excessive sleepiness during the day (symptom B).
In a large clinical study, 56% of the patients (group 1) had both symptoms A
and B, 21% patients (group 2) had symptom A but not B, 19% of patients
(group 3) had symptom B but not A, and 4% patients (group 4) did not
have either one of the symptoms A and B. The percentages of patients
with sleep apnea in the four groups were: 60% (group 1), 45% (group 2),
35% (group 3), and 3% (group 4).
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(a) What was the percentage of patients with sleep apnea in this study?
(b) Using the data in this study, what is the probability that a patient with
sleep apnea has symptom A?

Problem 3.3. The nuchal translucency test is a special ultrasound scan
which is widely used as a screening test for Down’s syndrome in early
pregnancy. The test measures the fluid under the skin at the back of the
baby’s neck and can be used to determine the risk of having a baby with
Down’s syndrome. The following table gives the test results for a sample
of 1,000 pregnant women, with the age between 35 and 40:

Down Syndrome Baby Normal Baby || Total
Test + 3 50 53
Test - 2 945 947
| Total 5 995 | 1,000 |
Calculate:

(a) the false positive rate and false negative rate of the test;
(b) the sensitivity and specificity of the test;
(c) the positive predictive value and negative predictive value of the test.

Problem 3.4. B-type Natriuretic Peptide (BNP) is a substance secreted
from the ventricles of the heart. Patients with heart failure tend to have
BNP blood levels which are higher than normal. A blood BNP level above
750 pg/mL seems to be associated with congestive heart failure (CHF). In
the study [48], there were 321 patients who went to the emergency depart-
ment with acute dyspnea (shortness of breath) had the BNP blood test.
Among the 134 patients with CHF, 120 had BNP levels higher than 750
pg/mL. In the remaining group of 187 patients who did not have CHF, only
49 had BNP levels higher than 750 pg/mL.

(a) Calculate the rates of the BNP blood test (i.e. the sensitivity, speci-
ficity, false positive rate, false negative rate, PPV and NPV).

Hint: Assume that a patient with CHF is a true positive and a BNP blood
level higher than 750 pg/mL is a positive test.

(b) What is the probability that a patient will have a CHF, if his/her BNP
blood level is higher than 750 pg/mL?

Problem 3.5. A screening test which measures the level of a prostate spe-
cific antigen (PSA) is a commonly used tool for the detection of prostate
cancer. Men with PSA levels greater than 10 (ng/ml) have a chance of 67%
of prostate cancer, whereas men whose PSA levels are between 4 and 10
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have a 25% chance of having prostate cancer. For those whose PSA levels
are below 4, the risk of developing prostate cancer is only 5%. Suppose
that 15% of men have PSA levels greater than 10, 10% of men have PSA
levels between 4 and 10, and 75% of men have PSA levels lower than 4.
(a) What is the probability that a randomly chosen man will develop
prostate cancer?

(b) What is the probability that a randomly chosen man has a PSA level
greater than 10, given that he has prostate cancer?

Problem 3.6. In the 1960s, Warner [70] and Greenberg [32] proposed ways
to maintain the confidentiality of the respondent on a survey question by
using a technique called randomized responses. If a question concerns a sen-
sitive issue (e.g. criminal behavior), the respondent might not be truthful.
If we can convince the respondent that the answer will be confidential, then
this person may answer truthfully. Warner proposed that a question con-
cerning a sensitive issue be formulated as a question with Yes/No question
and that the respondent be offered the question and its negation. Suppose
that we would like to estimate the prevalence of bullying in a high school.
We then ask the student the following two questions:

(A) Have you bullied a classmate in the last two years? (Yes/No)
(B) Have you not bullied a classmate in the last two years? (Yes/No)

We ask the respondent to throw a die and answer version (A) of the question
if the result on the die is 1, and version (B) otherwise. Since we do not
know the result on the die, we cannot tell if the respondent has answered
version (A) or version (B) of the question. Assume that the respondents
are answering truthfully.

(a) Suppose that the probability that a respondent has bullied a classmate
in the last two years is 13%. What is the probability that the respondent
will answer “Yes” to the question.

(b) Suppose that the probability that a respondent has bullied a classmate
in the last two years is p. Express p as a function of the probability of
answering “Yes” to the question.

(c) Suppose that 275 out of 395 respondents answered “Yes” to the question.
Approximate the probability that a respondent has bullied a classmate in
the last two years.

Problem 3.7. A simple urine test was developed for a particular disease.
A study involved 200 patients with the disease and 100 patients without
the disease. Among the patients with the disease 197 had a positive result,
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while there were only 8 positive results among the subjects without the
disease.

(a) Calculate the false positive rate and false negative rate of the test.

(b) Calculate the sensitivity and specificity of the test.

(c¢) Assuming that the prevalence of this disease is 15%, compute the posi-
tive predictive value and negative predictive value of the test.

(d) Assuming that the prevalence of this disease is 1%, compute the posi-
tive predictive value and negative predictive value of the test.

Problem 3.8. Consider a multiple choice question on an exam with 5
choices. Assume that about 15% of the students will simply guess the
answer, i.e. pick one of the 5 choices randomly. If a student attempts to
find the correct answer without guessing, then the probability of choosing
the correct answer is 80%.

(a) What is the probability that a student chooses the correct answer?

(b) What is the probability that a student was not guessing, given that this
student chose the correct answer?

Problem 3.9. Sickle cell anemia is a genetic blood disorder. Two alleles
are important for the inheritance of sickle cell anemia: the sickle allele (S)
and the normal adult haemoglobin allele (A) (see [38]). Individuals with two
normal A alleles (AA) have normal hemoglobin. Those with two mutant
S alleles (SS) develop sickle cell anemia. Those who are heterozygous for
the sickle cell allele (AS) produce both normal and abnormal hemoglobin.
The heterozygotes are said to have the sickle cell trait. Individuals with
the sickle cell trait or anemia are more resistant to malaria. Consider a
population in which 20% of the individuals have a sickle cell allele.

(a) Assume that in a certain region, the probability of dying of malaria
is 15% for individuals that do not have the sickle cell allele, and 2.5% for
individuals with a sickle cell allele. What is the probability of dying of
malaria in this region?

(b) If an individual from this population dies from malaria, what is the
probability that this individual had a sickle cell allele?

Problem 3.10. 85% of the adults living in a region are non-smokers, and
24% are non-smokers with emphysema (a chronic lung disease). What is the
probability that a randomly selected person in this region has emphysema,
given that this person is a non-smoker?
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Problem 3.11. About 5% of the population has a cardiovascular disease.
Suppose that 75% of the individuals with a cardiovascular disease are not
aware of their condition. Compute the probability that an individual from
this population has a cardiovascular disease but is not aware of it.

Problem 3.12. Monozygotic (or identical) twins develop from a single
fertilized egg that splits in half. Dizygotic (or fraternal) twins develop from
two fertilized eggs. It is known that 22% of twins are monozygotic and all
other twins are dizygotic. In the monozygotic case, the twins have to be of
the same gender, and the probability that both twins are females is 50%.
In the case of dizygotic twins, this probability is 25%.

(a) What is the probability that in a randomly selected pair of twins, both
are females?

(b) If a couple has a pair of female twins, what is the probability that these
twins are monozygotic?

Problem 3.13. Tuberculosis is a rare disease in developing countries.
However, it is the most common cause of death in HIV-positive adults liv-
ing in these countries (see [18]). Consider a country in which 0.045% of its
adult population has tuberculosis. It is estimated that 8% of all tuberculo-
sis cases in this country are co-infected with HIV. Compute the probability
that a randomly selected adult from this country has both tuberculosis and
HIV.

Problem 3.14. Refer to Problem 3.13. It is estimated that 0.16% of the
adult population in this country without tuberculosis is infected with HIV.
(a) Compute the probability that a randomly selected adult is infected with
HIV.

(b) Given that a randomly selected adult is infected with HIV, compute
the probability that this adult is co-infected with tuberculosis.

Problem 3.15. It is known that in Canada, the blood types have the
following distribution: 46% O, 42% A, 9% B, 3% AB. A randomly chosen
Canadian receives a blood transfusion. Knowing that O is a universal donor,
A can donate only to A and AB, B can donate only to B and AB, and AB
can donate only to AB, what is the probability that the transfusion is not
successful?

Problem 3.16. Consider an organism possessing two alleles of each of 6
different genes, say A, B, C, D, E, F. For a particular gene an upper case
letter is used to denote the dominant allele. Consider two organisms with
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the following genotypes Aa;bb;Cc;dD;Ee;ff and aA;bb;Cc;Dd;Ee;ff. The
genotype is exactly the same for all 6 genes, so we say that the two or-
ganisms resemble each other genotypically. Of course, this also means that
the phenotypes are the same. So we say that they resemble each other
phenotypically. Consider the mating between organism 1 with genotype
Aa;Bb;Cc;dD;Ee;ff and organism 2 with genotype aA;bb;Cc;Dd;eE;Ff. As-
sume that all 6 genes assort independently.

(a) What is the probability that an organism resulting from this mating
will resemble phenotypically:

(i) organism 1?  (ii) organism 2?7  (iii) organism 1 or organism 27

(b) What is the probability that an organism resulting from this mating
will resemble phenotypically neither organism 1 nor organism 27

(c) What is the probability that an organism resulting from this mating
will resemble genotypically

(i) organism 1?  (ii) organism 2?7  (iii) organism 1 or organism 27

(d) What is the probability that an organism resulting from this mating
will resemble genotypically neither organism 1 nor organism 27

Problem 3.17. Whooping cranes are the tallest North American birds.
Due to the loss of their habitat, they are on the list of endangered species
since 1967. The birds nest and lay eggs in the Wood Buffalo National Park
(Northern Alberta, Canada) and then migrate 2,500 miles south to spend
the winter in Texas. Recent statistics released by the Canadian Wildlife
Services show that the flock population has reached 266 in the spring of
2008, but 57 have died by the following spring (see [37]). Five cranes are
tagged, and then released in the wilderness. Assuming that their survival
is independent of each other, what is the probability that all five birds will
be alive by the next spring? What is the probability that none of them will
survive by the next spring?

Problem 3.18. In a group of 2565 children who were vaccinated against
measles prior to the age of two, 38 have been diagnosed with autism before
the age of six. If the percentage of children diagnosed with autism in the
general population of children under six is 1.5%, can we say that autism is
independent of the measles vaccine?

Problem 3.19. Depression is a mood disorder which is usually associated
with significant mental health problems. In Canada, it is estimated that
in the population of age 15 to 64, 16% of women and 8% of men suffer
from depression. According to census data released by Statistics Canada in
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October 2009, the ratio between the male and female populations for the
Canadian adults aged 15 to 64 is 0.83.

(a) What percentage of the Canadian population aged 15 to 64 consists of
females?

(b) What is the probability that a randomly chosen person of age 15 to 64
suffers from depression?

(c) Is depression independent of gender?

(d) What is the probability that a randomly chosen person is a female,
given that the person suffers from depression?

Problem 3.20. Consider two events A and B such that P(A4) > 0 and
P(B) > 0. Show that the following two statements are equivalent:

(a) P(ANB) = P(A)P(B);
(b) P(A|B) = P(A).

Problem 3.21. To compare two varieties of barley (b and b3), an experi-
ment is conducted on five equally sized plots. For each plot, we flip a coin
to determine which variety to use. We use variety b, if the coin comes up
heads, and variety by if the coin comes up tails. Suppose that the proba-
bility that the coin lands on heads is 0.6. Compute the probability that
(a) by is used only in the first plot;

(b) by is used in all five plots;

(c) the same variety of barley is used in all five plots.

Problem 3.22. Consider a diagnostic test for a certain type of cancer,
which has a false positive rate of 5% and a false negative rate of 4%. Assume
that 5% of the population has this type of cancer.

(a) If a randomly selected person has a positive test result, what is the
probability that the person has this type of cancer?

(b) The test is administered twice on the same patient. Assume that the test
results are independent of each other, conditionally on the patient’s disease
status. Given that both test results are positive, what is the probability
that the patient has this type of cancer?

Hint: Events A and B are conditionally independent given event C' if P(AN
B|C) = P(A|C)P(B|C).

(c) The test is administered four times on the same patient. Assume that
the test results are independent of each other, conditionally on the patient’s
disease status. Given that at least one of the four test results is positive,
what is the probability that the patient has this type of cancer?
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Did you know? It was said many times that Columbus did not prove
that the Earth is round; that was already known in 1492. What Columbus
proved was that “it doesn’t matter how wrong you are, as long as you are
lucky” (see [6]). The story says that Columbus was a dreamer whose idea
was to find a new route to Asia by sailing to the west. The problem was that
nobody knew how long such a trip would be, since the exact figure for the
Earth circumference was unknown at the time. The usual estimate for the
Earth circumference which was circulated in the Middle Ages was 18,000
miles or 28,968.192 km (which was off by 7,000 miles). Based on this
estimate, Columbus managed to convince the king of Spain to fund his trip.
It was due to Columbus’ incredible luck that his ships reached the ground,
after a 3,000 mile trip crossing the Atlantic, which almost killed most of
his crewmen and damaged severely his ships. Of course, he was convinced
that he reached Asia.
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Chapter 4

Discrete Random Variables

A random variable is a measurement whose value is determined by chance.
A random variable which can take only a finite (or infinite, but countable)
number of values is called discrete. Examples of discrete random variables
are: the sex of a newborn child, the blood type of an individual, the num-
ber of genes A in an offspring of two heterozygous individuals Aa, etc.
A random variable whose set of possible values is uncountable is called
continuous. Examples of continuous random variables are: the weight (or
height) of an individual, the blood pressure (or temperature) of a patient,
the weight gain of a woman during pregnancy, etc. We denote random vari-
ables with capital letters X,Y, Z, etc. and their values with small letters
z,y, 2, etc.

In the present chapter we study the discrete random variables. Contin-
uous random variables will be studied in Chapter 5.

4.1 Definition

A discrete random variable is a variable which takes values in a finite (or
countable) set. It is characterized by the set of its possible values, and the
associated probabilities. For example, if X is the sex of a newborn child,
then X can take only two values (male and female), and the associated
probabilities are 0.5 and 0.5. These probabilities are represented in a table
format, as follows:

T |Male Female
P(X=1x)| 05 0.5

The function which gives the probabilities associated to all the possible

51
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values of X is called the probability mass function:
f(z) = P(X = =z).

Note that if z is an impossible value for X, then f(x) = 0. Moreover, since
f(z) are probabilities, we have:

0<f(z)<1 and Y f(z)=1,

where the sum is taken over all the possible values z of X. The table (or
graph) summarizing the values of f(x) is called the distribution of X.

The cumulative distribution function F(x) gives the probability that X
takes values smaller than or equal to z:

F@)=P(X <z)=)_ f()

y<z

Example 4.1. The number of days with sunshine in Ottawa, in the
month of January is a random variable X which takes the values
0,1,2,3,...,30,31. Based on the data collected in the past 50 years, the
values smaller than 12 or larger than 20 have probability 0. The values
between 12 and 20 have non-zero probabilities given by the following table:

x | 12 13 14 15 16 17 18 19 20
f(a:)|0.07 0.03 0.13 0.15 02 0.04 0.01 0.07 0.3

The function f(z) is represented graphically in Figure 4.1.

For values = which are not in the table, f(z) = 0. For instance,
f(13.5) = P(X = 13.5) = 0, since 13.5 is an impossible value for X.

The following table gives the cumulative distribution function F(z) of
X:

¢ |12 13 14 15 16 17 18 19 20
F(z) [ 007 0.1 023 038 058 062 063 07 1.00

For values « which are not in the table, F(z) is not necessarily 0. For
instance,

F(13.5) = P(X <13.5) = P(X <13) = F(13) =0.1.
The probability that this year in January, there will be at least 17 days
with sunshine in Ottawa, is:
P(X>17)=P(X =17)+ P(X =18) + P(X = 19) + P(X = 20)
= 0.04 +0.01 4+ 0.07 4+ 0.3 = 0.42.
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| .

12 13 14 15 16 17 18 19 20

Fig. 4.1 The probability mass function f(z) of the number of days with sunshine

Alternatively, this probability can be calculated as:
P(X>17)=1-P(X <16)=1-F(16) =1 —0.58 = 0.42.

The probability that there will be at most 14 days with sunshine in
Ottawa in January, is

P(X<14)=F(14)=P(X =12)+ P(X =13) + P(X = 14)
= 0.07 4+ 0.03 + 0.13 = 0.23.
The function F(z) is represented graphically in Figure 4.1.

The average value of a random variable X is called the ezpectation (or
expected value, or mean) of X, and is denoted by p = E(X). Whereas
the exact value taken by a discrete random variable X is unknown (since
it is random), its expectation is non-random and can be calculated by the
following formula:

p=EX)=) zf(z).
x
In statistical problems, this is referred to as the population mean.

The average squared difference between X and E(X) is called the vari-
ance of X, and is denoted by 02 = Var(X). The variance is a measure of
dispersion. In the case of a discrete random variable, it is calculated by the
formula:

o? = Var(X Z(az —w)*f(x).
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Fig. 4.2 The cumulative distribution function F'(z) of X

Alternatively, the variance can be calculated by the formula:

where E(X?) is the expectation of the variable X 2. In statistical problems,

0% = Var(X) = B(X?) - p? = Y a®f(z) — i,

this is referred to as the population variance.

The square root o of the variance is called the standard deviation of X:

In statistical problems, this is referred to as the population standard de-
viation. The standard deviation o of a random variable X is a measure
of the amount of variability in the values of X around the average value
¢ = E(X). A small value of ¢ indicates that on the average, X is close to

E(X).

Example 4.1 (continued). The expected (or average) number of days

o =4/ Var(X).

with sunshine in Ottawa in January is:

p = E(X) = 12(0.07) + 13(0.03) + 14(0.13) + 15(0.15) + 16(0.2)

+17(0.04) + 18(0.01) + 19(0.07) + 20(0.3)
= 16.69.
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The variance of X is:
o? = Var(X) = 12%(0.07) + 132(0.03) + 14%(0.13) + 15%(0.15) + 16%(0.2)
+17%(0.04) + 182(0.01) + 19%(0.07) 4 20%(0.3) — (16.69)?
= 285.65 — 278.56
= 7.0939.

The standard deviation of X is: o = 1/7.0939 = 2.663.

4.2 Binomial Distribution

We begin by introducing a computation technique which is needed when
one selects a sample from a group of individuals.

If the group consists of 4 persons, and we are interested in selecting
1 individual, then there are 4 possible choices. Suppose now that we are
interested in selecting 2 individuals. There are 4 ways of choosing the first
person, and 3 ways of choosing the second one. This gives us 4-3 = 12
ways of choosing a pair of individuals, if their order is important. In our
case, the order between the two individuals is not important. Since there
are 2 ways of permuting the 2 individuals, the total number of ways of
selecting 2 individuals from a group of 4 is 12/2 = 6. If the individuals are
called A, B, C, D, one can easily list the 6 possible choices: {A, B}, {4,C},
{A, D}, {B,C}, {B,D}, {C, D}.

The following definition introduces some general concepts.

Definition 4.1. A permutation is an arrangement of n objects into a
sequence with n positions, without any repetitions. A combination is a
selection of objects from a group, in which the order is not important.

The number of permutations of n objects is:
n-(n—1))-n-2)-...-3:2-1=:nl.
This number is called n factorial.

The number of combinations of r objects selected from a group of n
objects is given by the formula:

nn-1): (n-2-.. (n-r+1) (n)

r! r

This number is called n choose r.
Examples of combinations from real life include: samples from a popu-
lation, 13-card hands dealt from a 52-card deck, tickets at the 6/49 lottery,
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etc. (Note that a locker “combination” is in fact a permutation, since the
order of the digits matters.)

After these preliminaries, we are now ready to introduce the binomial
distribution. Consider 4 tosses of a fair coin, and let X be the num-
ber of heads. X is a discrete random variable whose possible values are:
0,1,2,3,4. But what are the probabilities associated to these values?

The probability that X = 0 (no heads) is:

P(X = 0) = P(tail) P(tail) P(tail) P(tail) = (0.5)* = 0.0625.

The event X =1 (one head) is the union of 4 disjoint events:
A; = {head, tail, tail, tail}, A2 = {tail, head, tail, tail},
As = {tail, tail, head, tail}, A4 = {tail, tail, tail, head}.

Note that

P(A;) = P(head)P(tail) P(tail) P(tail) = (0.5)(0.5)% = 0.0625.
A similar calculation shows that P(A2) = P(As) = P(A4) = 0.0625. Hence
P(X = 1) = 4(0.0625) = 0.25.

The event X = 2 (two heads) is the union of 6 disjoint events, 6 corre-

sponding to , the number of ways of choosing the 2 heads among the

4
2
4 possible trials. The 6 events are:
B; = {head, head, tail, tail}, By = {head, tail, head, tail},
Bj = {head, tail, tail, head}, B4 = {tail, head, head, tail},
By = {tail, head, tail, head}, Bg = {tail, tail, head, head}.

Note that

P(B;) = P(head)P(head)P(tail) P(tail) = (0.5)%(0.5)® = 0.0625.
A similar calculation shows that P(B;) = 0.0625 for any ¢ = 2,...,6. Hence
P(X =2) =6(0.0625) = 0.375.
Arguing in the same way, we infer that:

P(X=3)= <§) (0.5)3(0.5) = 4(0.0625) = 0.25

P(X = 4) = (0.5)* = 0.0625.

Summarizing, we obtain the following table for the probability mass
function f(z) of X:

z | 0 1 2 3 4
f(z) | 00625 025 0.375 0.25 0.0625




Discrete Random Variables 57

[ J
0 1 2 3 4

Fig. 4.3 The probability mass function f(z) of the number of heads

The previous example illustrates a more general situation. Consider
a random experiment with only two possible results, called “success” and
“failure”, such that the probability of success is p, and hence, the proba-
bility of failure is 1 — p. The experiment is repeated n times, such that the
results obtained in the n trials are independent of each other. Let X be the
number of successes. Then, X is a discrete random variable, which takes
the values 0,1, 2,...,n with the following probabilities:

P(X =k)= <Z)pk(1—p)”_k, forany k£=0,1,2,...,n.

We say that X has a binomial distribution with n trials and probability p
of success. One can show that

E(X)=mnp and Var(X)=np(l-p).

Example 4.2. A new treatment for kidney cancer has a 60% chance of
giving good results. A group of 5 patients are given this treatment. Let X
be the number of patients for whom the treatment gives good results. X
is a discrete random variable with possible values 0, 1,2, 3,4, 5. Since each
treatment may have only two results, and the results of the 5 treatments
are independent of each other, X has a binomial distribution with n = 5
trials and probability p = 0.6 of success. The probabilities associated to
the values k = 0,1, 2, 3,4, 5 are calculated by the following formula:

P(X = k) = <Z) (0.6)k(0.4)>*.
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More precisely,

P(X =0) = <g) (0.6)°(0.4)>7° = (0.4)° = 0.01024
P(X=1)= <‘;’) (0.6)1(0.4)5~1 = 5(0.6)(0.4)* = 0.0768
P(X=2)= <g) (0.6)%(0.4)>~2 = 10(0.6)2(0.4)> = 0.2304
P(X =3) = <g) (0.6)3(0.4)>~3 = 10(0.6)3(0.4)? = 0.3456
P(X =4) = <Z) (0.6)*(0.4)>~* = 5(0.6)*(0.4) = 0.2592
P(X =5) = <§) (0.6)°(0.4)>~° = (0.6)> = 0.07776.

These probabilities are summarized by the table below:

z | 0 1 2 3 4 5
f(z) | 0.01024 0.0768 0.2304 0.3456 0.2592 0.07776

Below is the graph of the probability mass function:

0 1 2 3 4 5

Fig. 4.4 The probability mass function f(z) of the number of patients

The probability that there are at least 3 patients in the group for which
the treatment will give good results is:

P(X>3)=P(X=3)+P(X=4)+P(X =5)
= 0.3456 + 0.2592 + 0.07776 = 0.6826.
The expectation and variance of X are:
E(X)=5(0.6)=3 and Var(X)=5(0.6)(0.4) =1.2.
Example 4.3. 0.03% of the population is allergic to a compound found in

a flu vaccine. A group of 7 persons are given this vaccine. Let X be the
number of people who have an adverse reaction to the vaccine (among the
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7 persons). X has a binomial distribution with n = 7 trials and proba-
bility p = 0.0003 of success. The associated probabilities are given by the
following formula:

P(X =k)= (Z) (0.0003)%(0.9997)""*,  for any k=0,1,2,3,4,5,6,7.

The probability that at least one person in this group has an adverse reac-
tion to the vaccine is:

P(X>1)=1-P(X =0)=1-(0.9997)7 = 0.002.

Technology Component using R: Let X be a binomial random vari-
able with n trials and probability p of success.

e To compute f(r) = P(X = z) for a given value £ =0, 1,...,n, we use:
dbinom(x,n,p)

e To compute F(z) = P(X < z) for a given value z = 0,1,...,n, we use:
pbinom(x,n,p)

e To generate a sample of size k from the distribution of X (this procedure
is called “sampling from the binomial distribution”), we use:

rbinom(k,n,p)

4.3 Problems

Problem 4.1. A group of primatologists studied the behavior of chim-
panzees in the Congolese rain forest. Using a sophisticated set of tools,
the chimps managed after several trials to reach a honey hive hidden deep
in a hard-to-access crevice. Let X be the number of trials needed by a
randomly chosen chimp to reach the honey hive. According to the prima-
tologists’ data, X is a random variable with the following distribution:

X | 2 3 4 5 6 7
P(X=z)|005 025 03 02 01 0.1

(a) What is the probability that a chimp will reach the honey hive after at
least 5 trials?
(b) What is the probability that a chimp will reach the honey hive before
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at most 3 trials?

(c) What is the expected number of trials needed by a chimp to reach the
honey hive?

(d) What is the variance of X?

Problem 4.2. In the report “Congenital Anomalies in Canada 2013: A
Perinatal Health Surveillance Report” from the Public Health Agency of
Canada it is stated that approximately 1 in 25 babies born in Canada is
diagnosed with one or more congenital anomalies every year. The report
focused mainly on Down syndrome, neural tube defects, congenital heart
defects, oral facial clefts, limb deficiency defects and gastroschisis. We
consider a sample of 100 newborn Canadian babies.

(a) What is the probability that there will be at most two babies with a
congenital anomaly in the sample?

(b) What is the expected number of babies in the sample with a congenital
anomaly?

(c) What is the standard deviation of the number of babies with a congenital
anomaly in the sample?

Problem 4.3. Epilepsy is a chronic neurological disorder characterized by
recurrent seizures. A large proportion of people with epilepsy do not have
seizure control even with the best available medications. The following
table gives the distribution of the number of seizures per year for a sample
of 500 epilepsy patients who are using the same medication:

Number of Seizures Frequency
per Year (Number of Patients)
0 325
1 108
2 35
3 21
4 11
Total 500

Let X be the number of seizures per year of a randomly chosen patient in
this group.

(a) Find the probability mass function of X.

(b) Calculate P(X > 3).

(c) Calculate E(X).
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Problem 4.4. Let X be the number of smokers in a family composed of
a husband and wife. X is a random variable which takes the values 0, 1,
2, with respective probabilities pg, p1,p2. The average number of smokers
per family is 0.63. 40% of families contain at least one smoker. Find the
probabilities pg, p1 and ps.

Problem 4.5. In humans, the eye color is determined by a gene whose
allele for brown eyes is dominant over the allele for blue eyes. A man and
a woman have brown eyes, but they are heterozygous for this gene. They
have three children. Calculate the probability that:

(a) all three children have blue eyes;

(b) none of their children have blue eyes;

(c) at least one child has blue eyes.

Problem 4.6. (a) Among the 22 people who donated blood at a blood
clinic in a particular day, 10 had blood type O. We select (without re-
placement) a sample of 2 people among these 22 donors. Let X be the
number of people with blood type O in this sample. Calculate P(X = z)
for x =0, 1, 2, the expected value of X and the variance of X.

(b) In Canada, the percentage of people with blood type O is 46%. We
select (without replacement) a sample of 2 people in the Canadian popu-
lation. Let X be the number of people with blood type O in this sample.
Calculate P(X = z) for z = 0,1, 2, the expected value of X and the vari-
ance of X. Explain why this situation is different compared to the one in
part (a).

Problem 4.7. Consider a new medication for a particular type of short
term pain. Such pain does subside for about 50% of all patients even
without medication. Assuming that the medication has no effect in terms
of reducing the pain, compute the probability that at least 17 of 20 patients
would report a significant reduction in their pain.

Problem 4.8. This problem refers to the R commands dbinom and pbinom.
We use the notation X ~ Binomial(n, p) if X is a Binomial random variable
with n trials and probability p of success. Specify which of the following
statements are true or false:

(a) dbinom (6,10,0.3) gives P(X = 6) where X ~ Binomial(10, 0.3);

(b) pbinom (20,7,0.5) gives P(X < 7) where X ~ Binomial(20, 0.5);

(c) pbinom (5,13,0.8)- pbinom(2,13,0.8) gives P(2 < X < 5) where X ~
Binomial(13, 0.8);

(d) pbinom (20,12,0.8)- pbinom(2,8,0.8) gives P(9 < X < 12) where
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X ~ Binomial(20,0.8);

(e) dbinom (7,9,0.8)+pbinom (6,9,0.8) gives P(X < 7) where X ~
Binomial(9, 0.8);

(f) pbinom (2,6,0.4)+ pbinom (3,6,0.4) + pbinom (4,6,0.4) gives P(2 < X <
4) where X ~ Binomial(6,0.4).

Problem 4.9. Sturgeon is a name used to describe a family of fish. It is
one of the oldest fish families in Canada, dating back 200 million years.
They have undergone little change over time and are often described as
living fossils (see [27]). Typical adult sturgeons are between 2 meters and 6
meters long. Sturgeons are bottom feeders that eat mainly crustaceans and
small shells. As they grow larger they may eat other fish and depending
on their size, they can even swallow a whole salmon. Assume that 45%
of the sturgeons in a particular river are large enough to swallow a whole
salmon. If 10 sturgeons are randomly selected from this river, what is the
probability that

(a) none is large enough to swallow a whole salmon;

(b) at least one is large enough to swallow a whole salmon;

(c) between 2 and 5, inclusively, are large enough to swallow a whole
salmon.

Problem 4.10. Stains are frequently used in biology and medicine to high-
light structures in tissue for viewing with a microscope. Consider an ex-
periment involving the staining of 6 cells. Let X be the number of cells
that are properly stained among the n = 6 cells. Suppose that X has the
following probability mass function:

z | 0 1 2 3 4 5 6
f(z) | c/18 ¢/18 2¢/9 ¢/6 c/3 c/3 c/6

(a) Find the value of c.

(b) Compute the expected number of properly stained cells.

(c) Compute the following probabilities:

(i) P(JX — 2| <1); (ii) P(X > pu+ o), where p and o are respectively the
mean and the standard deviation of the number of properly stained cells.

Problem 4.11. Most female black bears have their first mating between
the ages of 3 and 5 years old. From a large sample of female black bears,
we construct the following distribution for X, the size of a litter:
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Size of Litter | Probability
1 0.105
2 0.512
3 0.330
4 0.052
5 0.001

(a) Compute the expected size of a litter.
(b) Compute the probability that a litter is at most 2 cubs.

Problem 4.12. Consider an exam which has n multiple choice questions.
Each question has k possible answers, among which only one answer is
correct.

(a) Consider a student who chooses at random the answers for all questions
of the exam. Let X be the number of correct answers of this student. What
is distribution of X? What is the expected value of X?

(b) To eliminate the effect of guessing, the instructor decides to mark the
exam according to the following rule: for each correct answer he gives 1
mark, but for each incorrect answer he subtracts x marks with 0 < z < 1.
Find the value of x such that the average grade of a student who chooses
at random the answers for all questions is 0.

Hint: Denote by Y the grade of a student who chooses at random all
answers, under the new rule. Express E(Y) as a function of z. Solve for
in the equation E(Y) = 0.

(c) Find the value z for a multiple choice exam as above with n = 25 and
k=25.

Problem 4.13. Refer to Problem 4.11. Suppose that we select 10 litters
at random. Let Y be the number of litters with at least 2 cubs.

(a) What is the expected value of the random variable Y'?

(b) What is the probability that Y is at most 37

(c) What is the probability that three of the litters have exactly one cub?

Problem 4.14. In the manufacturing of pill packages for a particular drug,
there is a proportion of 5% packages that are defective. We select n packages
for quality control.

(a) Suppose that n = 25 packages are verified for defects. What is the
probability that at least one package will be defective?

(b) Among n = 25 packages, what is the expected number of defective
packages?
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(c) How many packages should we select to be at least 90% certain to have
at least one defective package among them?

Did you know? Jane Goodall is a British anthropologist who became
known world wide due to her 50 years of research on chimpanzees. Hav-
ing no conventional university training, but with a self-taught solid knowl-
edge about animals, the 26-year old Goodall was recruited in 1960 by Louis
Leakey (a famous paleo-anthropologist) to help his team in the search for
early humans fossils in Eastern Africa. In the years that follow, she began
to observe the chimpanzee behavior in Gombe Stream National Park (Tan-
zania). A pioneer in this field, she patiently developed her own methods of
observing both social groups and individual chimpanzees over long periods
of time, making breakthrough discoveries about their behavior. One of her
magjor discoveries was the fact that chimps devise and use simple tools, a
discovery which has prompted the scientific community to redefine the term
“human being”. Due to her extensive field work, Jane Goodall received a
doctorate from Cambridge University, without having earned an undergrad-
uate degree. In the later years, Jane Goodall has turned her attention to the
problem of chimps in captivity, which are used for laboratory testing, due
to their resemblance to human beings. One of her famous quotes is: “You
cannot share your life with any animal with a well-developed brain and not
realize that animals have personalities.” More details about Jane Goodall’s
extraordinary life can be found in [31].



Chapter 5

Continuous Random Variables

In Chapter 4, we studied discrete random variables, i.e. variables whose
range is countable. In this chapter, we consider variables that can take
values in an interval of real numbers. Such variables are called continuous.
Examples of continuous random variables are: the length, the area, the
volume, the pressure, the temperature, the mass, and many others. We
end the chapter with the normal distribution which plays an important
role in statistics.

5.1 Definition

To specify the probabilities associated with the values of a continuous ran-
dom X, we use its cumulative distribution function, which is defined as
F(z) = P(X < z), where z is a real number.

For discrete random variables, the cumulative distribution function is
a non-decreasing step function (see Figure 4.1). In the case of a discrete
random variable X, the probability associated to the values of X are added
in steps for calculating F(z).

Let X be a random variable with cumulative distribution function F.
We say that X is continuous if there exists a non-negative function f such
that

F(z) = /_z fly)dy for all x.

f is called the probability density function of X. If f is continuous, then F'
is differentiable and
f(z) =F'(z) forall =z,

where F’ is the derivative function of F. In other words, the function f is
the rate at which the probabilities are cumulated. The shape of the graph of
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the density function f is referred to as the distribution of X. The function
f has the following properties:

f(z) >0 for all z, /oo f(z)dz =1.

By the Fundamental Theorem of Calculus, we obtain another interpre-
tation of the density:

P(a<X§b):P(XSb)—P(XSa):F(b)—F(a)z/bf(z)dz.

So the probability that X falls in the interval {z : a < z < b} is the area
under the graph of f from = a to £ = b. Refer to Figure 5.1 for a
graphical example of a cumulative distribution function F(z) of a random
variable X that takes values in the interval [0, 1], and the corresponding
probability density function f(z).

Area = F(b) — F(a) = Pla < X <)

Fig. 5.1 A cumulative distribution function and its associated density.

For a continuous random variable X, we must assign a probability of
zero to a single value z (which can be considered as an interval of length
zero). In other words, P(X = z) = 0, for any real number . The con-
sequence of assigning zero probabilities to single values z is that we can
include (or exclude) a value to an interval, and the probability remains the
same. Thus,

F(z)=P(X <z)=P(X <1z
and
F(b)—F(a)=Pla<X <b)=Pla<X <b)
=Pla<X <b)=Pla< X <b).
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As in the discrete case, the central tendency of a continuous random
variable X is described by its ezpectation p (also called the ezpected value
or mean), defined as

u:E(X)z/ z f(z) dz.
— 00
In statistical problems, this is referred to as the population mean.

The mean is a weighted average of the possible values taken by the
random variable. The more likely the value, the larger its contribution to
the weighted average. Furthermore, the mean is the centre of mass of the
distribution.

As in the case of discrete variables, to describe the dispersion of a con-
tinuous random variable X, we use the variance, which is defined by:

ot = Var(X) = B((X ~ ) = [ (o w? @) da.
In statistical problems, this is called the population variance.
Alternatively, the variance can be calculated as:

(oo}
02 = Var(X) = B(X2) — 42 = / 22 f(@)dz — 12,
— 00
where E(X?) is the expectation of X?2.

The variance is the expected squared deviation away from the mean. A
more dispersed distribution should have a larger variance. Since squared
units are difficult to interpret, we compute the square root of the variance.
This computation gives the standard deviation of X defined as

o = +/Var(X).

In statistical problems, this is referred to as the population standard devia-
tion. Figure 5.2 gives the graph of the density functions which correspond
to two continuous random variables. The random variable with a mean
of 25 has a distribution which is less dispersed. Its values are more con-
centrated about the mean compared to the other random variable. This
random variable has a smaller standard deviation. More precisely, the ran-
dom variable on the left has a mean of 25 and a standard deviation of 5,
while the random variable on the right has a mean of 30 and a standard
deviation of 10.
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Fig. 5.2 Distributions with different means and standard deviations
5.2 Normal Distribution

In this section, we introduce the normal random distribution, which is often
used as an approximation for the distribution of a measurement arising
from a random experiment. This is often (but not always) a reasonable
assumption. The crucial role played by the normal distribution for the
statistical inference will become clear in Section 7.2.

We say that a continuous random variable X has a normal distribution
with parameters p and o if its probability density function is given by:

flz) = ! e~ E=m2e) o6 < 3 < o0,
ovV2m

where —oo < p < 0o and ¢ > 0.

It can be shown that, if X is a normal random variable with parameters
4 and o, then

E(X)=p and Var(X)=o>
We use the notation X ~ N(u,0?) when X has a normal distribution with
mean p and variance 2.

Properties of a Normal Density:

e The graph of the density of a normal random variable is a symmetric,
bell-shaped curve centered about its mean p (see Figure 5.3).
e Using the method of substitution with z = (z — u)/o, we get
ptko 1 o2 k 1
/ e~ 2 (%) da::/ "2y, (5.1)
u V2r

ko OV2T —k V2T
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w— ko H u+ko z

Fig. 5.3 A normal density

Regardless of the value of p and o, the probability of being within &
standard deviations from the mean is always the same (see Figure 5.3 for
a graphical representation).
The probability that X is within 1 standard deviation from the mean is
about 68%. The probability that X is within 2 standard deviations from
the mean is about 95%. The probability that X is within 3 standard
deviations from the mean is about 99.7%.
A normal random variable Z with mean 0 and variance 1 is called stan-
dard normal. Its density is given by:
f(z) = \/%6_22/2, —00 < z<00.

Its cumulative distribution function is denoted by @, i.e.

®(2) = P(Z < z), where Z~ N(0,1).
The values of the cumulative distribution function of the standard normal
distribution are found in Tables 18.2 and 18.3. For any 0 < a < 0.5, we
denote by z, the value which satisfies the following property:

P(Z > z,) = a.

We say that z, is the (1 — a)-quantile of Z since P(Z < z,) =1 — a.

Example 5.1. Consider a standard normal random variable Z. We will
compute the probability that Z falls between —1.25 and 0.5. Refer to Figure
5.4 for a graphical representation of the problem.

When using Tables 18.2 and 18.3, we round the z-values to two decimal
places. To use these tables, first start by considering the value at one
decimal place to determine the appropriate row, and then the value of
the second decimal to determine the column. From Table 18.2, we get
®(—1.25) = 0.1056. From Table 18.3, we get ®(0.5) = 0.6915. Therefore,

P(-1.25 < Z < 0.5) = ®(0.5) — ®(—1.25) = 0.6915 — 0.1056 = 0.5859.



70 Ezxpect the Unezpected: A First Course in Biostatistics
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Fig. 5.4 Area under the standard normal density

Theorem 5.1 (Standardization Theorem). Consider a random vari-
able X with mean p and standard deviation o. The standardization of X
18
X—p

ot

Z:

The standardized random variable Z has a mean of zero and a variance equal
to one. Furthermore, if X is normally distributed, then Z is a standard
normal random variable. As a consequence

P(XSa)=P<Z§ %):@(“_“).

g

Example 5.2. Suppose that the length of fish from a particular cohort is
normally distributed with a mean of 40 cm and a standard deviation of 3
cm.

(a) What percentage of fish from this cohort are longer than 45 cm?

(b) What is the probability that a randomly selected fish from this cohort
is between 37 cm and 43 cm in length?

(c) Find a length z¢ of a fish such that 25% of the fish are shorter than z.

To answer these questions, let X be the length of a fish from this cohort.
We have X ~ N (40, 3%).
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(a) The percentage of fish from this cohort that are longer than 45 cm is

P(X >45) =1— P(X < 45)

45 — 40
—1-®
(55%)

=1—®(1.67) = 1 — 0.9525 = 0.0475.

(b) The probability that a randomly selected fish from this cohort is be-
tween 37 cm and 43 cm is equal to

4HW<X<4$:¢<“;m>—®<W;m)

= ®(1.00) — ® (—1.00)
= 0.8413 — 0.1587 = 0.6826.
(c) Solving and using Table 18.2

0%2HX<%F@<%;M)

we get (zo — 40)/3 = —0.675. Thus, 25% of the fish are shorter than
xo = —0.675(3) + 40 = 37.975 cm. (From Table 18.2, we use the fact
that ®(—0.67) = 0.2514 and ®(—0.68) = 0.2483. Since 0.25 is between
0.2483 and 0.2514, we take the midpoint between —0.67 and —0.68, i.e.
we use the fact that ®(—0.675) = 0.25.)

Technology Component using R: Let X be a normal random variable
with mean g = mu and standard deviation ¢ = sigma:

e To compute F(z) = P(X < z) for a given value z, we use:
pnorm(x,mean=mu,sd=sigma)

e To find the value z (called the p-quantile of X), such that P(X < z)=1p
for a given value p in (0,1), we use:

gnorm(p,mean=mu,sd=sigma)

e To generate a sample of size k from the distribution of X (this procedure
is called “sampling from the normal distribution”), we use:

rnorm(k,mean=mu,sd=sigma)
e To compute the value of the density function f(z) at point z, we use:

dnorm(x,mean=mu,sd=sigma)
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e To plot the density function f of X between the values a and b, we use:
curve (dnorm(x,mean=mu,sd=sigma) ,a,b)

(If we omit writing the values a and b in the code above, the plot will
be done by default between the values 0 and 1.)

5.3 Problems

Problem 5.1. Suppose that the height of an 8-year old boy has a normal
distribution with a mean of 125 cm and standard deviation of 8 cm.

(a) What is the probability that a randomly chosen 8-year old boy is shorter
than 122 cm?

(b) What is the probability that a randomly chosen 8-year old boy has a
height between 122 cm and 130 cm?

(c) We would like to say that 95% of the 8-year old boys have a height
smaller than h. What is the value h?

Problem 5.2. To produce ice wine, grapes that have naturally frozen out-
side must be picked and pressed at the right temperature. To pick up the
grapes for ice wine, the temperature outside has to be between —20 and —8
degrees Celsius. Production usually begins in mid-January. Suppose that
on January 15, the temperature at a particular vineyard in Ontario follows
a normal distribution with mean —12 and standard deviation 5. Find the
probability that the grapes for ice wine can be picked at that vineyard on
January 15 for 5 years in a row.

Problem 5.3. The blue whale is a marine mammal belonging to the subor-
der of baleen whales and is the largest animal ever known to have existed on
Earth. Assuming that the length of a blue whale is a normally distributed
random variable with a mean of 33 m and standard deviation of 4 m, find
the percentage of blue whales that have a length larger than 35 m.

Problem 5.4. An irruption is an irregular migration of birds to a region
where they are not usually found. In North America, approximately every
four years, there is a winter irruption that causes snowy owls to fly south
in larger numbers than usual. Many Ontarians were fortunate to sight a
snowy owl in 2014. Suppose that the size of the body of a snowy owl is
normally distributed with a mean of 61.5 cm and a standard deviation of
4.75 cm.



Continuous Random Variables 73

(a) What proportion of snowy owls have a body larger than 65 cm?

(b) What proportion of snowy owls have a body less than 55 cm?

(c) We select randomly 10 snowy owls from this population. What is the
expected number of snowy owls in this sample with a body larger than 55
cm? What is the probability that at most one snowy owl in the sample will
have a body that is larger than 65 cm?

(d) Suppose that the standard deviation of the size of the body of a snowy
owl has changed. However, it is still normally distributed with a mean of
61.5 cm. We know that 25% of the snowy owls are larger than 65 cm. What
is the standard deviation of the size of the body of a snowy owl?

Problem 5.5. The growth of a tomato seedling in a month is a normal
random variable X with the mean of 2 cm and the standard deviation of
0.7 cm.

(a) What is the probability that a seedling does not germinate (i.e. X < 0)?
(b) In a greenhouse, tomato seedlings are arranged in trays of 25 small
compartments each, with one seedling planted in each compartment. Such
a tray is randomly selected. What is the probability that in this tray, all
compartments contain seedlings which did germinate?

Problem 5.6. This problem refers to the R commands pnorm and gnorm.
We use the notation X ~ N(u,0?) if X is a normal random variable with
mean p and variance 0. Specify which of the following statements are true
or false:

(a) gnorm (0.16,35,0.2) gives the value z such that P(X < z) = 0.16 where
X ~ N(35,0.2%);

(b) pnorm (0.5,0,1) gives the value x such that P(X < z) = 0.5 where
X ~ N(0,1);

(c) 2*gnorm (0.75,0,1) + 5 gives the value z such that P(X > z) = 0.25,
where X ~ N(5,4);

(d) pnorm (3.5,3,0.5)-pnorm (2.5,3,0.5) gives P(—2 < X < 2) where X ~
N(0,1).

Problem 5.7. Let Z be a standard normal random variable. Use Table
18.2 and Table 18.3 to compute the following probabilities:

(a) P(Z>1.96) (b) P(Z< —-0.05) (c)P(1.1<Z<25)

(d) P(Z <0.96) (e) P(Z>—-2.35) (f) P(—2.23< Z < 2.23).
Then, use R to find the above probabilities, and compare these values with
the answers obtained using the tables.
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Problem 5.8. The weight of a watermelon is normally distributed with
mean 1.5 kg and standard deviation 0.7 kg. Due to overproduction and lack
of transportation, a farmer has to discard a quarter of his watermelons. He
decides to discard all watermelons with a weight smaller than x¢. Find zg.

Problem 5.9. Let X be a normal random variable with a mean of 100 and
a standard deviation of 36. Use Table 18.2 and Table 18.3 to compute the
following probabilities :

(a) P(X > 105) (b) P(X <98) (c) P(93.5 < X <112)

(d) P(X <121.5) (e) P(X >90) (f) P(82.5< X <117.5).
(Use rounding up to 2 decimal places.) Then, use R to find the above
probabilities, and compare these values with the answers obtained using
the tables.

Problem 5.10. Let X be the diameter (in mm) of a seed of a certain
plant. It can be shown that In(X) is normally distributed with mean p =
0.68 In(mm) and ¢ = 0.22 In(mm).

(a) Compute P(X > 2) and P(X <1).

(b) Find the 50-th percentile of X, i.e. find a value z¢ such that P(X <
(L‘o) = 0.5.

Problem 5.11. Assume that X is a normal random variable with a mean
of 100 and a standard deviation of 36. Use Table 18.2 and Table 18.3 to
find zg such that

(a) P(X > zo) = 0.05 (b) P(X < zp) =0.05
(¢) P(—2o < X — 100 < z9) = 0.95 (d) P(X < zo) =0.90
(e) P(X > zo) = 0.99 (f) P(|X — 100| > 36 z) = 0.05.

Then, use R to find the above quantities, and compare these values with
the answers obtained using the tables.

Problem 5.12. Blood pressure is a measure of the blood force against the
walls of the arteries. The larger value represents the pressure when the heart
contracts and pushes blood out (systolic), and the smaller value is the lowest
pressure when the heart relaxes between beats (diastolic). Blood pressure
that is consistently more than 140/90 mm Hg is considered high, but for
people with diabetes, 130/80 mm Hg is considered high. Normal blood pres-
sure is below 120/80 mm Hg (source: http://www.heartandstroke.com).
Consider a population of non-diabetic males with a mean systolic blood
pressure of 115 mm Hg, in which 19% are classified as having high blood
pressure (i.e. more than 140 mm Hg). Assume that the systolic blood
pressure X is normally distributed.
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(a) Compute the standard deviation of the systolic blood pressure of X.
(b) Compute the median, the first quartile and the third quartile of X.
Hint: The median of X is the value a for which P(X < a) = 0.5. The first
and third quartiles of X are the values b and ¢ for which P(X < b) = 0.25,
respectively P(X < ¢) = 0.75.

(c¢) The authors of [15] define stage 1 hypertension as a systolic blood pres-
sure between 140 mm Hg and 160 mm Hg, or a diastolic blood pressure
between 90 mm Hg and 100 mm Hg. Compute the probability that a ran-
domly selected individual from this population is classified as having stage
1 hypertension according to the value of the systolic blood pressure, ignor-
ing the value of the diastolic blood pressure.

(d) Stage 2 hypertension is defined as a systolic blood pressure larger than
160 mm Hg, or a diastolic blood pressure larger than 100 mm Hh. Compute
the probability that a randomly selected individual from this population is
classified as having stage 2 hypertension according to the value of the sys-
tolic blood pressure, ignoring the value of the diastolic blood pressure.

Problem 5.13. The grizzly bear (Ursus arctos horribilis) is a large animal
which generally lives in the uplands of western North America. Its weight is
dependent on location. It is estimated that an adult male grizzly bear from
the Alaska Peninsula region has a mean weight of 357 kg with a standard
deviation of 21 kg (see [59]). Assume that the weight of an adult male
grizzly bear is normally distributed.

(a) What is the probability that an adult male grizzly bear from the Alaska
Peninsula region weighs more than 420 kg?

(b) What is the probability that an adult male grizzly bear from the Alaska
Peninsula region weighs more than 300 kg?

(c) Find a weight xo (in kg) such that 5% of the adult male grizzly bears
from the Alaska Peninsula region weigh less than x.

(d) Find a weight yo (in kg) such that 75% of the adult male grizzly bears
from the Alaska Peninsula region weigh less than yg.

(e) If we select 6 adult male grizzly bears from the Alaska Peninsula region,
what is the probability that at most 2 weigh less than 300 kg?

Did you know? The fact that the Earth is spherical in shape was first
suggested by the Greek philosophers in the 6th century B.C., out of mysti-
cism, and rationalized by Aristotle in the 4th century B.C. This fact became
widely accepted after Magellan’s expedition around the world (1519-1522).
However, the fact that the Earth has an equatorial bulge (and thus, is not
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a prefect sphere) became the subject of a scientific controversy in the 17th
century. First pointed out by Isaac Newton, and later contested by a French
astronomer named Jean Cassini, the existence of the equatorial bulge was
proved in 1735 by two French expeditions, who made precise measurements
of the curvature of the Earth’s surface, near the Equator, and mnear the
North Pole. These expeditions proved that the equatorial bulge is 13 miles
high at sea level. The difficulties encountered by these two expeditions trig-
gered a much needed reform in the standard of measurements, which led
to the establishment of the metric system by the French scientists in 1795.
More details about this story can be found in [6].



Chapter 6

Supplementary Problems
(Probability)

Problem 6.1. Refer to Example 1.5. A woman and a man have type A,
respectively type B blood, but they do not know their genotypes.

(a) List all the possible cases of genotype crosses for this couple.

(b) In each of the cases listed in (a), construct the Punnett square which
gives all the possible genotypes and phenotypes of their offspring.

(c) Is it possible that their offspring has type O blood? Justify your answer
using (b).

Problem 6.2. One of the common symptoms of Alzheimer’s disease is the
memory loss that disrupts daily life. This is just one of the 10 warning
signs of Alzheimer’s disease. Another frequently encountered sign consists
in having difficulty to complete familiar tasks. In a large group of early
stage Alzheimer patients, 85% of them experience memory loss, 78% have
difficulty completing familiar tasks and 67% show both signs.

(a) What is the probability that an early stage Alzheimer patient shows
one of these signs?

(b) What is the probability that an early stage Alzheimer patient does not
show any of these two signs?

Problem 6.3. Due to massive hunting, the grey wolves were considered
an endangered species at the end of the 20th century. In 1995, 14 wolves
from Canada were reintroduced in the Yellowstone National Park, followed
by 17 wolves the next year. The reintroduction program was so successful
that today the wolf population in the United States is estimated at 4,500.
Despite its success, the program is highly criticized, due to the loss of
livestock in the affected regions. In a survey conducted on 850 participants
which included 250 farmers and 600 non-farmers, 189 farmers and 433 non-
farmers said that they would like to see a significant increase in the wolf

7
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hunting quota in their states.

(a) Using the data from this survey, estimate the percentage of people who
are in favor of an increase in the wolf hunting quota.

(b) What is the probability that a randomly selected person in the affected
regions is not in favor of an increase in the wolf hunting quota?

Problem 6.4. According to recent estimates, only 45% of people in Africa
have access to safe drinking water, this being the major cause of many
waterborne diseases. The incidence rate of waterborne diseases in commu-
nities which do not have access to safe drinking water is 88%, whereas in
communities which do have access to safe drinking water, this rate is 32%.
(a) What is the incidence rate of waterborne diseases in Africa?

(b) A patient suffering from a waterborne disease is randomly chosen from
a clinic in an African village. What is the probability that this patient did
not have access to safe drinking water?

Problem 6.5. Rheumatoid arthritis (RA) is a chronic inflammatory dis-
ease that affects synovial joints. About 1% of the world’s population suffers
from this disease. A serological test for the presence of the anti-citrullinated
protein antibodies is commonly used when rheumatoid arthritis is sus-
pected. This test is positive in a proportion of 67% of all RA cases, and is
negative 95% of the times when RA is not present.

(a) What is the sensitivity and the specificity of the test?

(b) What is the positive predicted value and the negative predictive value
of the test?

Problem 6.6. (a) A lab has a population of 25 fruit flies, of which 5 are
black and 20 are grey. A sample of 2 flies is selected. Is the fact that the
second selected fly is black independent of the first one being black?

(b) Suppose now that there are 10,000 flies in the lab, of which 2,000 are
black and 8,000 are grey. A sample of 2 flies is selected. Is the fact that
the second selected fly is black independent of the first one being black?

Problem 6.7. The latest census of the mountain gorilla in the Virunga
National Park (Congo) was completed in 2010. When counting mountain
gorillas, primatologists try to avoid direct contact with the animals, and
rely instead on fecal samples. Suppose that in a given day, a team of
primatologists will collect and analyze fecal samples until they have one of
each sex, or a maximum of three samples.

(a) Let X be the number of fecal samples collected in one day. Give the
probability mass function of X.
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(b) Calculate the expected value of X.

(c) Let Y be the number of female fecal samples collected in one day. Give
the probability mass function of Y.

(d) Calculate the expected value of Y.

Problem 6.8. Consider a large lake in which 23% of the fish have tumors,
5% of the fish are young, and 0.5% of the fish are young and have tumors.
What is the probability that a randomly chosen fish from this lake

(a) is young or has tumors?

(b) is young but does not have tumors?

(c) has tumors but is not young?

Problem 6.9. A blood donation center has been collecting data for many
years. They noticed that 1% of all donors are positive for HIV and 2% are
positive for herpes. If 1.5% of all donors are positive for only one of these
conditions (but not both), what is the probability that a randomly chosen
donor has none of these two conditions?

Problem 6.10. Refer to Problem 3.13 and Problem 3.14. A person is
randomly selected from this country. Let A be the event that the person
is infected with HIV and B be the event that the person is infected with
tuberculosis. Are the events A and B mutually exclusive? Are the events
A and B independent?

Problem 6.11. Assume that the probability that a child is a girl is 0.5. A
couple has 3 children.

(a) What is the probability that all three children are girls?

(b) Given that the oldest and the youngest are girls, compute the proba-
bility that all children are girls.

(c) Compute the probability that at least one child is a girl.

Problem 6.12. The authors of [75] discuss an outbreak of schistosomiasis
in brant geese (Branta Bernicla Hrota). They conjecture that the translo-
cation of the geese from their natural environment to a pond may have
caused them to be exposed to parasites. Suppose that 5% of the geese in
a particular region are infected with schistosomiasis. 5 geese are randomly
selected from this region.

(a) Compute the expected number of geese that do not have a schistosomi-
asis infection.

(b) Calculate the probability that at least one of the geese does not have a
schistosomiasis infection.



This page intentionally left blank



PART 2
Statistics



This page intentionally left blank



Chapter 7

Introduction to Statistics

Statistics is one of the oldest disciplines in science, whose origins can be
traced back to the 17th century when the British administration needed a
tool for analyzing various demographic and economical data. The scope of
the discipline became larger in the 19th century to include the analysis of
data in general. Today, statistics is employed by people working in diverse
fields, like economics, engineering, social sciences, and natural sciences.

In this chapter, we discuss several methods for analyzing data, using
numerical summaries and graphical tools. We emphasize the distinction
between a population and a random sample from a population. We explain
how a random sample can be used to estimate population parameters, and
discuss ways to measure the estimation error. Finally, we end this chapter
with a discussion on the sampling distribution of estimators. We also give
the Central Limit Theorem which states that the distribution of a sample
mean can be approximated by a normal distribution.

7.1 Random Sampling and Data Description

In this section, we learn to describe data using numerical summaries (called
descriptive statistics) and graphical representations. We consider the data
as observations from a random variable. The set of these observations is
called a random sample. The techniques that we use to describe the sample
depend on the variable type.

If the values of the variable represent categories, then we say that the
variable is categorical. The table below contains examples of categorical
variables.

83
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Variable Categories

color of pea pod | yellow, green

type of fish Northern pike, Rainbow trout, Catfish
height small, medium, large

A variable is called quantitative (or numerical) if it represents a numer-
ical quantity. Temperature (in Kelvin), surface area in (cm?), volume (in
m3), height (in cm), and number of diseased individuals, are examples of
quantitative variables.

For categorical variables an easy and effective way to describe the data
is to display a frequency distribution or a relative frequency distribution.
When defining the categories one has to be careful in defining mutually
exclusive classes, otherwise the relative frequencies do not add up to 1. The
(relative) frequency distribution can be displayed as a table, or graphically,
as a bar chart.

Example 7.1. A fish tumor survey was conducted in a particular river
system. Of particular interest were liver tumors and tumors in the mouth.
A random sample of n = 123 fish were captured, classified and released.
The frequency distribution is displayed below in tabular form and as a bar
chart in Figure 7.1.

Tumor Relative
Classification | Frequency Frequency
only liver 35 28.5%
only mouth 10 8.1%

both 3 2.4%
no tumors 75 61.0%
Total 123 100%

Many biological studies are comparative in nature. These studies usu-
ally involve two or more variables. In the case of two categorical variables,
we can start by cross-classifying the observations according to the joint
categories of the two variables. The resulting table is called a contingency
table and it displays the joint (relative) frequency distribution of the two
variables.

To describe the association between the two variables, we can compute
conditional relative frequency distributions for one of the variables condi-
tioned on the categories of the other variables. The conditional relative
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Frequency
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only liver only mouth both no tumors

Tumor Classification

Fig. 7.1 Distribution of fish tumors

frequency distribution can be displayed as a side-by-side bar chart.

Example 7.2. Consider a fish tumor survey similar to Example 7.1. We
would like to compare the fish tumor distributions in two river systems. A
summary of the data is found in the following contingency table, which is
a cross-classification of the fish according to the tumor category and the
river systems. Each cell represents a joint frequency. In the parenthesis,
we computed the conditional relative frequency for the tumour variable
conditioned on the river system.

Tumor Category
System ‘ only liver  only mouth both no tumor | Total
1 35 (28.5%) 10 (8.1%) 3 (2.4%) 75 (61%) 123
2 ‘ 15 (5.36%) 8 (2.86%) 2 (0.71%) 255 (91.07%) | 280

River

In Figure 7.2, we find a side-by-side bar chart of the conditional distribu-
tions for tumor. The distribution of tumors do appear to be heterogeneous.
In fact, it appears that fish from the second river system are more likely to
have no tumors.

The frequency distribution is an important tool to describe the random
sample from a quantitative variable. The frequency distribution can be
displayed in tabular form, or with a graphical display called a histogram.
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Fig. 7.2 Conditional distribution of fish tumors

To construct the histogram of the frequency distribution, we divide the
range of the sample into intervals of equal width (called bins). To build the
histogram we erect a rectangle for each bin, whose height can be either the
frequency (in the case of a frequency histogram) or the relative frequency (in
the case of a relative frequency histogram). If the bins are of equal length,
then the area of the rectangle is proportional to the relative frequency. We
can also produce a probability density histogram, in which the height of the
rectangle is equal to the relative frequency divided by the length of the
interval. For a probability density histogram, the area of each rectangle is
equal to the relative frequency.

When constructing a histogram with unequal bins, we suggest to use a
probability density histogram. Otherwise, the area of the rectangles are not
necessarily proportional to the relative frequency. This means that some
values may appear to be more likely than they actually are.

There exist different rules for the number of bins to use in a histogram.
A rule that usually works well is to use between 5 and 20 bins. Moreover,
the number of bins should be approximately equal to y/n, where n is the
sample size. The use of a statistical package is recommended for producing
the graphs. For most statistical packages, the default number of bins works
well.

Example 7.3. Consider the following data, which gives the clutch sizes for
n = 15 mallards for a particular region and year.
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Fig. 7.3 Histogram of clutch size
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To build the frequency distribution, we partition the range of the sample
into 5 bins of equal length. For each bin, we compute the frequency, relative
frequency and probability density. Using the frequency distribution, we
produce the corresponding histogram (see Figure 7.3). The distribution of
the clutch sizes appears to be slightly skewed to the left.

x = Clutch Size | Frequency | Relative Frequency | Probability Density
2<zxz<5b 2 2/15 =13.33% (2/15)/3 = 0.0444
5<zr<8 3 3/15 = 20% (3/15)/3 = 0.0667
<z <11 4 4/15 = 26.67% (4/15)/3 = 0.0889

11<x<14 5 5/15 = 33.33% (5/15)/3 = 0.1111
U<ze<I17 1 1/15 = 6.67% (1/15)/3 = 0.0222

To describe properly the frequency distribution of a quantitative vari-
able, we consider its shape, central tendencies and dispersion.

Below are examples of histograms that are approximately symmetric,
skewed to the right, or skewed to the left, respectively. The skewness is the

direction of the atypical values.
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approximately skewed to skewed to
symmetric the right the left

Before presenting different descriptive measures of central tendency and
dispersion, we introduce the notion of sample quantiles. Quantiles are val-
ues that allow us to divide the ordered data into approximately equal-sized
data subsets.

A quantile that divides the sample into two approximately equal-sized
data subsets is called the sample median. One way to obtain a median Z
for the sample z1,...,z, is to put the sample values in ascending order
y1 Ly2 < -+ <y, and compute

5 { Y{(n+1)/2}> if n is odd
m - . .
(Y{n/2} + Y(n/2+1})/2, if n is even.

Example 7.3 (continued). Since the sample size n = 15 is odd, then the
(n 4+ 1)/2 = 8-th value in the ordered sample is a median. We arrange the
data in ascending order as follows:

2 3 5 6 6 8 9 10
10 11 11 11 11 12 17

So £ = 10 is a median for this sample.

Quantiles that divide the sample into four approximately equal-sized
data subsets are called sample quartiles. There are three quartiles that we
denote as q1,q2 = T, g3 for the first, second and third quartile, respectively.
Note that the second quartile is the median.

One way to obtain the first quartile ¢; for the sample z;,...,z, is to
put the sample values in ascending order y; < y2 < -+ < y,. Compute
(n+1)/4 and represent this quantity as a whole part r and a fractional part
a/b. For example, for n = 14, we get (n + 1)/4 = 3.75. The whole part is
r = 3 and fractional part is a/b = 0.75. If the fractional part is zero, then
r is the rank of the first quartile. If the fractional part is not zero, then the
first quartile is a weighted average of the r-th and the (r + 1)-th ordered
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value. We compute the first quartile as follows:
— Yr) ifa/b=0
"= { (L—a/b)yr + (a/b) yrs1, ifa/b#0"
For the third quartile, the computation is the same, except that we compute
its rank as follows (3/4)(n+1) =7 +a/b.

Example 7.3 (continued). The rank of the first quartile is (15+1)/4 =
4.0. Hence the first quartile is the 4-th ordered value, that is ¢1 = y4 = 6.
The third quartile is g3 = y12 = 11.

There is no uniquely accepted way to compute quantiles. In Example 7.3
any value between 5 and 6 could be used as a first quartile, since approxi-
mately 25% of the observations in the sample are smaller than it. Therefore,
different statistical packages can produce different quantiles. However, for
large sample sizes, the differences are often not significant.

To describe the central tendencies and dispersion of the sample, it is
often useful to produce the following 5-number summary: the minimum
and maximum values, and the three quartiles. For Example 7.3, the 5-
number summary is

min=y;, =2, ¢t =6, £ =10, ¢g3 =11, max =y, = 17.

The median & = 10 can be used as measure of central tendency. A natural
measure of dispersion is the sample range

R =y, —y.

The sample range is considered as a rough measure of dispersion since it
is based on the most extreme values in the sample. To obtain another
measure of dispersion (that is not based on the extremes), we consider the
interquartile range

IQR = g3 — q1.

For Example 7.3, IQR =11 — 6 = 5.

A graphical display that goes hand-in-hand with the 5-number sum-
mary is called a boz plot (or a boz-and-whisker plot). This is a useful
tool to display the center and dispersion of the data, and can be used to
identify departures from symmetry and outlying values. Side-by-side box
plots are also useful to compare two or more distributions, as we will see in
Example 7.4.

To construct the box plot, extend the box from the first quartile to the
third quartile. The box displays the interquartile range. Within the box,
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display a line at the median. Imaginary fences are placed at a distance
of 1.51QR above the third quartile and below the first quartile. Whiskers
extend from the ends of the box to the smallest and the largest values
within the imaginary fences. Values outside the fences are called outliers.
Each outlier is displayed as a point. Sometimes a different symbol is used
for extreme outliers that are at least 3 IQR above g3 or below g;.

(/5 q3
¥ ¥ ¥

I 15IQR — IQR : 15IQR —

Example 7.4. We use side-by-side box plots to compare the distribution
of the mallard clutch sizes from Example 7.3 to the following sample which
are mallard clutch sizes from a different region.

6 7 8 8 8 9 9 9 9 9
10 10 10 10 10 10 10 11 12 14

For this data set, n = 20, Z = (y10 + ¥11)/2 = 9.5,¢1 = (0.75) y5 +
(0.25) yg = 8.25, g3 = (0.25) y15 + (0.75) y16 = 10 and IQR = 1.75. The box
plots are given in Figure 7.4. The samples appear to have similar central
tendencies. The clutch sizes from the second region are less dispersed com-
pared to the first region. Furthermore, the clutch size of 14 in sample 2 is
an outlier when compared to other clutch sizes from the same region, since
it exceeds the fence located at ¢3 + 1.5I1QR = 12.625.

Another common measure for the central tendency of the distribution is
the sample mean T, defined as the arithmetic mean (also called the average)
of the n observations:

n
1+ +Tn _Ei=11’i
n n

T =

If we put a mass of 1/n at the value z;, then the sample mean can be
interpreted as the centre of mass.

For symmetric or moderately skewed distributions, the mean is usually
the preferred measure of central tendency since all values make a contribu-
tion to the mean. So why even bother with the median? The mean can be
sensitive to extreme values, in the sense that the mean is pulled towards the
extreme values. Hence the mean might not give an accurate representation
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Fig. 7.4 Side-by-side boxplots

of the centre of the distribution in the presence of extreme values. Figure
7.5 illustrates this idea.
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Fig. 7.5 Central tendencies

Since only the middle values make a contribution to the median, the me-
dian is insensitive to extreme values. This means that, for highly skewed
distributions or distributions with extreme values, the median is often pre-
ferred over the mean as a measure of central tendency.

When the mean is used as a measure of the center, we usually consider
the sample variance and/or standard deviation as a measure of dispersion
or variability. The sample variance is defined as

o (i —7)? i) - (2 :c,-):’/n‘

5= n—1 - n—1

The sample variance is approximately equal to the average squared devi-
ation away from the mean. For a more dispersed distribution, the larger
squared deviations away from the mean (on average) translate into a larger
variance.
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The variance is measured in squared units. To obtain a measure of dis-
persion measured in the same units as the variable, we compute the square
root of the variance. The result is called the sample standard deviation
and is denoted by s. Sometimes the mean and the standard deviation are
combined to form an interval of one standard deviation about the mean:
Tts.

Example 7.5. Refer to the mallard clutch size Examples 7.3 and 7.4. For
sample 1, the mean clutch size is T = > 1>, ;/15 = 132/15 = 8.8 and the
standard deviation for clutch size is

(1372) — (132)2/15
81 = \/ 51 = 3.88.
So a typical clutch size in this region is between Z; — s; = 8.8 —3.88 = 4.92
and T; + s; = 8.8 + 3.88 = 12.68. Similar computations for sample 2,
yield To = 9.45 and s; = 1.731. So a typical clutch size in the second
region is between 7.719 and 11.181. The clutch sizes have a tendency to be
larger in region 2 and are much less spread out. This is consistent with our
description from Example 7.4.

Often scientists work with logarithmic units such as pH, decibels, and the
Richter scale. Applying a logarithmic transformation can sometimes be
useful when analyzing and describing data. If the frequency distribution
is highly skewed to the right, then applying a logarithmic transformation
to the observations changes the shape of the distribution. With a bit of
luck, the distribution of the values on a logarithmic scale could be approx-
imately symmetric. If so, then the mean and the standard deviation are
meaningful measures of the center tendency, respectively the dispersion of
the distribution of the transformed variable. As we take the exponential
of these statistics, we get the sample geometric mean:

g= eV = e%(ln(zl)+ln(m2)+...+ln(zn)) _ eln(zl T )™ — (xl Tg- - mn)l/n

and the sample geometric standard deviation e®v, where

n

1
= E —y P

=1

is the standard deviation of the natural log measurements y; = ln z;,i =
1,...,n. To summarize the geometric mean and the geometric standard
deviation as an interval, we first construct the interval y=+ s, of one standard
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deviation about the mean for the values y,...,y, and then exponentiate.
We get getsv = [g/e%v, ge].

Example 7.6. Consider a sample of n = 250 survival times after the
diagnosis of a particular type of cancer. The data is given in the file
SurvivalTimes.txt. Typically, such survival time distributions are skewed
to the right. We would like to describe the central tendencies and spread
of these survival times. Figure 7.6 gives the histogram of the survival times
in months. The mean is 16.24 months and the standard deviation is 21.46
months. The median is 9.45 months and the interquartile range is 13.45.
The distribution is highly skewed and the mean is almost twice as large as
the median.
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Fig. 7.6 Distribution of survival times

Since the data is highly skewed, we apply a natural logarithm transfor-
mation to the observations, and produced the histogram in Figure 7.7. The
distribution of the natural log-times appears to be approximately symmet-
ric. Its mean is 2.2659 and its standard deviation is 1.0306. As we exponen-
tiate the statistics of the log-values, we obtain measurements on the original
scale. The results are a geometric mean of g = €22659 = 9.64 months and
a geometric standard deviation of e’* = 2.80 months. So typical survival
times are between g/e®v = 3.44 months and ge®v = 26.99 months.

Technology Component using R:

e To assign values to a numerical vector, we use function c(). For in-
stance,
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Fig. 7.7 Distribution of the log-survival times

x=c(12,34,23,67.2,45.5)

Suppose that we have data contained in a text file (with extension
.txt), in which the first line (called the header) contains the names of
columns, and the columns are tab-separated. (This is the case for the
data files in the book.) To import the data from this file and assign it
to a data frame, called table, we use:

table = read.table(file.choose() ,header=TRUE,sep="\t")

Remark: A data frame is a table, where the columns are the variables
and the rows are the statistical units. For example, we saved the 15
clutch sizes from Example 7.3 and the 20 clutch sizes from Example
7.4. The statistical units are the clutches. So we should have 35 rows
(not including the header) in the data frame. We have two variables:
a numerical variable for the clutch size and a categorical variable to
identify the group. These data are saved in the file clutchsize.txt.

To display the names of the columns in the data frame table, we use:

names (table)

For assigning the values from a column in the data frame table
(for instance the column “Survival Times (in months)” for the file
survivaltimes.txt in the book) to a vector x, we use:

x=table$Survival.Times..in.months.
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Remark: Each space and special character (e.g. a parenthesis) in the
name of a column is replaced by a dot.

Alternatively, we can use the index of the column. To assign the first
column in the data frame table to a vector x, we use:

x=datal,1]

Suppose that x is a numerical vector in R.
a) For producing the histogram of frequencies of x, we use:

hist(x)

b) For producing the density histogram of x, we use:
hist (x,prob=TRUE)

¢) For producing the boxplot of x, we use:
boxplot(x)

d) For producing the summary of descriptive statistics of x, we
use:

summary (x)
e) For producing some specific descriptive statistics of x, we use:

mean (x) # for the mean

median (x) # for the median

min(x) # for the min

max (x) # for the max

var(x) # for the variance

sd(x) # for the standard deviation

Remark: We may type some explanatory notes after the sign #, since
these will be ignored by R.

f) For producing the 5-number summary of x (with the first and third
quartiles as defined in the book), we use:

quantile(x, type=6)
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e R has a formula syntax that allows us to consider a vector y as a function

of a vector x. The formula syntax is y~x. As an example, consider the
clutch sizes from the file clutchsize.txt. Using the read.table()
function, we assigned the data from this file to the data frame table.
The data frame has two columns: Clutch.Size and Group.

a) For producing side-by-side boxplots of the clutch size according to
the group, we use:

boxplot (Clutch.Size~Group,table,ylab="Clutch Size")

b) For producing group statistics for the clutch size according to the
group, we use

aggregate (Clutch.Size~Group,table,FUN)

Remark: Instead of FUN, we can use another function of the statistic
that we want to compute. For example, to compute the means and the
standard deviations of the clutch size for each group, we use:

aggregate (Clutch.Size~Group,table,mean)
aggregate (Clutch.Size"Group,table,sd)

¢) To produce boxplots based on quantiles of type 6 (i.e. as defined in
the textbook), we first have to source (i.e. import) the file plots.r. If
we saved plot.r in the folder c:/Rstuff, we use:

source("c:/Rstuff/plots.r")
Alternatively, we can use:
source(file.choose())

Remark: If we use file.choose(), we will need to browse for the file
plots.r.

Once plots.r has been sourced, we can use the function BoxPlot to
produce side-by-side boxplots with quantiles of type 6:

BoxPlot (Clutch.Size~Group,table,ylab="Clutch Size")

7.2 Sampling Distributions and Point Estimation

As part of the scientific method, scientists consider hypotheses that must
be tested using experiments. This often involves making n independent
measurements or drawing a random sample of size n. For example, we
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select n subjects and identify their blood type, or we select n small surfaces
in a field and count the number of beetle larvae.

Definition 7.1. We model each observation as a random variable. We
denote the random variable for the ¢-th trial by X;. We assume that the
random variables are independent. If we repeat the same experiment at
each trial, then we say that the random variables X;, Xo,..., X, are iden-
tically distributed. The common distribution is called the population. If
Xi,...,X, are independent and identically distributed, then we say that
they are a random sample of size n from a particular population.

We are often interested in estimating some parameters of the population.
Here are some examples of parameters.

e The mean p of the population.

e The variance o2 (or the standard deviation o) of the population.

e The proportion p of individuals in the population who have a certain
characteristic.

To estimate a population parameter 6, we use a function of the random
sample X1, ...,X,. This motivates the following definition:

Definition 7.2. A function of a random sample X1,...,X,, is called a
statistic. If the statistic

0 = h(X1,Xa,...,X,)

is used to estimate the population parameter 6, then we say that Oisa
point estimator of §. Note that © is a random variable since it is a
function of random variables and it has a probability distribution. The
probability distribution of a statistic is called a sampling distribution.
The observed value of the random variable @, which is 8 = h(z1,z2,...,Zn),
is called a point estimate of 6.

Here are some common statistics:

e A point estimator for the population mean p is the sample mean X,
defined as the average of X1,...,X,:

Y — Z?:l Xi'
n

e A point estimator for the population variance is the sample variance
52, defined as:

2 — Z?=1(Xi - 7)2 (E?:l XE) — (E?:l Xi)2/"'

n—1 n—1
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e A point estimator for the population standard deviation is the sample
standard deviation S = /S2.
e A point estimator for the proportion p, is the sample proportion p,
defined as:
Y

p=—
n

where Y is the number of individuals in the sample who have the desired
characteristic, and n is the sample size.

Example 7.7. Consider the mallard clutch size data from Example 7.3. A
point estimate for the mean clutch size of the population is 1 = 7 = 8.8
and a point estimate for the population standard deviation of the clutch
size is & = v/s2 = 3.88. A point estimate for the population proportion p of
clutches of size less than 6 is p = y/n = 3/15 = 0.2, where y = 3 represents
the observed number of clutches less than 6 and n = 15 is the sample size.

Here is a summary of results concerning some properties of the expec-
tation and variance. The results are used to study the properties of the
estimators.

Theorem 7.1. Consider random variables X1, Xo,...,X, and real con-
stants cg,C1,...,Cn. LetY =c1 X1+ -+ 4+ ¢n Xn, then

E(Y)=c E(X1)+- +cn E(Xy).
Furthermore, if X1,Xas,...,X, are independent, then
Var(Y) = ¢} Var(X;) + -+ - + ¢2 Var(X,).
As a special case, if X is a random variable, then
E(co X)=coE(X) and Var(cyX) = cj Var(X).

Example 7.8. Consider a random sample Xj,...,X,, from a population
with mean p and variance o2, that is E(X;) = p and Var(X;) = o2, for
i=1,...,n. Then,

E(X) = E(le +- 4 an>
n

1
=-EX1)+--+
n

S|~ 3

E(Xn)

_nl,
=n_p=p
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and

Var(X) = Var <1X1 +eee an>
n n

- <1)2Var(X1) ot (%>2Var(Xn)

n

2
=n 1 0220—2
n n’

Example 7.9. Let Y denote the number of individuals who have a certain
characteristic in a sample of size n. Since each individual has the same
probability p of having this characteristic, Y has a binomial distribution
with n trials and probability p of success. Let p = Y/n. Then,

. 1 1
E(p)=_EY)=_np=p
and
Var(p) = %Var(Y) _ %np(l _p) = ’%.

When the expected value of an estimator is equal to the value of the
parameter it is estimating, we say that the estimator is unbiased. Examples
7.8 and 7.9 show that the sample mean X is an unbiased estimator of the
population mean p, and the sample proportion p is an unbiased estimator
of the population proportion. It can also be shown that the sample variance
S? is an unbiased estimator of the population variance o2.

Notice that Var(X) and Var(p) become very small as the sample size
becomes large. This means that, the probability distribution of the estima-
tor becomes more concentrated about the value of the unknown parameter,
as the sample size becomes larger.

When reporting an estimate it is important to give a measurement of
the error. A common way to measure the error of the estimate is to use
the standard deviation of the estimator. This is called the standard error
of the estimator.

The standard error is often a function of some unknown parameters. If
we substitute the unknown parameter with its point estimate, then we ob-
tain the estimated standard error, that we denote by s{@} The estimated
standard errors for the mean and the proportion are, respectively:

S{Y}zx/iﬁ and s{ﬁ}z,/@.
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We end this section with a discussion on sampling distributions. We will
see in the sections to follow that if we know (or approximately know) the
sampling distribution of the estimator, we can construct interval estimates
(called confidence intervals). These intervals give us a much better sense of
the error of the estimate compared to the standard error.

Theorem 7.2. Let X1,Xs,...,X, be independent normal random vari-
ables. ThenY =c¢1 X1 +---+ ¢, X, is also a normal random variable.

The normal distribution is often used as a model of the population. This
assumption of normality is often reasonable. In Section 7.3, we will discuss
some graphical techniques to verify this assumption. The next result says
that if the population is normal, then the sample mean is also normally
distributed.

Theorem 7.3. Consider a random sample X, ..., X, from a normal pop-
ulation with mean p and variance o2. As a consequence of Theorem 7.2,
the sample mean X is normally distributed, that is

X1++Xn
n

X = ~ N (p,0%/n)  and : ~ N(0,1).

X —
o/
Example 7.10. Suppose that the 14-day weight gain for a rat on a par-
ticular diet can be modeled as a normal random variable with a mean of
100 grams and a standard deviation of 30 grams. Suppose that we have a
random sample of n = 25 such rats.

We would like to find the probability that the mean weight gain for
these 25 rats is more than 110 grams. From Theorem 7.3, we know that the
sample mean X follows a normal distribution with mean y = 100 grams and
standard deviation o//n = 30/v/25 = 6 grams. Using the Standardization
Theorem 5.1 and Table 18.3, we can compute the probability that the
sample mean weight gain X is larger than 110 grams:

110 — 100

P(Y>110)=1—<1>< .

) =1— ®(1.67) = 0.0475.
Note that (110 — 100)/6 = 1.66667, which we rounded to 1.67. Using a

statistical software package, we obtain a more accurate answer:
P(X > 110) = 0.04779035.

Can we say anything concerning the sampling distribution of the sample
mean in the case where the normal distribution is not a reasonable model
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for the population? Amazingly the answer is YES, as long as we have a
large enough sample. More precisely, we have the following result:

Theorem 7.4. Consider a random sample X1,...,X, from an unknown
population with mean p and variance o%. Consider the standardization of
the sample mean

_X-u
~a/yn’

As n — oo, the limiting distribution of Z, is the standard normal.

Zn

This result is known as the Central Limit Theorem. In essence,
Theorem 7.4 says that we can use a normal approximation to compute
probabilities associated with the sample mean:

P(Yga)ztb(z_\/%).

How good is the normal approximation? Well, that depends on the shape
of the population and the sample size. If the population is distributed nor-
mally, then the approximation is good even for small sample sizes. However,
if the shape of the distribution is highly deviating from the normal distri-
bution, then a larger sample size is required.

To see the Central Limit Theorem in action, we use some computed
generated data from an exponential distribution. Note that this density is
highly skewed to the right, (see the upper left graph in Figure 7.8). We
generated a random sample of size 5,000 and plotted the histogram. Each
observation can be considered as a sample mean for a sample of size n = 1.
We overlayed a normal density onto the histogram to compare the sampling
distribution of the sample means of size n = 1 to a normal distribution.
We see that the normal distribution does not fit the data very well (see the
upper right graph in Figure 7.8).

To obtain the sampling distribution for the sample of size n = 5, we
generated n = 5 observations from the same exponential distribution, and
computed the mean. We replicated this process 5,000 times and plotted the
5,000 sample means of size n = 5. The result is in the lower left graph in
Figure 7.8. We see that in this case there is a better fit between a normal
distribution and the sampling distribution of the sample mean. However,
the sampling distribution is still skewed to the right.

Finally, the same process was repeated in the lower right graph in
Figure 7.8 to obtain the sampling distribution for the sample mean when
n = 30. In this case, the sampling distribution appears to be approximately
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Fig. 7.8 Sampling distributions.

normal. This means that even though the population is highly skewed to
the right, with a large enough sample, the sampling distribution of the
sample mean is approximately normal.

Example 7.11. Suppose that we measure the growth of n = 45 plants
that have been growing under certain conditions for a month. Suppose
that such growth can be modeled as a random variable with a mean of 7
cm and a standard deviation of 2.014 cm. The approximate probability
that the mean growth of the 45 plants is between 6 cm and 8 cm is

- 8—7 6—7
PE<X <8~ <2.014/\/E) -2 <2.014/\/E)
= $(3.33) — ®(—3.33) = 0.9992.

We used the fact that ®(3.33) = 0.9996 and ®(—3.33) = 0.0004 from Table
18.3 and Table 18.2, respectively.

Technology Component using R: To illustrate the Central Limit
Theorem, we use the following program:

m=5 # number of trials of the binomial

p=0.3 # probability of success of the binomial

n=500 # sample size (has to be large)
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k=5000 # number of samples (has to be large)
mu=m*p # mean of the binomial

sigma=sqrt (m*px(1-p)) # standard deviation of the binomial
a=rep(NA,k) # create an empty variable called a
for(j in(1:k)) # for any j=1,2,...,k

{

x=rbinom(n,m,p) # generate a sample from the binomial
a[jl=mean(x) # compute the mean of this sample

}

hist(a, prob=TRUE) # draw the density histogram of a

curve (dnorm(x,mean=mu,sd=sigma/sqrt(n)) ,add=TRUE)

Explanation of the R code above:
a) We specify the parameters m, p of the binomial random variable X (to
be generated below), the sample size n, and the number k& of samples which
will be generated;
b) We compute the mean and standard deviation of X: mu = p = E(X) =
mp and sigma = o = y/Var(X) = \/mp(1 — p);
¢) We create an empty variable of size k called q;
d) In Step 1 (i.e. for j = 1), the computer generates a sample of size n
from the binomial distribution with m trials and probability p of success,
and stores the result in a variable called x; then the computer calculates
the sample mean of z and stores the result in the first cell of the variable
a, i.e. in position a[l];
e) In Step 2, we take j = 2 and repeat the previous procedure. The com-
puter now generates another sample from the binomial distribution with m
trials and probability p of success, and saves the values of this sample in
the same variable called z (by overwriting its previous values). The mean
of this second sample is stored in the second cell of a, i.e. in position a[2];
f) We continue in the same manner until Step k, i.e until j = k.
e) At the end of the program, the computer has calculated the sample
means

alll] =21, a[2)=%2, ..., alk]=1Zk
for k different samples (of size n each) from the binomial distribution with
m trials and probability p of success.
g) Finally, we draw the density histogram of a and we plot the density func-
tion of the normal distribution with mean u and standard deviation a/+/n.
If n and k are large enough, the histogram should have approximately the
same shape as the plot of the density function.
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The previous procedure can be repeated for the normal distribution
replacing “rbinom” by “rnorm”. In this case, the shape of the histogram
will be similar to the plot of the normal density even if n is small. This
procedure illustrates Theorem 7.3.

7.3 Assessing Normality

In the next chapters, we will often use a normal distribution as a model of
the true distribution for a variable. In this section we discuss techniques to
assess the validity of such an assumption.

Both techniques that we discuss are visual in nature: the histogram,
and the normal QQ-plot. We start the discussion with the histogram since
we are familiar with it. If the variable is normally distributed then we
should expect the shape of the histogram to be unimodal and symmetric.
To help visualize the normal curve, we can overlay the probability density
function of a normal random variable with the same mean and variance as
the sample onto a density histogram.

Example 7.12 (Species Abundance). Species abundance is an index
used to describe a biological community, and is defined as the number of
individuals per species. We sampled n = 500 species in a particular forest.
Figure 7.9 gives the histogram for the species abundance. The histogram
is highly skewed. The species abundance does not appear to be normally
distributed. Below is a summary of the data:

Species Abundance Frequency || Species Abundance Frequency
1 90 10 8
2 111 11 8
3 83 12 3
4 60 13 1
5 48 14 3
6 32 15 1
7 23 16 1
8 13 18 2
9 12 21 1

Another visual tool useful for assessing normality is the normal QQ-
plot. We explain this procedure below. Suppose that we can model the
distribution of a random variable X with a normal distribution, that is
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Fig. 7.9 Histogram for the species abundance

X ~ N(p,0?). By the Standardization Theorem 5.1, we can write
X=p+o2 (7.1)

where Z has an N(0, 1) distribution. This shows that there is a linear re-
lationship between X and Z. If a sample z,,...,x, is generated from a
normal distribution, then we should be able to observe this linear relation-
ship. To detect the presence of this linear relation, we proceed as follows.

We denote by z, the value for which P(Z < z,) = p, where p is an
arbitrary number in (0,1). The value z, is called the p-th quantile of the
N(0,1) distribution, and can be read from Tables 18.2 and 18.3, or can
be obtained with R using the command gnorm. Similarly, we denote by
z, the p-th quantile of the N(u,o?) distribution, i.e. the value for which
P(X < zp) = p. If F is the cumulative distribution function of X, then
zp = Q(p), where Q is the quantile function of X defined by:

Q(p) = smallest value z such that F(z) > p.

Note that if F' is continuous and strictly increasing, then @) is the inverse
function of F, i.e. @ = F~!. From relation (7.1), we obtain that:

p=P(Z<2z)=Pu+0Z < p+oz)=PX < p+ozp),

which shows that z, = p + 02,. Hence, the points (zp,z,) are situated on
the line of equation

y=pu+oz. (7.2)
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We denote by y1 < --- < yn, the sample quantiles (or order statistics),

i.e. the data points z1,...,z, arranged in increasing order. The theoretical
quantiles z, = Q(p) are approximated by the empirical quantile function
defined as follows: for any i = 1,...,n, let

S| .

~ i1
Qlp) =y if —— <p<

If the data z1,...,Z, comes from the N(u,o?) distribution, then the
points (zp, Q(p)) should be approximately on the line of equation (7.2).

In practice, we choose some values 0 < p; < --- < p, < 1 such that p; is
approximately ¢/n, and therefore @(pi) is approximately equal to Q(i/n) =
yi- We denote z; = 2p,. If data comes from the normal distribution, the
points (zi,é(p,-)) for 1 = 1,...,n should be close to the line of equation
(7.2). Therefore, in this case, the points (z;,y;) with ¢ = 1,...,n should
also be close to this line.

The graph of the points (z;,y;) for ¢ = 1,...,n is called the normal
QRQ-plot of the data z1,...,x,. The abbreviation QQ stands for “quantile-
quantile”: we plot the theoretical quantile z; paired with the sample quan-
tile y;. To aid identify the linear tendency in the QQ plot, we can add the
fitted line

y=p1+0z, (7.3)
where i = Z is an estimate for y and & = s is an estimate for o. Here Z is
the sample mean and s is the sample standard deviation.

Alternatively, we can plot the points (y;,2;) for ¢ = 1,...,n. This is

also called the normal QQ-plot of the variable z. The fitted line for this
plot is:

z=—p/c+ (1/0)y. (7.4)
A value p; that is commonly used is:
i—3/8 )
p; = nt1/a for i=1,...,n.

The value p; is called relative order of the i-th order statistic y;. The values
z; (corresponding to this choice of p;) are called the normal scores. Consider
the clutch size variable from Example 7.3. The value of the 3rd order
statistic is y3 = 5 which has a relative order of ps = (3 —3/8)/(15+1/4) =
0.172131. This means that approximately 17.21% of the observations are
smaller or equal to 5.
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Fig. 7.10 QQ plot for clutch size from Example 7.3.

In Figure 7.10, we produced a normal QQ-plot for the clutch size from
Example 7.3. Since the tendency in the QQ-plot appears to be linear, it
is reasonable to use the normal distribution as a probability model for the
clutch size.

There is a graph that is equivalent to the normal QQ-plot which is called
the normal probability plot. This is the plot of pairs (y;,p;) fori =1,...,n.
In this plot, instead of displaying the normal score z;, we display the cu-
mulative probability p; associated to z;, expressed as a percentage. (Recall
that P(Z < z;) = p;.) On the vertical axis, we keep the scaling of the nor-
mal scores and not the scaling of the probabilities (which are approximately
equidistant). In Figure 7.11, we constructed a normal probability plot for
Species Abundance from Example 7.12. There appears to be a systematic
tendency away from the normal curve, thus we have evidence against the
normality of the species abundance.

When comparing means from two or more independent populations,
statisticians often make the assumption that the populations have an equal
variance. A QQ-plot or normal probability plot can be used to verify this
assumption of variance constancy. If we look closely at the slope of the
linear relationship between the normal random variable X and the stan-
dard normal random variable Z, we see that it depends on the population
standard deviation o. The QQ-plots or normal probability plots of the two
samples can be used to compare the variances.
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Fig. 7.11 Normal probability plot for the species abundance from Example 7.12.

Example 7.13. We study the effects of different irrigation methods on the
yield of blueberry plants. Each method is assigned to 10 plots of blueberry
plants. The yields (in kg) are below.

Irrigation Method 1
73 65 94 72 84 55 56 97 45 53
Irrigation Method 2
206 54 84 89 140 129 109 58 4.2 134

As we see in the side-by-side box plots in Figure 7.12, the yields for the
different irrigation methods appear to have different variances. The second
yield variable appears to be more dispersed. We can also compare the
variances with a normal probability plot (see the right-hand-side in Figure
7.12). The fitted lines have different slopes which is further evidence that
the variances of the yield variables are different.

Technology Component using R:

e To plot the points (z;,y;) for i = 1,2,...,n corresponding to a variable
x, together with the fitted line of equation (7.3) where it = Z = mean(x)
is an estimate of p, and § = s = sd(x) is an estimate of o, we use:

qqnorm(x)
abline(mean(x),sd(x))
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Fig. 7.12 Boxplot and normal probability plot for yields in Example 7.13

To arrange in increasing order the values in a variable z (and store the
values in a variable y), we use:

y=sort(x)

To calculate the relative orders for a sample of size n, i.e. to produce
the vector with points p; = (i — 3/8)/(n + 1/4) for i = 1,2,...,n, we
use:

ppoints(n)
To compute the normal scores for a sample of size n, we use:
gnorm(ppoints(n),0,1)

To produce the QQ-plot of the n points (y;, z;) for i = 1,2,...,n corre-
sponding to a variable z, together with the line of equation (7.4), where
[ = T = mean(x) is an estimate of y, and § = s = sd(x) is an estimate
of o, we use:

y=sort(x); z=gnorm(ppoints(n),0,1); plot(y,z)
abline(-mean(x)/sd(x),1/sd(x))

To produce a normal probability plot (or overlayed normal probability
plots), you will have to source the file plots.r. If you saved plot.r in
the folder c:/Rstuff, we use:
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source("c:/Rstuff/plots.r")
Alternatively, we can use:
source(file.choose())

Remark: If you use file.choose(), we will need to browse for the file
plots.r.

Once plots.r has been sourced, then we can use the function ppnorm
to produce a normal probability plot and also the function BoxPlot to
produce boxplots based on quantiles of type 6 (i.e. as defined in this
textbook).

As an example, consider the yields from the file blueberry.txt. Using
the read.table() function, we assigned the data from this file to the
data frame table. The data frame has two columns: Yield and Method.
Refer to Example 7.13 for a description of these data.

With the following three commands, we will display in the same graph-
ics window: side-by-side boxplots of the yield according to the irrigation
method and overlayed normal probability plots of the yield according
to the irrigation method:

par (mfrow=c(1,2))
BoxPlot(Yield"Method,table,ylab="Yield (in kg)")
ppnorm(Yield“Method,table)

7.4 Problems

Problem 7.1. The island of South Georgia is close to the western coast
of Antarctica and home to three breeding species of penguins: the king
penguin, the gentoo penguin and chinstrap penguin. The following data
gives the lengths of 33 penguins measured from the tip of the bill to the tip
of the tail, in an outstretched bird:

King | Gentoo | Chinstrap || King | Gentoo | Chinstrap
93.2 78.5 73.2 93.1 80.4 72.5
91.2 79.2 76.3 89.5 7.3 76.3
94.1 81.2 74.5 92.1 78.4 74.9
89.3 83.5 74.9 86.7 82.3 75.2
88.6 79.1 75.2 91.3 80.4 73.7
90.5 81.5 73.1
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(a) Calculate the mean and standard deviation for each group.

(b) Give the median, quartiles and IQR for each group.

(c) Construct the side-by-side box plots for the three groups. What do you
observe?

(d) Construct the histograms for the three groups. What do you observe?

Problem 7.2. In some patients, disk herniation can lead to sciatica, which
can be very painful. However, some patients with disk herniation are
asymptomatic. It is believed that symptomatic and asymptomatic patients
might have different spinal canal dimensions on average. Data giving the
spinal canal cross-sectional area (in cm?) between vertebra L5 and S1 for
50 asymptomatic patients is included in the file HerniatedDisk.tzt.

(a) Using a statistical software, build a histogram of this data and compute
some descriptive statistics to illustrate the central tendencies and the dis-
persion of this data.

(b) Produce a quantile-quantile plot for this data. Does the spinal canal
cross-sectional area between vertebra L5 and S1 appear to be normally dis-
tributed? (Why?)

(c) Suppose that spinal canal cross-sectional area (in cm?) between verte-
bra L5 and S1 for an asymptomatic patient is normally distributed with
a mean of p = 3.34 and a standard deviation of ¢ = 0.831. Compute the
probability that the average spinal canal cross-sectional area for a sample
of n = 15 asymptomatic patients is larger than 3.75 cm?.

Problem 7.3. Redwoods (or sequoias) are the tallest and largest trees on
Earth, which can live up to 3,000 years or more. The following table gives
the heights and the diameters at breast height (in meters) for a sample of
10 large redwoods in the Redwood National and States Park in Northern
California.

Height | Diameter || Height | Diameter
93.57 7.22 80.47 6.16
91.44 6.25 95.71 6.00
97.54 7.92 99.06 6.90
103.94 7.10 65.53 5.79
87.17 7.22 77.72 6.40

Calculate the mean and standard deviation for the heights and for the
diameters.
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Problem 7.4. The illegal traffic in rhinoceros (rhino) horns is fueled by a
huge demand in Asia where it is believed to have cancer-curing properties.
The cost of rhino horn is estimated at $65,000 per kilogram on the black
market. It is believed that there are no more than 11,000 white rhinos in the
wild. In 2014, a record number of 1,020 rhinos have been poached in South
Africa, most of them in the Kruger National Park, critically endangering
this population. The following data gives the weight (in kg) for a sample
of n = 18 white rhino horns:

1.1 29 13 21 23 13 22 16 15
20 31 16 24 18 27 3.0 09 21

(a) Find the mean and standard deviation for this data set.

(b) Find the median, the first quartile, the third quartile and the IQR for
this data set.

(c) Are there any outliers in this data set?

Problem 7.5. Sweat bee is a common name for any bee which is attracted
to human sweat. The most common species are green or red. The following
data gives the color and length (in mm) for 15 sweat bees:

Length | Color || Length | Color || Length | Color
7.5 red 7.3 red 9.1 green
5.6 green 8.2 green 7.3 green
6.7 red 7.3 red 5.6 red
6.9 red 8.6 green 6.6 red
5.4 green 4.8 red 7.5 red

(a) Calculate the mean and median length. Construct the histogram and
box plot for the lengths (regardless of the color).

(b) Divide the data into 2 groups consisting of the green bees, respectively
the red bees. Calculate the mean and median for each group. Construct
the histograms and box plots for each group. What do you observe?

Problem 7.6. Refer to the population of snowy owls from Problem 5.4. We
select n = 10 snowy owls from this population and compute the average
body size (in cm). We consider this average as a point estimate of the
population mean of the body size.

(a) Compute the standard error of the mean.

(b) What is the probability that the average body size of these 10 snowy
owls will be less than 57 cm?

(c) Suppose that we randomly select 5 samples (each of size n = 10) from
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this population. What is the probability that at most one of the five samples
will have an average body size that is less than 57 cm?

Problem 7.7. The following data gives the blood glucose level (in
mmol/L) for 12 persons who suffer from hypoglycemia (low blood glucose
levels), before the first meal of the day:

42 46 47 45 43 42 51 49 44 46 49 56

(a) Find the median, and the two quartiles.
(b) Calculate the IQR. Are there any outliers?

Problem 7.8. With R, we produced descriptive statistics for two random
samples.

> summary(samplel)
Min. 1st Qu. Median Mean 3rd Qu. Max.
42.97 52.92 55.34 55.38 58.79 64.09

> summary (sample?2)
Min. 1st Qu. Median Mean 3rd Qu. Max.
51.17 52.35 55.57 55.03 56.38 60.07

(a) Within each sample, are there any outliers? If so, are they below or
above the median? Explain.

(b) For the first sample, do we have enough information to construct the
corresponding boxplot? If so, construct the boxplot by hand. If not, explain
why?

(c) For the second sample, do we have enough information to construct
the corresponding boxplot? If so, construct the boxplot by hand. If not,
explain why?

Problem 7.9. Henry Cavendish performed a series of experiments in the
late 18th century to measure the density of the earth (see [43]). His mea-
surements of the density of the earth are below (source: Table 8 in [61]).

550 5.55 5.57 534 542 5.30
561 536 553 5.79 547 5.75
488 529 562 510 563 5.68
507 558 529 527 534 5.85
526 565 544 539 546

(a) Calculate the mean and median for this data set.
(b) Construct a box plot, a histogram (use 6 bins) and a QQ-plot of the
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data. Comment on the plots.

(c) Cavendish made changes to his apparatus after the sixth measurement.
He considered this change as potentially important. Omit the first six
observations from 5.50 to 5.55 and construct a box plot, a histogram (use
6 bins) and a QQ-plot of the remaining data. Does the removal of the first
six observations appear to have changed the shape of the distribution?

Problem 7.10. The concentration of a reactant in a first-order chemical
reaction that proceeds at a rate k can be described as follows: InC =
In Cy — k t, where C is the concentration of the reactant at time ¢, Cj is the
initial concentration and t is the elapsed time since the reaction started.
Consider an initial concentration of Cy = 0.3 mol/L. The experiment was
repeated n times to give a geometric mean of the concentration at time
t = 450 seconds of 0.22 mol/L. The geometric standard deviation of the
concentration at time ¢ = 450 seconds is 1.17.

(a) Compute the mean of the rate constant k.

(b) Compute the standard deviation of the rate constant k.

Hint: Use the fact that k is a linear function of y =InC.

Problem 7.11. Carbon monoxide is a gas that is highly toxic. The authors
of [16] observed that it was possible to have higher mean concentrations of
carbon monoxide at urban intersections, compared to highways with much
greater traffic volumes. The tables below give the measurements in ppm
(parts per million) over a fixed period of time at two different locations.

Location 1
76 13.0 89 94 75 80 11.2
11.3 10.7 10.9 122 11.3 119 129
11.1 104 6.8 9.6 103 11.8 11.1
11.3 74 87 85 72 73 84
13.9 105 10.6 11.3 114 15.6
11.0 13.8 81 104 91 120

Location 2
10.3 10.6 169 73 123 74 16.8
14.0 144 19.0 154 109 13.5 154
11.6 164 189 103 156 152 239
16.6 13.7 13.8 11.3 222 104 6.9
18.3 19.7 16.4 186 14.9 14.8
17.0 16,5 9.4 185 14.2 11.3
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(a) Produce side-by-side boxplots for the concentrations of carbon monox-
ide. Discuss the information that you see in these plots.

(b) Produce overlayed QQ-plots (or normal probability plots) using each
sample. Can we compare the variances of the concentration of carbon
monoxide variables with these plots? If so, what are your findings?

(c) Does it seem reasonable to assume that the concentration of carbon
monoxide is normally distributed?

Problem 7.12. 27 women with a diagnosis of inoperable or metastatic
breast cancer have been followed-up for a number of years, while under
continuous treatment with a medication called trastuzumab. The time (in
months) each patient remained in remission was recorded. (Remission is a
decrease or disappearance of signs and symptoms of cancer.) Below is the
data:

88.8 988 9r3 477 337 175 732 352 11.7
178 287 213 584 824 904 612 109 244
154 966 &858 19.7 502 168 31.3 93.7 474

Answer the following questions using R.

(a) Compute the mean, median and standard deviation of the remission
time.

(b) Construct the boxplot of the remission time.

(c) Does the remission time appear to be normally distributed? Justify
your answer using a QQ plot.

(d) Compute the mean, median and standard deviation of the square root
of the remission time. Is there any relationship between these values and
the values found in part (a)?

(e) Compute the geometric mean and geometric standard deviation of the
remission time.

Problem 7.13. Consider the survival time data from Example 7.6.

(a) Construct a QQ-plot (or a normal probability plot) of the survival times.
Does survival time appear to be normally distributed?

(b) Construct a histogram of the survival times. Comment on the shape of
the histogram.

(c) Apply a logarithmic transformation to these data. Construct a QQ-plot
(or a normal probability plot) of the transformed survival times. Does the
transformed survival time appear to be normally distributed?

(d) Construct a histogram of the transformed survival times. Comment on
the shape of the histogram.
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Problem 7.14. Consider 30 mice with an advanced stage of leukemia. Two
new serums were developed in the lab to combat leukemia. We randomly
divide the 30 mice into three groups of 10. The first group received serum
1, the second group received serum 2 and the third group received no treat-
ment. This type of experiment is called a completely randomized design.
Consider the following comparative boxplots.
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(a) Which group has the largest survival time?

(b) Which group has the largest median survival time?

(c) Which group of survival times is the less dispersed?

(d) Which group has the largest range in survival times?

(e) Are there any groups with similar median survival times?
(f) Which groups of survival times are similarly dispersed?

Problem 7.15. Below we provide the weights of female grizzly bears from
two different regions.

Location 1
191 192 193 197 204 210 218
221 223 229

Location 2

159 187 196 200 204 213 219
223 242 249 276 287

(a) Compute the mean, the standard deviation, the median and the IQR
for each group. Are there any outliers?

(b) Construct a histogram for each group and construct side-by-side box
plots. Discuss the information that you see in these plots.
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(c) Produce QQ-plots for each sample. Do the two weight variables appear
to be normally distributed? Discuss how the QQ-plots can be used to
compare the variances of the two variables. Are your findings consistent
with your discussion from part (b)?

Problem 7.16. The body mass index (BMI) of a person is defined to
be the person’s body mass (in kg) divided by the person’s height (in m?).
Consider a population of males with a mean BMI of 3.2 kg/m? and standard
deviation of 0.17 kg/m?. We select n = 33 individuals from this population.
(a) Let X be the mean BMI for the 33 individuals. Give the expected value
and the standard deviation of X.

(b) Compute P(X > 3.3).
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Chapter 8

Confidence Intervals

In this chapter, we develop a method for estimating an unknown parameter
in a certain population. This parameter can be the population mean y, or
the proportion p of individuals with a certain characteristic. As opposed
to the method of point estimation, the new method provides a range (or
interval) of possible values which contains the unknown parameter with a
large probability.

8.1 Confidence Intervals for the Mean: Large Samples

In this section, we introduce the method of estimation by confidence inter-
vals for the population mean g, when the sample size is large, i.e. n > 40.

In each of the following examples, we denote by X a random mea-
surement, whose value cannot be predicted with certainty, until the actual
measurement is taken. The numerical value of X (that we record when we
perform the measurement) is denoted by z. We denote by p the mean of
X, and by o2 the variance of X, that is:

p=E(X), o?=Var(X).

By Definition 7.1, a random sample of size n (selected from a popula-
tion) is a collection of n random measurements, denoted by X1, Xa, ..., X,,.
These measurements are independent and identically distributed. The ob-
served numerical values (recorded respectively for X, Xs,...,X,) are de-
noted by z1,zo,...,Z,.

Example 8.1. A research project supported in part by the Canadian
Wildlife Federation, shows that in the recent years, an increased number of
polar bears in the Beauford Sea are eating less, possibly due to a decrease

119



120 Ezxpect the Unezxpected: A First Course in Biostatistics

in the number of ringed seals (the bear’s main food source), during a crit-
ical spring feeding period. (Additional information about this project can
be found in [62]). Further indication that the bears are fasting are smaller
weights of their cubs at birth. We measure the weight at birth (in grams)
for a sample of n = 40 cubs. We denote by z; the weight of the i-th cub,
fori=1,2,...,40. We find that the average weight for these cubs is:

_ T1t+zT2+ -+ Tg0

T = 0 =798.8g.
The sample variance for this data is:

2o (21— 2)°+ (22— 2)* + -+ (240 — 3)* _ 139950,
40-1

The sample standard deviation is s = v/13225.0 = 115.0 g. In this example,
X represents the weight of a (randomly chosen) cub at birth. We are inter-
ested in estimating the mean u and variance 0% of X. From the practical
point of view, p can be interpreted as the average cub weight at birth for
the entire population of polar bears in the Beauford Sea, whereas o gives
an indication about the amount of variability of the cub weights at birth.
A point estimate for u is £ = 798.8 g, whereas a point estimate for o is
s=115g.

Example 8.2. In most cities, the drinking water distributed through the
supply network is lead-free. However, it is possible to have traces of lead
dissolve into drinking water through contact with lead service pipes, which
were commonly used before 1955. The Health Canada maximum accept-
able concentration is 10 ppb (parts per billion). Lead has been identified as
a potential human carcinogen. Exposure to low levels of lead over long peri-
ods can cause high blood pressure, anaemia, and damage to the peripheral
nervous system. The drinking water in 58 houses located in different neigh-
borhoods of Ottawa was tested for lead. The measurement z; represents
the lead concentration in drinking water (in ppb) for the i-th house in this
sample, for ¢ = 1,2,...,58. For these 58 houses, the average concentration
of lead in drinking water is:
_ 1t zTo+--+ Tss

- — 2.575,
v 58

which is below the admissible standards. The sample variance is:

o (@ -2+ (22 -2+ 4 (zs8 — 7)*
B 58 — 1

The sample standard deviation is s = v/1.96 = 1.4. In this example, X

represents the lead concentration in drinking water in a (randomly chosen)

s = 1.96.
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house in Ottawa. We are interested in estimating the parameter p = E(X),
which is interpreted as the average concentration of lead in drinking water
for the whole city, as well as the parameter 02 = Var(X), which gives an
indication about the variability of the lead concentration. Point estimates
for 4 and o are T = 2.575, respectively s = 1.4.

In the previous examples, Z is the observed value of the random mea-
surement:

X:X1+X2+"'+Xn’
n

whereas s? is the observed value of the random measurement:
X — X2+ (Xo—X)2 4+ (X, — X)?
n—1 )

o

Both X and S? are functions of the random sample X;, X5, ..., X,. They
are used for estimating the parameters p, respectively o2. According to
Definition 7.2, X and S? are estimators of x and 02, whereas Z and s? are
estimates of y and o?2.

Each time a new sample is drawn from the population, the observed
(numerical) values z1,z2,...,z, change, but we keep the same notation
for the (theoretical) values X3, X3, ..., X,. One way of keeping track of all
the possible (numerical) values Z and s? encountered for different samples,
is by examining the probabilistic behavior of the estimators X and S2.

Although the observed value of an estimator cannot be predicted with
certainty, when the sample size becomes large, the fluctuation of its pos-
sible values becomes less mysterious. In the case of X, this fluctuation is
described by the following statement: (see Theorem 7.4)

X —p
a/\/n
if n is large enough. In practice, the variance ¢“ is unknown. When the

sample size n is large enough (i.e. n > 40), we can replace o by its estimator
S. More precisely, we have the following result:

has approximately an N(0,1) distribution, (8.1)

2

Theorem 8.1. If X;,...,X, is a random sample from a population with
mean p and variance o2, then the ratio
X—p

has approzimately an N(0,1) distribution, (8.2)

S/vn

for large sample size n.
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Area = 2.5%

20.025 z

Fig. 8.1 N(0,1) distribution

Let Z be a random variable with an N(0,1) distribution. We are first
interested in finding a point z such that P(—z < Z < z) = 0.95. This means
that P(Z > z) = (1 — 0.95)/2 = 0.025. Recalling the notation introduced
in Chapter 5, z = 29.025. Note that P(Z < z) =1 — 0.025 = 0.975.

From Table 18.3, we see that z = 1.96, that is:

P(—1.96 < Z < 1.96) = 0.95.

In view of Theorem 8.1, we can replace Z by the ratio (X — u)/(S/v/n),
inferring that:

P ( 196< XK g, 96> = 0.95. (8.3)

S/\/_

We now perform a little algebra on the double inequality which characterizes
the event above. Note that the inequality

X—p
—<'
S/\/ﬁ_l%

is equivalent to X < p + (1.96)(S/y/n), which can be expressed as u >
X — (1.96)(S/+/n). On the other hand, the inequality

S/\/_ -

tells us that X > u — (1.96)(S/,/n), which can be expressed as u < X +
(1.96)(S/+/n). Therefore, (8.3) becomes

P <X - (1.96)% <pu<X+ (1.96)%) = 0.95. (8.4)

> —1.96
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We conclude that with a probability of 95%, the unknown parameter y lies
between the bounds:

Li=X- (1.96)% and Ly =X+ (1.96)%.
Both bounds can be calculated from the observed sample values, since they
rely only on X,S and n. In fact, every time we select a new sample, we
obtain some new values for L; and Lo, leading to a new interval [Lq, Lo].
The probability that such a random interval will contain the parameter p

is 95%.

Definition 8.1. The method of interval estimation gives a range [L;, L]
of values such that the probability that the unknown parameter lies in this
range is very large and fixed (typically 95%), and the bounds L; and Lo
can be calculated from the sample.

The previous calculation shows that a 95% confidence interval for u is:

- S - S

X — (1.96)%, X+(1.96)% .

Similarly, for deriving the 90% confidence interval for u, we have to find

the point z such that P(—z < Z < z) = 0.90. This means that P(Z > z) =

(1 -0.90)/2 = 0.05 (i.e. z= 20.05), and hence P(Z < z) =1—0.5 = 0.95.

From Table 18.3, we find P(Z < 1.64) = 0.9495 and P(Z < 1.65) = 0.9505.

We take z to be the midpoint between 1.64 and 1.65, that is z = 1.645.
Now, using the fact that

P(—1.645 < Z < 1.645) = 0.90,

we conclude that a 90% confidence interval for p is:

X - (1.645)%, X+ (1.645)% .

To find a 99% confidence interval, we need to find the point z such that
P(—z < Z < z)=0.99. This means that P(Z > z) = (1 —0.99)/2 = 0.005
(i.e. z = 2p.005) and hence, P(Z < z) = 1 — 0.005 = 0.995. Using Table
18.3, we see that P(Z < 2.57) = 0.9949 and P(Z < 2.58) = 0.9951. We
take z = 2.575. Using the same logic as above, and the fact that

P(—2.575 < Z < 2.575) = 0.99,

we can show that a 99% confidence interval for p is:

X—(2.575)%, X+(2.575)% .
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In general, if z is the number that we find using Table 18.3, such that
P(—2<Z<z)=1-aq,
which is equivalent to saying that P(Z > z) = a/2 (i.e. 2 = 2z4/2), then a
100(1 — @)% confidence interval for u is:
- S S

X2, X422,
z\/r_z’ +z\/ﬁ

Fig. 8.2 N(0,1) distribution

The interval can be interpreted by saying that we are 100(1 — a)%
confident that the population average p lies between T — z(s/y/n) and
Z + z(s//n). Alternatively, we have the following interpretation: if sam-
ples are repeatedly drawn from the population, and the confidence interval
corresponding to each sample is calculated, we expect that approximately
100(1 — )% of these intervals contain the true mean p, 100(1 — )% being
the confidence level used for calculating the intervals.

Note that, for the same sample size n, the intervals become wider as we
increase the probability. Unfortunately, a wide interval is not very useful,
despite the fact that it contains the parameter with a large probability.
Usually, one would like to balance the negative effect of a too wide interval
with the positive fact that it contains the parameter with a large probability.
This balance is typically achieved for the 95% confidence intervals.

We also observe that the interval becomes shorter as n becomes larger,
since the length of the interval is proportional to s/+/n.

Example 8.1 (continued). The general formula for the 95% confidence

interval is
s
T+ 1. — ).
7190 (ﬁ)
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We know that n = 40, Z = 798.8 g and o = 115 g. A 95% confidence
interval for the average cub weight p at birth is

115
798.8+£1.96 | — | = 798.8 £ 35.6 = [763.2; 834.4].
( \/4_0> [ ]
We are 95% confident that the average cub weight lies between 763.2 g and

834.4 g.

A new sample of 45 cubs is selected, yielding a sample mean Z = 715 g
and a standard deviation s = 123 g. Using this new data, we conclude that
a 95% confidence interval for the average cub weight p at birth is:

12
715+ 1.96 (—3> = 715 £ 35.94 = [679.06; 750.94].

V45

The interval is shorter than the one found in the first case, mostly because
the sample size is larger.

Example 8.2 (continued). We construct a 90% confidence interval for
the average lead concentration p. The formula for the interval is:

s
T+1645|( — ).
22105 ( )
For our data, we have: n = 58,7 = 2.575 and s = 1.4. A 90% interval for
W is:

1.4
2.575 + (1.645) (ﬁ) = 2.575 + 0.302 = [2.273; 2.877).

A new sample of 105 houses is selected, yielding a sample mean z = 4.15
and a sample standard deviation s = 2.6. We are interested in finding a
97% confidence interval for the average lead concentration y at birth, based
on this new sample. For this, we have to find a value z such that

P(-2<Z<z)=097.
This means that P(Z > z) = (1 — 0.97)/2 = 0.015, and therefore P(Z <
z) = 1-0.015 = 0.985. From Table 18.3, we see that z = 2.17. The formula

for the 97% interval is:
s
T+217 — ).
el (ﬁ)

In our case, n = 105, £ = 4.15 and s = 2.6. The interval is:

2.
4.15 £ 2.17 (—6> =4.15+0.55 = [3.6; 4.7].

V105

We are 97% confident that the average lead concentration p in drinking
water for the city of Ottawa is between 3.6 ppb and 4.7 ppb. If we repeatedly
select samples of 105 houses, and we calculate the interval for each of these
samples, we expect that 97% of these intervals contain the value .
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8.2 Confidence Intervals for the Mean: Small Samples

In Section 8.1, we learned how to build a confidence interval for the un-
known mean p of a population. In order to build this interval, it was
essential to have a large sample size n.

In this section, we will address the same problem in the case of small
samples. For this, we need to assume that the measurement X comes
from a normal distribution. The idea will be the same as before: in the
standardization of the sample mean, we will replace the standard deviation
o by its estimator S. But the theory that we developed in Section 8.1 has
to be changed slightly. We explain these changes below.

Theorem 8.2. If X1, ..., X, is a random sample from a normal population
with mean p and variance o2, then the ratio

_ X

~ S/\/n

has a T distribution with n — 1 degrees of freedom. We denote this dis-
tribution by T'(n — 1).

T

The previous theorem does not contradict Theorem 8.1 since when n
is large, the T distribution with n» — 1 degrees of freedom coincides ap-
proximately with the N(0,1) distribution. The usefulness of Theorem 8.2
stems from the fact that it is valid for any sample size n (in particular, for
small sample sizes). Its drawback is that it works only for samples from
the normal distribution.

The T distribution was discovered by an English statistician named
William Gosset, who published his results in 1908 under the pseudonym
“Student”, being prohibited to publish under his real name by his employer.
For this reason, the ratio T' appearing in Theorem 8.2 is often called the
studentization of the sample mean X. The variable T is said to have a
Student’s distribution.

In Figure 8.3, we have an overlay of the density for the T" distribution
for several degrees of freedom. The T distribution has a symmetric density
similar to the standard normal, but it has heavier tails. In other words, the
T distribution is more dispersed than the standard normal distribution. As
the degrees of freedom increase, the T' distribution gets more concentrated
about the mean of zero. As noted above, as the degrees of freedom become
large, the T distribution approaches the standard normal distribution.
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T Distribution

50 25 00 25 50 75

Fig. 8.3 Density for the T distribution for several degrees of freedom.

Table 18.4 gives the quantiles for the T distribution. For any
0 < a < 0.5, we denote by ¢, , the value which has the following property:

P(T > to,) =

where T is a random variable with a T'(v) distribution. For example, in the
row for v = 5 degrees of freedom, we find the upper quantile ¢g 95, = 2.015.
We say that to ., is the (1 — a)-quantile of T since P(T < to,) =1— c.

Refer to Figure 8.4 for an illustration of this quantile. We interpret the
quantile as follows: if T has a T'(5) distribution, then P(T > 2.015) = 0.05.
Note that the table contains only positive quantiles. Since the distribu-
tion is symmetric, we can conclude that P(T < —2.015) = 0.05. So we
can obtain probabilities associated to negative values by using a symmetry
argument.

Example 8.3. Consider again Example 7.10. We would like to find the
probability that the studentization of the mean weight gain is less than
—2.5. The studentization of the sample mean X is T = (X — u)/(S/v/n),
which has a T(24) distribution. We want to compute the probability
p = P(T < —2.5). We can compute this probability with a statistical soft-
ware package. In this case the answer is p = 0.009827. We can alternatively
use Table 18.4 to estimate this probability. First we start with a symmetry
argument. Since the T distribution is symmetric about 0, p = P(T > 2.5).
We use the row for v = 24 degrees of freedom and try to find the quan-
tiles closest to 2.5. We find tg.01,04 = 2.492 and {.005,24 = 2.797. This
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T Distribution, df=5
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t

Fig. 8.4 A lower and upper quantile from the T distribution.

means that P(T > 2.492) = 0.01 and P(T > 2.797) = 0.005. Thus,
0.005 < p < 0.01.

We return now to our discussion about confidence intervals for the mean
in the case of small samples. For this, we need assume that the measurement
X has a normal distribution. (A general technique for checking the validity
of this assumption was described in Section 7.3.) Then, according to the
discussion above, the behaviour of the studentization (X — u)/(S/v/n) is
well-known:

X —p
S/v/n

The confidence interval for p is constructed using the same technique as
in Section 8.1. To fix ideas, suppose that we have a sample of size n = 10,
and let T be a random variable with a T'(9) distribution. From Table 18.4,
we know that

has a T(n — 1) distribution.

P(—2.262 < T < 2.262) = 0.95

(Note that the area to the right of the point 2.262 is (1 — 0.95)/2 = 0.025.)
Replacing T' by the ratio (X — u)/(S/+/n), we infer that:

X —p
Pl -2.262< <2.262) =0. .
( 6 SN 6) 0.95, (8.5)
which can be written as:
= S = S
— (2. — < u< . — ] = 0.95. .
P(X (2262)\/ﬁ_u_X+(2262)\/7_l> 0.95 (8.6)
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In conclusion, when X has a normal distribution and we are using a sample
of size n = 10, a 95% confidence interval for the mean p is:

- S S S
X —(2.262)—, X +(2.262)— | .
(2.262) g Xt (2.262) Tn
Note that the interval bounds can be calculated from the observed sample
values (they rely only on X and S).
For a general sample size n, if T is a random variable with a T'(n — 1)

distribution, and ¢ is the number found in Table 18.4 such that
P(-t<T<t)=1-a
(for a small value o), then a 100(1 — a)% confidence interval for p is:

- S o S

X —t%, X+t% . (8.7)
Note that P(T' > t) = a/2, i.e. t = tq/2,. In practice, the length of the
interval depends on the estimated standard error of the mean:

- s

Example 8.4. A study was trying to determine if a drug called “dobu-
tamine” could be used effectively in a test for measuring a patient’s risk
of having a heart attack, or a “cardiac event”. (More details about this
study can be found in [28].) For younger patients, a typical test of this
risk is called “Stress Echocardiography”. It involves raising the patient’s
heart rate by exercise (often by having the patient run on a treadmill), and
then taking various measurements on the heart rate. The measurement X
represents the peak heart rate for a patient who is administered this drug.
The following data gives the peak heart rate for a sample of 10 patients
who participated in this study:

1 =130, z2=73, =z3=156, =x4=123, =x5=140

z6 =146, x7=116, =zg=136, z¢ =110, z19= 108.

The average peak heart rate for this sample is

5 1304734156 +123+ 140+ 146+ 116+ 136 + 110+ 108 _ .. o
- 10 T

and the sample variance is:
9 1

S=to1l

(130 — 123.8)* + - - - + (108 — 123.8)%] = 562.4.
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The sample standard deviation is s = v/562.4 = 23.714.

Assume that the peak heart rate X has a normal distribution. We are
interested in finding a 95% confidence interval for the average peak heart
rate p for patients who are administered this drug.

From the data, we get the estimate £ = 123.8 for the mean u, the
estimate s = 23.714 for the standard deviation o, and the estimate s? =
562.4 for the variance o2. These are all point estimators.

In this case, the confidence interval is based on a random variable T
with a T'(9) distribution. For the 95% level of confidence, we use ¢t = 2.262.
Therefore, a 95% confidence interval for y is
23.714

V10

Suppose that for a new sample of 25 patients, the sample mean is T =
115.0 and the sample variance is s> = 643.5. We want to find a 90%
confidence interval for y.

This confidence interval is based on a random variable T' with a T'(24)
distribution. For the 90% level of confidence, we have to find a value ¢ such
that P(—t < T < t) = 0.90. Then P(T >t) = (1 —0.90)/2 = 0.05 and
hence P(T < t) =1—0.05 = 0.95. Table 18.4 gives the value t = 1.711.
Therefore, a 90% confidence interval for y is

V6435
V25

Example 8.5. The Galapagos archipelago located in the Eastern Pacific
Ocean, off Ecuador’s coast, is renowned for its rich bio-diversity. Due to
its proximity to the Equator, the archipelago has a climate with little vari-
ation in daily temperature around the year. During the dry season (June-
December), the average daily temperature is between 21°C-23°C, whereas
during the warm season (January-May), the average daily temperature is
between 25°C-28°C. The following data gives the average daily temperature
on San Cristébal island, for 7 days during the dry season:

T = 23 Ty = 205, T3 = 237 Ty = ].97 Ty = 2].7 Te = 22, T = 22.

123.8 + 2.262 ( ) = 123.8 +£16.96 = [106.84; 140.76].

115.0 £ 1.711 ( ) =115.0 &+ 8.68 = [106.32; 123.68].

The average temperature for this sample is
= 23+20.5+23+19+21+22+22
= - =

21.5,

and the sample variance is:

1
s? = 1 [(23 — 21.5)% + (20.5 — 21.5)* + - - - + (22 — 21.5)*] = 2.083.
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The sample standard deviation is s = /2.083 = 1.443. We are interested in
estimating the average daily temperature on San Cristébal island during the
dry season. Assume that the daily temperature X (during the dry season)
has a normal distribution. We want to find a 90% confidence interval for
the average average daily temperature p during the dry season.

We have Z = 21.5 and s? = 2.083. The confidence interval is based on a
random variable T with a T'(6) distribution. To construct the interval, we
first have to find the value ¢ such that P(—t < T < t) = 0.90, where T is
a random variable with a T'(6) distribution. This means that P(T > t) =
(1 -0.90)/2=0.05 and P(T <t) =1—0.05=0.95. From Table 18.4, we
find ¢t = 1.943. A 90% confidence interval for y is

v2.083
V7

21.5+£1.943 ( ) = 21.5 + 1.06 = [20.44; 22.56].

Technology Component using R:

e To compute P(T < z) for a given value z, where T is a random variable
with a T'(num) distribution, we use:

pt(x,df=num)

e To find the value ¢ (called the p-quantile of T') such that P(T <t)=1p
for a given value pin (0, 1), where T is a random variable with a T'(num)
distribution, we use:

qt (p,df=num)

e To produce a 98% confidence interval (based on T') for the mean p, for
the data saved in a numerical vector x, we use:

t.test(x,conf.lev=0.98)$conf.int
If we omit the argument conf.lev=0.98, this will produce by default

a 95% confidence interval.

8.3 Confidence Intervals for the Proportion

In this section, we discuss the method of estimation by confidence inter-
vals, when the parameter of interest is the proportion p of individuals who
possess a certain characteristic. In probabilistic terms, p is the proportion
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of “successes” in a given population. For example, p can be the propor-
tion of voters favorable to a certain political candidate, the proportion of
people affected by a disease, or the proportion of patients who suffer from
side-effects due to a medication.

Suppose that a random sample of n individuals is selected from the
population, and this sample contains Y individuals who possess the char-
acteristic. Note that Y is a random measurement, since it depends on the
random sample: each time we select a new sample, the value of Y changes.
Let p be the proportion of individuals from the population who possess
the characteristic, and suppose that p is unknown. An estimator for the
proportion p is:

.Y
p= n

Note that the estimator p coincides with a particular instance of the
estimator X. To see this, we associate to each individual in the sample, a
measurement X which takes only the values 0 or 1. More precisely, for the
i-th individual in the sample, we define the random measurement:

X, — 1if the individual i is a “success”
* ] 0if the individual 7 is a “failure”

Since E:’zl X; =Y, the mean of the sample X;,..., X, is:

Therefore, the estimation procedure that we develop in the present sec-
tion is a particular case of the method developed in Section 8.1.

Example 8.6. During an election campaign, we are interested in estimat-
ing the percentage of voters who are in favor of a certain political candidate.
In a sample of n = 300 randomly selected voters, there are y = 21 who are
in favor of the candidate. The estimate for the (unknown) proportion p of
voters who are in favor of the candidate is:

21

P=135= 0.07, or 7%.

Example 8.7. A physician is interested in estimating the proportion p of
patients treated with a certain drug, who suffer undesirable side effects.
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In a sample of n = 200 patients, y = 5 patients suffered side effects. An

estimate for p is:

5
% = 0025, or 25%

p

Example 8.8. According to an article in the National Geographic maga-
zine (September 2007), the gene responsible for human’s red hair is thought
to be due to a mutation, which took place in northern Europe thousands
of years ago. It is estimated that the red-haired people will become extinct
by the year 2100, since the gene is recessive and the percentage of people
carrying it around the world is very low (around 4%). The country with the
largest percentage of red-haired people is Scotland. In a sample of 2,500
Scots, 325 have red hair. Based on this data, an estimate for the percentage

p of Scotland’s population who has red hair is:

. 3%
p—27500—0.l3, or 13%.

Example 8.9. One of the difficulties encountered when trying to fight
AIDS is that the number of people infected with HIV around the world is
unknown. According to a 2007 United Nations report on AIDS epidemic,
South Africa is the country with the largest number of HIV infections in
the world. In a sample of 8,500 South Africans, 935 were infected with the
HIV. Based on this data, the proportion of the South Africa’s population

infected with the HIV is:
935

8,500

b= =0.11, or 11%.

To build a confidence interval for the proportion p of “successes” in a
population, we need to have a better understanding of the fluctuations of
p. Such understanding is provided by the following statement, which is a
particular instance of (8.1):

p—p
p(l—p)/n

If the sample size is very large (i.e. larger than 100), one can replace
the unknown value p(1 — p) under the square root above, by its estimator
p(1 — p), without destroying the N(0,1) distribution. More precisely,

p—p
p(1—p)/n

has approximately an N (0, 1) distribution, if n is large.

has approximately an N(0,1) distribution, (8.8)
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if n is very large. Recall that if Z is a random variable with an N(0,1)
distribution, then

P(-1.96 < Z < 1.96) = 0.95.

In view of (8.8), we can replace Z by the ratio (p — p)/+/B(1 —p)/n),
inferring that:

P (—1.96 < PP < 1.96) = 0.95, (8.9)

VD(1 —p)/n
which can be written as:

1-p) <p<p+(1.96) @) =0.95. (8.10)

P (ﬁ _ (1.96)y/ 2L =P)
n
We conclude that with a probability of 95%, the unknown parameter p lies
in the interval:

lﬁ—(l.%) Z@;m(ma) ’@] (8.11)

This is a 95% confidence interval for p, since the interval bounds can be
calculated from the data.

Using a similar argument, we infer that the general 100(1 — a)%-
confidence interval for p is:

R p(1—p)
+
px=z n )

where z is chosen from Table 18.3 such that P(—2 < Z <z)=1-a.

Example 8.6 (continued). We are interested in finding a 95% confidence
interval for the proportion p of voters who are in favor of the candidate.
Using formula (8.11), the interval is:

(0.07) - (0.93)

300
We are 95% confident that p is between 4.1% and 9.9%. Alternatively, the
result could be interpreted as follows: if samples of 300 voters are repeatedly
selected and the interval corresponding to each sample is calculated, then
95% of these intervals contain the proportion p of voters who are in favor
of the candidate. The interval is reported in the news as follows: the
proportion of voters who are in favor of the candidate is 7%, with a margin
of error of 2.9%, the result being valid 19 times out of 20.

0.07 £1.96 = 0.07 £ 0.029 = [0.041; 0.099).
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Example 8.7 (continued). A 90% confidence interval for the proportion
p of patients who suffer side effects due to the medication is:

(0.025) - (0.975)
200

The interpretation could be interpreted as follows: if samples of 200 patients

are repeatedly used for testing this drug, and the interval corresponding to

each sample is calculated, then 90% of these intervals contain the proportion

p of patients who suffer side effects.

0.025 £+ 1.645 = 0.025 £+ 0.018 = [0.007; 0.043].

Example 8.8 (continued). We are interested in finding a 98% confidence
interval for the proportion p of red haired people of Scotland.

We first have to find the point z such that P(—z < Z < z) = 0.98. This
means that P(Z > z) = (1—-0.98)/2 = 0.01 and P(Z < z) =1-0.1 = 0.99.
From Table 18.3, we find z = 2.33. A 98% confidence interval is:

(0.13) - (0.87)
2,500
We are 98% confident that p is between 11.4% and 14.6%.

0.13 £2.33 =0.13+0.016 = [0.114; 0.146].

Example 8.9 (continued). According to formula (8.11), a 95% confi-
dence interval for the proportion p of HIV infected people in South Africa
in 2007 is:

(0.11) - (0.89)
8,500

We are 95% confident that p is between 10.33% and 11.67%.

It is known that the population of South Africa was 47.9 million in
2007. Using this information, we can give a 95% confidence interval for the
number of HIV infected people in South Africa in 2007. The lower bound
for the estimated number of HIV infected people is (47.9)(0.1033) = 4.95
million. The upper bound is (47.9)(0.1167) = 5.59 million. In conclusion,
we are 95% confident that the number of people who were infected with
HIV in South Africa in 2007 is between 4.95 million and 5.59 million.

0.11 £1.96 =0.11 + 0.0067 = [0.1033; 0.1167].

8.4 Problems

Problem 8.1. One of the high risk HIV groups are injecting drug users
(IUDs). In a group of 1,000 IUD’s, it was reported that 186 of them were
infected with HIV. Find a point estimate and a 90% confidence interval for
the proportion p of HIV carriers in the IUD population.
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Problem 8.2. Laetrile (or vitamin B17) is a synthetic form of the sub-
stance amygdalin (found naturally in the apricot kernels), which was pro-
posed as an alternative cancer treatment. A study in 1982 looked at whether
laetrile could shrink cancer tumors in 175 patients. Among these patients,
it was observed that for only one person, the tumor became significantly
smaller after the treatment with laetrile. Using this data, find a 92% con-
fidence interval for the proportion p of cancer patients for whom the treat-
ment with laetrile is efficient in reducing the tumor size. Can we conclude
that the proportion p is smaller than 0.02, with probability 92%?

Problem 8.3. In the recent years, there was an increase in the percentage
of the population who favors the medical use of marihuana for patients
suffering from severe illnesses (for instance, to help cancer patients deal
with chemotherapy). In the United States, the laws on medical use of mar-
ijjuana are being tested on a state-by-state basis. According to [53], a 2002
survey of 600 residents of Wisconsin, conducted by Chamberlain Research
Consultants found that 480 favored a law that would allow seriously ill or
terminally ill patients to use marijuana for medical purposes, if supported
by their physician. Give a 95% confidence interval for the proportion of the
Wisconsin population in favor of the medical use of marihuana.

Problem 8.4. Pulmonary vascular resistance (PVR) occurs when the pul-
monary artery creates resistance against the blood flowing into it from the
left ventricle. An elevated PVR is frequently observed in patients with ad-
vanced heart failure. We have n = 30 patients with heart failure associated
to left ventricular dysfunction. The sample mean and sample standard de-
viation of the PVR for these 30 patients are 234.6 dyn-sec-cm™° and 137.5
dyn-sec-cm™° | respectively. Assume that the PVR for these patients is nor-
mally distributed. Give a 95% confidence interval for the mean PVR for
patients with heart failure associated to left ventricular dysfunction.

Problem 8.5. Platelet monoamine oxidase (MAO) is an index of brain
serotonin activity. Low MAOQO levels have been found to be related to be-
havior disorders. In the study [17], the MAO activity levels of 30 patients
with bulimia nervosa were measured. The average level of MAO activity
for the 30 bulimic patients was 4.4 nmol/108 platelet/hour, with a standard
deviation of 2.4 nmol/10® platelet/hour.

(a) Based on this data, give a 95% confidence interval for the average MAO
activity level of bulimic patients. Assume that the level of MAO activity is
normally distributed.
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(b) The normal range for the MAO levels is between 5.5 and 8.5. How does
the interval constructed in part (a) compare with the normal range? What
conclusion can be drawn?

Problem 8.6. Newborn jaundice is when a baby has a high level of biliru-
bin in the blood. Bilirubin is a yellow substance produced by the normal
breakdown of red blood cells. We would like to estimate the mean serum
bilirubin level of 4-day old infants using a sample of 150 infants. The ob-
served sample mean for these 150 infants is 5.96 mg/100 cc. Since the
sample size is large, we construct a 95% confidence interval for the mean
based on z, and we obtain the interval [5.3279; 6.5921].

(a) Compute the estimated standard error of the mean.

(b) Give the value of the sample standard deviation for these 150 infants.

(c) Without computing the interval, would you expect a 97% confidence
interval for the mean to be larger, smaller or of the same length compared
to the above 95% confidence interval. (Why?)

(d) Give a 97% confidence interval for the mean serum bilirubin level of
4-day old infants.

Problem 8.7. The following data gives the weight for 8 corn cobs which
were produced using an organic corn fertilizer:

212 234 259 189 245 176 203 215

Assume that the cob weight has a normal distribution. Find a 98% confi-
dence interval for the average cob weight. Interpret the result.

Problem 8.8. Between 1967 and 1995, South Africa controlled its elephant
populations through “culling”, i.e. killing older animals. Scientists believe
that in some populations, the surviving young elephants who experienced
culling have symptoms similar to the post-traumatic stress disorder in hu-
mans. The authors of article [60] investigated the effects of culling, using
a variable called “bunching intensity”, which gives the response to threat
for a family of adult female elephants. This variable has values between 0
and 4, with 0 = “no response” and 4 = “very fast response”. We consider
two populations of elephants, one of which had experienced culling and the
other had not. A sample of n; families from the culled population has a
mean bunching intensity of 1.2, whereas a sample of ny families from the
non-culled population has a mean bunching intensity of 2.5. The mean
bunching intensity for the combined two samples is 1.7. What is the pro-
portion of families who experienced culling in the combined two samples?
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Problem 8.9. Water hardness is a traditional measure of the capacity of
water to react with soap. Hardness in water is caused by dissolved cal-
cium and magnesium. It is expressed as the equivalent quantity of calcium
carbonate (see [66]). Fifteen measurements were collected from randomly
chosen lakes in a particular district. For this sample, the mean hardness is
102.03 mg/] and the estimated standard error of the mean is 1.378 mg/1.
(a) Give the sample standard deviation of the 15 hardness measurements.
(b) Assuming that water hardness is normally distributed, compute a 95%
confidence interval for the mean water hardness.

(c) According to Health Canada (source: www.hc-sc.gc.ca), water with a
hardness smaller than 100 mg/1 is classified as soft and water with a hard-
ness larger than 180 mg/1 is classified as hard. If the hardness is between
soft and hard, we say that the water is medium hard. With a level of
confidence of 95%, can we classify the mean hardness of the water in this
district as medium hard?

Problem 8.10. This problem refers to the R commands pt and qt. We
use the notation X ~ T'(n) if X has a T'(n)-distribution. Find the following
values using R:

(a) P(X <1.5) where X ~ T(10);

(b) P(—1.9 < X < 3.6) where X ~ T(7);

(c) P(X > 2.5) where X ~ T(5);

(d) the value ¢ such that P(X < t) = 0.95 where X ~ T'(27);

(e) the value ¢ such that P(X > t) = 0.025 where X ~ T'(16);

(f) the value t such that P(—t < X < t) = 0.96 where X ~ T(11).

Problem 8.11. A farmer has observed that for a certain variety of tomato,
a plant will yield on average 2.7 kg of fruit per year. Some soil has been
treated with a soil conditioner to increase the yield. Twenty plants in
the treated soil had a mean yield of T = 3.1 kg (per year) and a standard
deviation of s = 0.53 kg. It was verified that the yield of a plant is normally
distributed.

(a) Give a 95% confidence interval for the mean yield of a tomato plant
under the new conditions.

(b) Compare the interval estimate from part (a) with the old mean yield.
What can we conclude?

Problem 8.12. Researchers measured the maximal nitric oxide diffusion
rate (in nanoliters per second) of 25 asthmatic children. They summa-
rized their finding as: mean =+ standard error of the mean. They found
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3.75 £ 0.275.

(a) Find the sample standard deviation.

(b) Consider these 25 children as a representative sample of a larger pop-
ulation of asthmatic children. Assuming that the maximal nitric oxide
diffusion rate is normally distributed, give a 95% confidence interval for the
population mean maximal nitric oxide diffusion rate.

(c¢) Compared to the 95% confidence interval from (b), would a 92% confi-
dence interval be shorter, be longer, or the same length? Answer without
actually constructing the interval.

(d) Compared to the 95% confidence interval from (b), would a 97% confi-
dence interval be shorter, be longer, or the same length? Answer without
actually constructing the interval.

Problem 8.13. pH is the negative logarithm of the hydrogen ion activity.
It is a measure of how acid or alkaline a substance is on a scale of 0 to 14.
A pH of 7 is neutral, less than 7 is acidic and greater than 7 is alkaline.
The ideal pH for soil depends on the crop being grown. Levels between 6.5
and 7 are considered optimal for many plants (see [45]). Eighteen samples
of soil are randomly selected from a field and are sent to a laboratory for
pH measurements. Below are the data.

6.11 6.26 5.67 5.7 730 5.68 6.57 6.57 6.07
576 591 6.16 7.02 635 6.77 6.65 7.05 6.85

(a) Produce a normal probability plot for this sample. Do the measure-
ments of pH appear to be normally distributed?
(b) Compute a 95% confidence interval for the mean pH level.

Problem 8.14. Using a sample of n = 20 observations, we found the
interval [4.519;5.191] as a 95% confidence interval for the mean of a normal
population. Find the sample variance s2.

Problem 8.15. A new drug is being tested for its effectiveness to treat a
certain type of infection. It was effective in 119 cases out of 170.

(a) Construct a 95% confidence interval for the rate of effectiveness of the
new drug for treating this type of infection.

(b) Without constructing the 98% confidence interval for the rate of effec-
tiveness, would you expect the interval to be longer or shorter compared to
the 95% confidence interval? Why?

(c) Construct a 98% confidence interval for the rate of effectiveness of the
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new drug for treating this type of infection.

Problem 8.16. Using a sample of 75 subjects, we found that the diameter
of a coronary vessel has a mean of T = 2.75 mm and a standard deviation
s = 0.45 mm. Assume that the diameter of this coronary vessel is normally
distributed.

(a) Give a 95% confidence interval for the average diameter of this coronary
vessel.

(b) Give the estimated standard error of the mean.

(c) Using the sample mean as the population mean and the sample standard
deviation as the population standard deviation, compute the probability
that the diameter of a coronary vessel is less than 2 mm.

Did you know? Many of the species of the Galdpagos archipelago
were discovered for the first time by Charles Darwin during his historical
voyage around the South American coast, aboard the ship Beagle (1831-
1836). This expedition is one of the best known episodes in the history of
science. As the ship’s naturalist, Darwin (then a 22-year old Cambridge
graduate) visited the archipelago and was amazed by the curious creatures
he encountered (e.g. giant tortoises, finches). It is thought that Darwin’s
theory of evolution based on natural selection may have its origins in this
voyage. (For more details about Darwin’s voyage to the Galdpagos islands,
see [56]).



Chapter 9

Hypothesis Testing

In this chapter, we introduce another statistical method for drawing conclu-
sions about the values of a parameter. This method consists in confronting
two hypotheses which speak about the parameter values. It is used when
one wants to gain support (or evidence) towards a desired statement, called
“the research hypothesis”, and denoted by H;. The other hypothesis, which
the researcher wants to reject, is called the “null hypothesis”, and is de-
noted by Hy. When using this method, we formulate the two hypotheses
with the goal of rejecting Hy, and gaining evidence towards H;.

9.1 Hypothesis Testing for the Mean: Large Samples

In this section, we introduce the method of hypothesis testing, when the
parameter of interest is the population mean p, and the sample size n is
large, i.e. n > 40. The null hypothesis Hj says that the unknown parameter
1 is equal to a specified numerical value pg:

Ho : p = po.

Under new experimental conditions, the mean measurement p is thought
to deviate from pg, which is a value obtained under standard conditions.
The alternative hypothesis H; (that we would like to gain evidence for)
specifies the direction of this change in p. This hypothesis can take three
different forms:

(1) p is larger than pg. In this case, we write Hy : u > po, and we say
that we perform a right-tailed test. This set-up is used when one wants

to gain evidence that p exceeds the hypothesized value pyg.

141
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(2) p is smaller than uo. In this case, we write Hy : u < po and we say
that we perform a left-tailed test. This set-up is used when one wants
to gain evidence that p diminishes compared to py.

(3) u is different than pg. In this case, we write Hy : g # po and we
say that we perform a two-tailed test. This set-up is used when the
direction of the change in p is unknown.

Setting up the hypothesis in the desired way (i.e. choosing the appropri-
ate alternative hypothesis H;, among the three possibilities listed above) is
the first and most important step of a statistical testing procedure. Before
performing the test, the statistician has to decide what is the alternative
hypothesis H;. This decision dictates automatically which of the three
cases above has to be used for the problem at hand.

The conclusion of a test of hypothesis is one of the following:

(i) We reject Hp. In this case, we say that there is enough evidence in
favour of H;. (We may say that H; is true.)

(ii) We fail to reject Hy. In this case, we say that there is not enough
evidence in favour of H;. (We avoid saying that Hy is true, although
this may help with the logic.)

As a consequence, hypothesis testing can result in two types of errors:

e Type I error (whose probability is denoted by a) is encountered if we
reject Hy, when Hj is true.

e Type II error (whose probability is denoted by ) is encountered if we
fail to reject Hy, when H; is true.

Ideally, both probabilities o and 8 should be small. The table below illus-
trates all 4 possibilities:

” ” Reject Hy | Fail to Teject Hy ”
Hy True Type I error Correct decision
(probability «) (probability 1 — «)
H; True Correct decision Type II error
(probability 1 — 3) (probability 3)

Fig. 9.1 Probabilities associated with a test of hypothesis
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Example 9.1. The effects of inhaling particle matter (PM) have been
widely studied in humans. The smaller particles PM;o (particles with di-
ameter of less that 10 micrometers) are especially dangerous, and possibly
related to asthma and lung cancer. As of January 1, 2005 the European
Commission has set the limit for the PMjq in the air at 50 pg/m3 (daily
average). Local health organizations in a large European city are concerned
that the PMiq level in the outdoor air is higher than the 50 ug/m3 permis-
sible. To test the validity of this statement, levels of PM;y were measured
on 40 different days, yielding an average z = 52.5 ug/m3 and a sample
variance s? = 33.5.

To set-up correctly the two hypotheses, we keep in mind that we want
to reject Hy, in favor of Hy. Therefore, we set Hy: “the average level of
PM,, is equal to 50” and H;: “the average level of PM,q exceeds 50”. We
are confronting the following two hypotheses:

Hy:p =50 versus Hj:p>50.

A type I error occurs when we decide that the PM;q level is higher than
50, when in fact it is not. This does not have a negative health impact, but
may result in falsely alarming the public.

A type II error occurs when we are unable to gain evidence that the
P Mg level is higher than 50, when in fact it is. This may have a negative
health effect on the population.

Example 9.2. Cholesterol is one of the body’s fats, used for making cell
membranes, vitamin D and hormones. High levels of low-density lipoprotein
(LDL) cholesterol in the blood can cause the build up of plaque in the
artery walls, which is a major risk factor for heart disease and stroke. The
Canadian Heart and Stroke Foundation advises a diet low in saturated
fats and regular physical activities as effective measures for reducing the
LDL blood cholesterol levels. To gain evidence for this statement, we use
a sample of 52 Canadians with a high level of LDL blood cholesterol of
4.0 nmol/L, who were on a low-fat diet for 30 days, combined with 30
minutes of daily cardio exercises. After this period, the average LDL blood
cholesterol level for this sample was found to be Z = 3.5, (which is lower
than the initial value po = 4.0), with a sample standard deviation s = 1.12.

We now set-up the two hypotheses in the desired direction. The goal is
to reject Hyp, and gain evidence for H;. The null hypothesis Hy : p = 4.0
says that despite the new measures, the average LDL blood cholesterol level
stays the same. The alternative hypothesis H; : p < 4.0 says that the LDL
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blood cholesterol level is reduced. We are confronting the following two
hypotheses:

Hy:p=40 versus Hp:p<4.0.

A type I error occurs when we decide that diet combined with exercise
reduces the LDL blood cholesterol level, when in fact it does not. A type
IT error occurs if we are unable to gain evidence that diet combined with
exercise reduces the LDL blood cholesterol level, when in fact it does.

Example 9.3. Recent studies suggest that Bacillus Calmette-Guérin
(BCG) vaccination early in life is related to asthma. A commonly used
index of asthma in a population is the level of forced expiratory volume in
one second (FEV;). The level of FEV; was measured in 46 adult men, who
were administered the BCG vaccine at the age of 14, yielding an average
volume Z = 4.52 BTPS and a sample variance s? = 2.1. We would like to
gain evidence for the fact that the BCG vaccination induces a change in
the FEV; level, the direction of the change being unknown. For adult men,
the normal level of FEV; is around the value of 4.00 BTPS.

We set-up the two hypotheses, with the goal of rejecting Hy, in favor
of H,. Hypothesis Hy says that the BCG vaccination does not induce a
significant change in the FEV; level. The alternative hypothesis H; says
that the BCG induces either an increase or a decrease in the FEV; level.
We want to test:

Hy:p=4.00 versus H;:u # 4.00,

1 being the average FEV; level in the BCG-vaccinated male population.

A type I error occurs when we decide that the BCG vaccination induces
a change in the FEV; level, when in fact it does not. A type II error
occurs if we are unable to gain evidence that the BCG vaccination affects
the FEV; level, when in fact it does.

We treat separately the three different cases, explaining what method
to use in each case.

Case (1). Hp: p = o versus Hy : pu > po

This is the case when we want to gain evidence that the true mean p of
the population is larger than a numerical value pg. To move in the direction
of H,, we first have to make sure that in the case of our sample, the sample
average T is larger than po. (If this is not the case, there is no hope that
we can gather any evidence for H;.)
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We then calculate the difference Z — 19, and hope that this difference is
a large (positive) number. If so, then we reject Hp; otherwise, we say that
we do not have enough evidence for rejecting Hp.

But how large should this number be? To answer this question, the
difference T — pp itself is not of big help. We have to calculate the stan-
dardized ratio zg = (Z — po)/(s/+/n) and see if this ratio is large, compared
with all the possible values for the same ratio that may arise from other
samples. The collection of all the samples is huge and therefore, it is im-
possible to calculate all the corresponding ratios. Luckily, the way these
ratios fluctuate is well-known: if Hy is true, then by Theorem 8.1,

Zy = ); /_\/%0 has approximately an N(0, 1) distribution,
if n is large enough (i.e. n > 40). In this context, Zy is called the test
statuistic.

The question is: supposing that Hj is true, do we expect to see only
rarely sample averages larger than our observed Z, or our Z is a rather
typical value, and we should expect to see very often values which are even
larger?

To answer this question, we use Table 18.3 for calculating the probability
that an N (0, 1) random variable takes a value larger (i.e more extreme) than
the value 2y that we already observed. This probability is called the p-value
of the right-tailed test:

p-value = P(Z > zp),

and corresponds to the right-tail of the N(0,1) density. We say that zq is
the observed value of the test statistic Zg.

The smaller the p-value, the less likely it is that Hy is true. The inter-
pretation is the following: a small p-value means that values larger than z
are rarely encountered under Hy, and therefore Hy is unlikely to be true.
On the other hand, a large p-value means that values larger than Z are
frequently encountered under Hy, and therefore Hj is likely to be true.

Reporting the p-value is an important step in any statistical analysis,
since it gives us an idea about the likelihood that H, happens.

Sometimes, statisticians are supplied with an a priori a-value for the
probability of the type I error. In this case, the decision rule of the test is
based on the following comparison between the p-value and «:

if p-value < o, then we reject Hy

if p-value > «, then we fail to reject Hy.
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In this context, « is called the significance level of the test.

Note that there is some uncertainty in this decision-making process. In
fact, a statistician in never 100% sure of making the right decision. The
above rule ensures that the probability of the type I error is approximately
equal to a. To see this, note

p-value = P(Z > zp) < a = P(Z > z4)
is equivalent to saying that zyp > z,. Therefore
P(type I error) = P(reject Hp when Hy is true) = P(Zp > zo; 0t = o) =

using the fact that Zy has approximately an N (0, 1) distribution when Hj
is true.

Example 9.1 (continued). Suppose that the daily level X of PMj in
the city’s outdoor air is a random variable of unknown mean yg. The sample
size is n = 40. The sample average Z = 52.5 indicates that the unknown
average u may be higher than the threshold value pg = 50. To gain evidence
for this claim, we calculate the ratio:

Z_:E—uo_ 52.5—-50
°T s/yn V/335/V/40
We cannot say if the value of this ratio is large or small, until we compare it

with all the other possible values, which may arise if we change the sample.
This comparison is performed using the p-value. From Table 18.3,

p-value = P(Z > 2.73) = 1 — 0.9968 = 0.0032.

2.73.

This p-value is very small. Based on this sample, it is unlikely that Hj :
p = 50 is true, and is much more likely that H; : p > 50 is true. Therefore,
we have enough evidence for rejecting Hy. The conclusion is that in this
city, the average PM( in the outdoor air exceeds the permissible level of
50 pg/m? per day.

Case (2). Hp:p = o versus Hy : p < po

In this case, we want to gain evidence that the average p is smaller
than a given value pg. This time, we first have to make sure that the
sample average T is smaller than pp. Then, we calculate the same ratio
20 = (Z — po)/(s/+/n), keeping in mind that this (negative) ratio value
should be compared against all the other negative values in Table 18.2,
which could be obtained from different samples. The p-value is a measure
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of how “negative” this ratio is compared with all the other values. It gives
the probability that one can obtain something even more “negative” (or
more extreme) in the case of another sample. The p-value for the left-tailed
test is:

p-value = P(Z < zp).

Note that this probability corresponds to the left-tail of the N(0,1)
density. A small p-value means that Z is sufficiently small compared to .
In this case, we reject Hy, and conclude that there is enough evidence that
u is smaller that pg.

As in Case (1), if a preset a-value is given for the probability of the
type I error, we reject Hy if and only if the p-value is smaller than a.

Example 9.2 (continued). Let X be the LDL blood cholesterol level of
a randomly chosen person who was on a low-fat diet for 30 days, combined
with daily exercising. The sample average T = 3.5 is smaller than the initial
cholesterol level of 4.0, so we can proceed with the test. We calculate the
ratio:
T — Ho 3.5—-4.0
20 = = = —3.22.

T s/n 1.12/v52
This value is very extreme for the observed value of a Z random variable.
More precisely, from Table 18.2,

p-value = P(Z < —3.22) = 0.0006.

This is a very small probability. We reject Hy, in favor of H;. The conclu-
sion of this study is that a low-fat diet and exercising are effective means
of reducing the LDL blood cholesterol level.

Case (3). Hp: pu = o versus Hy : p # po

In this case, we want to show that the unknown average p is significantly
different than a value pg, without any preference for the direction of the
change in p compared to pg. This type of test can be performed if Z is
either larger, or smaller than py. What matters is the absolute value of the
difference Z — pp. In fact, our conclusion is based on the absolute value of
the ratio zo = (T — wo)/(s//n). If this value is very large (or extreme),
then we reject Hy; otherwise, we do not have enough evidence for rejecting
Hy.
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The p-value calculation takes into account the fact that the same ab-
solute value |zp| can be encountered in two different situations: when Z is
larger than pg, or = is smaller than pg. Before selecting the sample, we
do not know which of these two situations will be encountered in the case
of our sample. For this reason, the p-value calculation considers both tails
under the N(0,1) density. The p-value of a two-tailed test is:

p-value = 2P(Z > |z|).

The value 2 in the formula above is due to the symmetry of the density of
the N(0,1) distribution.

As in the previous two cases, we reject Hy if the p-value is small. Oth-
erwise, we do not have enough evidence for rejecting Hy. If an a priori
a-value is given, we reject Hy if and only if the p-value is smaller than a.

Example 9.3 (continued). Let X be the FEV; level in the BCG-
vaccinated male population. We first calculate the absolute value:

| = | Bt | _ 452400 _, o
T ls/va| T [ VeLvae | T

From Table 18.3, we find
p-value = 2P(Z > 2.43) = 2(1 — 0.9925) = 2(0.0075) = 0.015.

If the preset a-value is given as a@ = 0.01 (i.e. we are willing to accept
only a risk of 1% of making a type I error), then we fail to reject Hp,
and conclude that there is not enough evidence that the BCG vaccination
affects the FEV; level. However, if the preset a-value is o = 0.05 (i.e. we
are willing to accept a risk of 5% of making a type I error), then we reject
Hy, and conclude that the BCG vaccination may affect the FEV; level.

In case (3), we want to gain evidence that p is significantly different than
the value pg, but we are not sure if it is larger or smaller. Someone might
be tempted to conclude that p # o, if Hp has been rejected in at least
one of the one-sided tests. This type of argument is called data snooping.
It is equivalent to using a right-sided alternative or a left-sided alternative
based on the observed sample mean. This will lead to an inflated risk of
committing an error of type I. We need to set up the hypotheses before
looking at the data. If you do not have a priori information that it is highly
likely that u is on a particular side of g, then a two-sided alternative should
be used.
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9.2 Hypothesis Testing for the Mean: Small Samples

In this section, we modify slightly the procedure developed in the previous

section for performing a test on the population average u, in the case when

the sample size is small, and the measurement X is normally distributed.
We consider separately the three cases:

Case (1). Hp: p = o versus Hy : pu > po

The method is very similar to the one encountered in Section 9.1. A
large value of Z (compared to pp) is an indication that Hy is not true. The
only difference is that, when the sample size is small, we can no longer say
that the distribution of the ratio (X —p)/(S/+/n) is approximately N (0, 1)
(when Hj is true). However, by Theorem 8.2, we know that if Hy is true,
then ~
Ty = X — po

S/vn

The test is based on the calculation of the studentized ratio
to = (T — po)/(s/+/n). In this case, ty is the observed value of the test
statistic Tp. Note that ¢ty has exactly the same expression as the ratio zg
defined in Section 9.1. We use a different notation here to emphasize the
fact that to is the observed value of the variable Ty which has a T'(n — 1)
distribution, whereas zg is the observed value of the variable Zy which has
an N(0, 1) distribution.

A large (positive) value of the ratio ty is an indication that Hy is not true.
To see if this ratio is really large (compared with other values encountered
from different samples), we consider the following p-value of the right-tailed
test:

has a T(n — 1) distribution.

p-value = P(T > ty),

where T is a random variable with a T'(n — 1) distribution.

A small p-value is an indication that Z is sufficiently large. In this case,
we reject Hy; otherwise, we fail to reject Hy. If a preset a-value is given,
we reject Hy if and only if the p-value is smaller than «. This means that
we use the following decision rule:

if p-value < o, then we reject Hy
if p-value > «, then we fail to reject Hy.

This rule guarantees that the probability of the type I error is equal to
a. To see this, note

p-value = P(T > tg) < o= P(T > tan-1)
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is equivalent to saying that tg > ¢ n—1. Therefore
P(type I error) = P(reject Hy when Hj is true)
= P(To > tan—154 = po) = @
using the fact that Ty has a T'(n — 1) distribution when Hy is true.

We should say few words about the p-value calculation in this case. Due
to the limitations of Table 18.4, which gives only the values ¢ corresponding
to a selected number of probabilities P(T' < t), in the examples below we
content ourselves with reporting only the interval where the p-value lies.
For this, we have to place the ratio ¢y between some values that we identify
in Table 18.4, on row v = n — 1. In some examples, this means finding two
values t; < t2 (whose corresponding areas to the right are a; > az), such
that:

t1 <ty <io.
In this case, we report that:
ag < p-value < 3.

In other examples, we may find only one value t; (whose corresponding
area to the right is a;), such that:

to > t;.

In this case, we report that: p-value < a;. Note that, due to the limitations
of this procedure, a comparison with a preset a-value is not always possible.
In practice, the exact p-value is obtained using a statistical software.

Example 9.4. Leatherbacks are one of the biggest and deepest living of
all sea turtles. Their immense mass of up to 2,000 pounds helps them stay
warm in the frigid water. In the recent years, the number and the size of
leatherbacks in the Atlantic has increased, due to the abundant jellyfish
population off the coasts of Nova Scotia, where they come to feed after
nesting on the beaches of Trinidad. The claim is that the average mass of
an Atlantic leatherback is now higher that 1,000 pounds. We want to test
this claim, using the hypothesis

Hy:p=1,000 versus H;:p> 1,000,

where p is the average mass of an Atlantic leatherback.
Type I error occurs when we decide that the average mass of an Atlantic
leatherback is higher than 1,000 pounds, when in fact it is not. Type II
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error occurs if we conclude that there is not enough evidence that the
average mass is higher than 1,000 pounds, when in fact it is.

We use a sample of 7 leatherbacks, whose average mass is found to be
Z = 1,045 pounds, with a standard deviation s = 67 pounds. We assume
that the mass X of a randomly chosen Atlantic leatherback has a normal

distribution. To perform the test, we calculate the ratio:

_T-po _1,045-1,000
s/v/n 67/V7 o

To decide if the value 1.78 is sufficiently large for a random variable T with
a T'(6) distribution, we consider:

p-value = P(T > 1.78).
Searching on row v = 7 — 1 = 6 of Table 18.4 for a value close to 1.78, we

find that 1.78 lies between 1.440 and 1.943, whose corresponding areas to
the right are 0.10, respectively 0.05.

to

O mpossscccssssscsccscse

t
1.44 11.943 t
1.78

Fig. 9.2 T(6) distribution

We conclude that:
0.05 < p-value < 0.10.

Using a statistical software, we see that p-value = 0.063.

Suppose first that the preset value a is 0.05, i.e. we are willing to accept
a risk of 5% of making a type I error. Since the p-value is higher than 0.05,
we fail to reject Hy and we conclude that there is not enough evidence that
the average mass of the Atlantic leatherbacks is larger than 1,000 pounds.

Suppose next that we are willing to accept a risk of 10% of making a
type I error (i.e. @ = 0.10). In this case, since the p-value is smaller than
0.10, we reject Hy in favor of Hy, and conclude that the average mass of
the Atlantic leatherbacks is larger than 1,000 pounds.
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Case (2). Hp:p = o versus Hy : p < po

The test is also based on the calculation of the same ratio
tg= 2 M0,
s/vn
A negative value of this ratio is an indication that H; might be true. To
see if this ratio is far from 0 (compared with other values encountered from
different samples), we consider the p-value of the left-tailed test:

p-value = P(T < ty),

where T is a random variable with a T'(n — 1) distribution. If the p-value
is small, we reject Hp; otherwise, we fail to reject Hp.

Example 9.5. More that 20% of the world’s oxygen is produced in the
Amazon rainforest. The giant kapok tree (Ceiba pentandra) is the tallest
tree in the Amazon rainforest, with a height of up to 200 feet and a trunk
diameter of 9 or 10 feet. This tree is host to numerous aerial plants, insects
and birds. The average growth rate of the giant kapok tree is 10 feet per
year. Researchers fear that in the past years, the growth rate of this tree
has slowed down, due to climate change and deforestation. We want to test
this claim, assuming that the growth rate X of a randomly chosen tree has
a normal distribution with unknown mean p. A sample of 15 giant kapok
trees yielded an average annual growth z = 8.5 feet, and a sample standard
deviation s = 2.1 feet. The hypotheses to be confronted are:

Hy:p=10 versus H;:p<10.

Type I error occurs when we decide that the annual growth rate has de-
creased, when in fact it did not. Type II error occurs when we decide that
the annual growth rate has stayed the same, when in fact it has decreased.

To perform the test, we first observe that = 8.5 < pg = 10. Hence,
we can proceed in the direction of H;. For this, we calculate the ratio:

_Top_85-10 ..

DTSR T 21V

In this case,
p-value = P(T < —2.77) = P(T > 2.77),

where T is a random variable with a T'(14) distribution. Note that for the
second equality above, we used the symmetry of the T(14) distribution.
Looking on row v = 14 of Table 18.4, we see that 2.77 lies between the
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values 2.624 and 2.977, whose corresponding areas to the right are 0.01,
respectively 0.005. Hence,

0.005 < p-value < 0.01.

Using a statistical software, we see that p-value = 0.008.
Since the p-value is smaller than a = 0.01, we reject Hyp and conclude
that the annual growth rate of the kapok tree has slowed down.

Case (3). Hp: p = o versus Hy : p # po

As in Case (3) of Section 9.1, we calculate the absolute value of to.
The p-value formula uses both tails of the T'(n — 1) distribution and the
symmetry of this distribution (which explains the 2 in the formula below).
More precisely, the p-value of the two-tailed test is:

p-value = 2P(T > |to]).

As in the previous two cases, we have to obtain a small p-value, in order to
reject Hy in favor of H;.

Example 9.6. Measurements of blood viscosity were made on laboratory
mice. A normal value should be close to 3.95. Researchers who are testing
a new drug suspect that this could have modified their blood viscosity level,
but they do not know the direction of this change. Levels which are either
too small or too large are not acceptable. We want to see if there is enough
evidence that the average level of viscosity has deviated significantly from
the value 3.95, due to the new drug. We are interested in testing:

Hy:p =395 versus Hj:pu# 3.95,

where p is the average viscosity level for the mice which were treated with
the new drug. We assume that the blood viscosity levels are normally
distributed.

A type I error occurs when we decide that the viscosity level is affected
by the new drug, when in fact it is not. A type II error occurs when we
fail to gain evidence that the drug affects the viscosity level, when in fact
it does.

A sample of 9 mice yields a sample viscosity level Z = 5.25 and a sample
standard deviation s = 0.6. We calculate the ratio:

T—po 5.25—395
to = = = 6.50,
YN 0.6//9
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and then,
p-value = 2P(T > 6.50),

where T is a random variable with a T'(8) distribution. Looking on row
v =9 —1 = 8 of Table 18.4, we see that 6.50 is larger than the last value
listed in the table, namely 3.355 (whose corresponding area to the right is
0.005). Hence, P(T > 6.5) < 0.005 and

p-value < 2(0.005) = 0.01.

Using a statistical software, we see that p-value = 0.0002.
Since the p-value is very small, we reject Hy and conclude that the new
drug affects the blood viscosity level.

Technology Component using R: Suppose that the data is saved in
the variable z.

e To test Hy : 4 = 3 against H; : u # 3, we use:
t.test (x,mu=3)

If we omit writing “mu=3”, by default it will be testing Hy : © = 0.
e To test Hy: p =3 against Hy : p > 3, we use:

t.test(x,mu=3,alternative="greater")

The output will also include a “one-sided” confidence interval which
has an upper bound equal to co. This type of interval is not discussed
in the book.

e To test Hy: p = 3 against H; : pu < 3, we use:

t.test(x,mu=3,alternative="less")

The output will also include a “one-sided” confidence interval which
has a lower bound equal to —oo. This type of interval is not discussed
in the book.

9.3 Hypothesis Testing for the Proportion

In this section, we are interested in confronting two hypotheses which speak

about the value of the proportion p of individuals who share a common char-

acteristic in a given population. Recall from Section 7.2, that an estimate
for p is:

.y

p==

n
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where y denotes the number of individuals with the desired characteristic,
in a sample of size n.

Example 9.7. An article in the National Geographic magazine (April
2009) draws attention on a form of fungal infection, chytridiomycosis
(chytrid for short), which is wiping out amphibians on all continents where
frogs live. The Amphibian Ark is an international project aimed at keeping
at least 500 amphibian species in captivity for reintroduction when the cri-
sis is resolved. In the wild, an infection rate higher that 90% is critical for
a species to survive. Researchers suspect that this rate has already been
attained for the mountain yellow-legged frogs of the Sixty Lake Basin in
California’s Sierra Nevada. In a sample of 85 frogs, 77 tested positive for
the chytrid fungus. We want to test the hypotheses:

Hy:p=0.90 versus H;:p> 0.90,

where p is the percentage of mountain yellow-legged frogs in the Sixty Lake

Basin, which are infected by chytrid. An estimate for p is:

.17
=% 0.906, or 90.6%.
A type I error occurs when we decide that the infection rate exceeds the
critical rate of 90%, when in fact it does not. A type II error occurs when
we fail to show that the infection rate exceeds the critical rate of 90%, when

in fact it does.

Example 9.8. Topiramate (commonly known as topamax in Canada and
the United States) was approved for use as a treatment for epilepsy in 1995.
In 2004, the American Food and Drug Administration approved the drug
for use in treating migraines. Side effects of topiramate treatment include
fatigue, nausea and confusion. We want to gain evidence for the fact that
these side effects appear in less than 6% of the population. In a group of
150 patients treated with topiramate, only 6 complained about side effects.
We would like to test the hypotheses:

Hy:p=0.06 versus H;:p < 0.06,

where p is the (unknown) proportion of people who experience side effects,

among those who are using topiramate. An estimate for p is:

.6
p—150—0.04, or 4%.

A type I error occurs when we decide that the percentage of people who
experience side effects is lower than 6%, when in fact it is not. A type
IT error occurs when we fail to show that the percentage of people who
experience side effects is lower that 6%, when in fact it is.
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Example 9.9. Conventional detergents are based on petrochemicals which
are rapidly depleting sources of non-renewable materials, and whose
residues are poorly biodegradable, building up in the environment. By
contrast, ecological detergents are biodegradable, being produced using in-
gredients of renewable origin. The effectiveness of ecological detergents in
removing oil stains is thought to be around 80%. A new ecological detergent
was used in a sample of 500 laundry loads containing oil-stained items. 435
loads resulted in the complete removal of oil stains. Based on this sample,
we want to test the hypothesis:

Hy:p=0.80 versus H;:p#0.80,

where p is the effectiveness in removing oil stains of the ecological detergent.
An estimate for p is:

. 435
P = ﬁ = 087, or 87%

A type I error occurs when we decide that the effectiveness of the new
detergent is significantly different then 80%, when in fact it is not. A type II
error occurs when we fail to show that the effectiveness of the new detergent
is different then 80%, when in fact it is.

We consider the following three cases:
Case (1). Hp:p=po versus Hy : p > pp

In this case, we want to show that the unknown proportion p is higher
than a fixed numerical value pg. To move in this direction, first we have to
make sure that the estimate p is larger than po. A large difference between
p and po is a good sign in favor of H;. The next question is: how large
the difference p — py should be, to comfortably reject Hy? To answer this
question, we use fact that, if Hy is true then

A~

P — Do
po(1 —po)/n
if n is large.
Our decision is based on the observed value of the test statistic:
P — Po

VPo(l —po)/n’

A large value of this ratio is an indication that H; might be true. The
idea is to compare this ratio against all other possible values (which may

Zo = has approximately an N (0, 1) distribution,

zZ0 =
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arise from different samples), by means of the p-value. The p-value of the
right-tailed test for p is:

p-value = P(Z > zp).

The smaller the p-value, the less likely it is that Hy is true. We reject
Hj (and gain evidence for Hy), if the p-value is very small.

Example 9.7 (continued). In this case, p = 0.906, n = 85 and py = 0.90.
We calculate the observed value of the test statistic:

__ P-p _ 0906-090 _ o
VPo(I—po)/n +/(0.90)(0.10)/85

20

The p-value is:
p-value = P(Z > 0.18) =1 — 0.5714 = 0.4286.

Since the p-value is large, we cannot reject Hy. We conclude that there is
not enough evidence that the infection rate is higher than 90%.

Case (2). Hp:p=po versus Hy : p < pp

To move in the direction of H;, the estimate p has to be smaller than
po. The testing procedure is based on the same ratio zo as in Case (1). In
this case, the ratio is negative. The p-value of the left-tailed test is:

p-value = P(Z < zp).

We reject Hy if the p-value is smaller than the significance level a.

Example 9.8 (continued). Using py = 0.06, n = 150, and p = 0.04, we
calculate the observed value of the test statistic:

_ Hp—po _ 004-006
VPo(L—po)/n 1/(0.06)(0.94)/150
Using Table 18.2, we obtain:

—1.03.

20

p-value = P(Z < —1.03) = 0.1515.

Since the p-value is large, we cannot reject Hy in favor of H;. The conclusion
is that this sample does not contain enough evidence that the percentage
of people suffering side effects from topamax is smaller than 0.06.
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Case (3). Hp:p=po versus Hy : p# po
In this case, we calculate the absolute value of the ratio zg. The p-value
of the two-tailed test for p is:
p-value = 2P(Z > |z|).

As in the previous two cases, we reject Hy in favor of Hy, if the p-value is
smaller than the significance level a.

Example 9.7 (continued). In this case pp = 0.80, p = 0.87 and n = 500.
We calculate the absolute value:
P —Po
VPo(L = po)/n

Using Table 18.3, we see that:

p-value = 2P(Z > 3.91) < 2(0.0001) = 0.0002.

|20] = =3.91.

| 087-080
~ |1/(0.80)(0.20) /500

(We used the fact that the value 3.91 is larger than the largest value given
in Table 18.3, namely 3.89, whose area to the right is 0.0001.) Since the
p-value is very small, we reject Hy and conclude that the efficiency of the
new ecological detergent is different than 0.80.

9.4 Problems

Problem 9.1. The Greenland ice sheet covers roughly 80% of the surface
of Greenland, being the second largest body of ice in the world, after the
Antarctic ice sheet. As the arctic climate is rapidly warming, the Greenland
ice sheet has experienced record melting in the recent years. The following
data gives the depth of the ice sheet (in m) measured at various locations
during the summer months in the Northeast Greenland National Park:

3115 3133 3123 3145 3125 3131 3127 3120 3118 3124

Using this data, is there enough evidence that the average depth of the ice
sheet is below 3140m? Assume that the depth of the ice sheet is normally
distributed.

Problem 9.2. Ciprofloxacin is an antibiotic used for the treatment of uri-
nary tract infections (UTT). It is estimated that 10% of the patients treated
with ciprofloxacin will have a recurrent UTI within three weeks after treat-
ment. A new drug has been developed for the treatment of UTI. In a group
of 347 patients who were treated with this drug, only 29 had a recurrent
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UTTI within three weeks after treatment. Can we conclude that the new
drug is efficient in reducing the proportion of patients with recurrent UTI
below 10%? Use a test of hypotheses of level o = 0.05.

Problem 9.3. The article 7] studies the acquisition of rainfall data in
Guinea Savanna part of Nigeria. One of the major data acquisition prob-
lems in Sub-Saharan Africa includes instrumental errors, which are asso-
ciated with the functioning of the instruments. An error encountered fre-
quently with the rain gauges (instruments used by hydrologists) occurs
during the siphoning cycle, when the rain persists to enter the rain gauge.
In a sample of 64 observations, it was found that the mean measurement
error was Z = 0.28 mm with a standard deviation s = 0.5 mm. Is there
enough evidence that the average measurement error p exceeds the thresh-
old of 0.25 mm? Use level a = 0.10.

Problem 9.4. Studies were conducted in a metropolitan area to determine
the concentration of carbon monoxide near a large highway. There are
concerns that the average concentration of carbon monoxide exceeds 100
parts per million (ppm) at this location. The researchers captured air
in bags and used a spectrophotometer to determine the concentration of
carbon monoxide. Below are the results for 25 randomly chosen times over
a period of 6 months:

100.1 1019 101.3 1021 983 100.3 100.2 109.6 98.5
92.0 103.7 108.5 1049 109.8 953 93.1 107.0 92.1
109.2 932 931 1073 97.1 1044 102.3

For this sample, the mean and standard deviation are 101.012 ppm and
5.7644 ppm, respectively.

(a) Formulate the null and alternative hypotheses to test that the average
concentration of carbon monoxide exceeds 100 ppm.

(b) Interpret the type I error in the context of this question.

(c) Interpret the type II error in the context of this question.

(d) Use a statistical software to verify that the concentration of carbon
monoxide is normally distributed.

(e) Compute the p-value of the test the hypotheses formulated in part (a).
Give your conclusion at the significance level a = 0.10.

(f) If your conclusion in part (e) is wrong, did you commit a type I error
or a type II error?
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Problem 9.5. Refer to Problem 8.11. Using these data, is there enough
evidence to conclude that the mean yield has increased, compared to the
average yield of 2.7 kg per year?

Problem 9.6. Percutaneous nephrolithotomy (PN) is a surgical procedure
used for removing kidney stones by a small puncture incision through the
skin. The authors of [13] studied the efficiency of PN in removing kidney
stones. The treatment was defined as successful if stones were eliminated or
reduced to less than 2 mm after three months. PN was successful for 289
out of 350 patients that underwent the treatment. The traditional open
surgery has a success rate of 78%.

(a) Give a point estimate for the success rate of PN in treating kidney
stones and give the corresponding estimated standard error.

(b) Is there significant evidence that the success rate of PN in treating
kidney stones is different than the success rate of open surgery? Formulate
a null hypothesis and an alternative hypothesis and find the corresponding
p-value. Use a = 0.01.

(c) Use a 95% confidence interval for comparing the success rate of PN in
treating kidney stones with the success rate of open surgery.

Problem 9.7. Refer to Problem 4.7. This medication was given to 20
patients and 17 reported a significant reduction in their pain. Using these
data, is there enough evidence to conclude that the use of this medication
is better than not using any medication for reducing pain?

Hint: Consider testing p = 0.5 against p > 0.05, where p is the proportion
of patients for whom the pain subsides, among those using the medication.
Use the binomial distribution to compute the p-value, since the sample size
is small.

Problem 9.8. Consider the following R output. It is based on a sample of
size n = 125:

One Sample t-test

data: x
t = 1.5001, df = 124, p-value = 7
alternative hypothesis: true mean is greater than 100
95 percent confidence interval:
99.96231 Inf
sample estimates:
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mean of x
100.3598

(a) Give a point estimate estimate for the population mean p and give the
corresponding estimated standard error.

(b) Is this a one-sided or a two-sided test? If it is one-sided, is the alternative
right-sided or left-sided?

(c) Since the sample size is very large, we can approximate the 7'(124)
distribution with the standard normal distribution. Find the p-value.

(d) Can we reject Hy in favor of H; at a level of significance o = 0.057

(e) What is the p-value if the alternative hypothesis is Hy : p # 1007

(f) Can we reject Hp in favor of Hy : g > 100 at a level of significance
a=0.10?

(g) Use the values from part (a) and Table 17.3 to compute a 97% confidence
interval for the population mean pu.

Problem 9.9. For many years a farmer has not kiln-dry his barley seeds
before sowing. (To kiln-dry means to dry in an insulated chamber where
airflow, temperature and humidity are controlled.) The non-kiln-dried seeds
yield on average 672 kg of barley per 4000 m?. This year the farmer decides
to kiln-dry his barley seeds before sowing. Ten varieties of kiln-dried barley
seeds are sown. The yields (in kg per 4000 m?) are below.

652.3 706.1 679.9 630.9 664.0 647.5 697.6 686.8 722.6 655.0

(a) Using these data, is there enough evidence to conclude that the mean
yield has increased? (First verify that the yields are normally distributed.)
(b) Construct a 95% confidence interval for the mean yield of kiln-dried
barley.

Problem 9.10. A cigarettes manufacturer claims that the average tar con-
tent p in his brand of cigarettes is 14 mg. Assume that the tar content in
one cigarette has a normal distribution. A medical association is concerned
that the tar content of these cigarettes may exceed 14 mg. A sample of
5 randomly selected cigarettes produced by this manufacturer has mean
Z = 14.4 mg and variance s? = 0.025 mg?. Is there enough evidence to
justify the concern of the medical association? Formulate an appropriate
test of hypotheses, give the range of the p-value of the test, and state your
conclusion at the level a = 0.05.

Problem 9.11. Refer to Problem 8.15. Is there enough evidence to
conclude that the new drug has a larger rate of effectiveness compared to
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another drug, which is effective in 66% of the cases? Use a test of hypothesis
at the significance level a = 0.10.

Problem 9.12. The Canadian federal government is trying to assess
whether an anti-smoking campaign has reduced the proportion of teenagers
under 16 who smoke. Before the campaign began, 1/3 of teenagers were
smokers. After the campaign, a national survey of 200 teenagers revealed
that there are 50 smokers in this group. On the basis of this information,
would you conclude that the campaign was effective? Formulate an ap-
propriate test of hypotheses, give the p-value of the test, and state your
conclusion at level a = 0.05.

Did you know? William Gosset was a student of both chemistry and
mathematics. He also worked and studied during the period of 1906-1907
in the biometrics laboratory of Karl Pearson at University College Lon-
don. The Student distribution was discovered by Gosset while working as
a brewer and scientist at Guinness in the early 20th century. Guinness
prohibited its employees from publishing, so Gosset used the pseudonym
Student. While performing quality control for Guinness, Gosset saw the
need for developing statistical methods for small samples, i.e. methods that
do not rely on asymptotic results such as the Central Limit Theorem. He
was able to guess the form of the density of the studentization of the sample
mean (X —p)/(S/\/n), under the assumption that the population is normal.
He used mathematical arguments and empirical work (experiments) to con-
struct the T-distribution. Gosset’s results were confirmed later by Ronald
Fisher. Fisher appreciated the importance of Gosset’s small-sample work,
which inspired much of his own work.



Chapter 10

Comparison of Two Independent
Samples

Biologists are often interested in the comparison of groups. Consider the
following examples. Do two different species of swallow produce similar eggs
on average? Does a type of fertilizer produce larger plants on average, com-
pared to another type of fertilizer? In this chapter, we introduce methods
to compare two independent groups. We discuss how interval estimation
and hypothesis testing can be used to infer whether there are differences be-
tween the two populations. We first discuss techniques to compare means,
and end the chapter with techniques to compare proportions.

10.1 Study/Experimental Design

When analyzing data, it is important to consider the design of the study or
experiment. This is especially true when comparing groups. The design of
the study often dictates the probability model that will be used to describe
the data collection process from the populations of interest. It is only when
the probability model is appropriate, that we can generalize our results
from the samples to the populations.

Scientists often want to compare groups that are outcomes from a con-
trolled experiment which is run under different experimental conditions.
For example, a simple experiment might be designed to test a claim that
a particular type of fertilizer produces taller plants compared to another
type of fertilizer. The response variable in this instance is the height of the
plants. The primary factor for this experiment is the fertilizer. The levels
of the factor are called treatments. So the treatments in this case are the
types of fertilizer. In a controlled experiment we assign the treatments to
the experimental units, which could be plots with one seedling in this case.
This assignment determines the treatment groups.

163
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It is possible that there are uncontrolled factors that might affect the
response variable. These are called nuisance factors. For example the
genetic predisposition of a seedling to produce a tall plant might be a
nuisance factor. Randomization is used to average the effects of the nuisance
factors over the different groups. We should randomly assign the types of
fertilizer to the seedlings.

The purpose of a controlled experiment is to determine if there is a
cause-and-effect relationship. In our case, this means that the use of the
new fertilizer produces taller plants on average. If the controlled experi-
ment is randomized and the treatment groups are statistically significantly
different, then we can be confident that there is indeed a cause-and-effect
relationship.

One of the simplest experimental designs is called a completely random-
ized design. For completely randomized designs, the levels of the primary
factor are randomly assigned to the experimental units. Our fertilizer ex-
periment has such a design. The tools introduced in this chapter apply to
experiments with a completely randomized design.

In some circumstances, the distribution of the response variable can be
highly spread-out. This variability might be due to nuisance factors. For
example, females and males might react differently to a particular drug.
This noise can be prohibitive, in the sense that we would need very large
samples in order to identify significant treatment effects. To reduce this
noise we can construct homogeneous subgroups, called blocks. The variance
within each block should be smaller than the variance of the entire sample.
So the estimates within the blocks should be more precise. As we combine
the estimates across blocks, we should obtain an estimate of the treatment
effect that is more precise than without blocking.

If we randomly assign all of the treatments to the experimental units
within each block, then we say that the experiment has a randomized com-
plete block design. As an example, if we want to compare a drug to a
placebo and we believe that the gender has also an effect on the response,
we divide the subjects into blocks according to their gender. If we have
ten subjects of each gender, we randomly assign the drug to five subjects
of each gender. The remainder of the subjects are given the placebo. We
do not discuss the analysis of block designs in this chapter.

The techniques presented in this chapter do not apply only to completely
randomized experiments. They are also applicable in a non-experimental
setting. Consider the study [64], where the authors compare the breeding
biology of the Welcome Swallow in Australia and New Zealand. The factor
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(in this case, the location) is not assigned to the unit of study (the bird).
Such a study is called an observational study.

An observational study can identify associations, but not causality. We
are not randomly assigning the treatments to the units of study. So there
is a danger that any association that we find between the response and the
factor may be due to some third variable, called a lurking variable, which
is not evenly distributed among the groups. Maybe it is access to food
that caused the difference in breeding biology, and not the location. So we
should not say that it is the observational factor that caused the significant
result. However, we can say that there is an association.

The techniques in this chapter can be used to compare samples from an
observational study as long as it is reasonable to assume that observations
within the samples are independent, and that there is independence between
the two samples.

10.2 Confidence Intervals and Tests for Means: Large
Samples

In this section, we discuss techniques to compare the means of two inde-
pendent populations, when both sample sizes are large. We use X; and X
to denote the random measurements from population 1 and population 2,
respectively. Their means are denoted by pu; = E(X31) and ps = E(X3)
and their variances are denoted by o? = Var(X;) and 0% = Var(X>).

We assume that we have a random sample of size n; > 40 from pop-
ulation 1, whose mean and variance are denoted by X, respectively S?.
Similarly, we have a random sample of size ny > 40 from population 2,
whose mean and variance are denoted by X2, respectively S5. From Ex-
ample 7.8, we know that

. . o2 . . o2
E(Xl) = M1, Var(Xl) = n—i, E(Xz) = M2, Var(XQ) = n—i

To compare the two means, we examine the difference in means p; — po.
We begin the discussion with point estimation. A natural estimator of
1 — pe is the difference in sample means X; — X5. This estimator is
unbiased since its expected value is

E(X1 - X3) = E(X1) — E(X2) = p1 — pia.

The variance of the estimator is

. . o o2 o2
Var(X; — X3) = Var(X1) + Var(X3) = = + =
1 2
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(see Theorem 7.1). Similar to the estimation of the mean in the one sample
case, the larger the sample sizes, the more precise is the estimate. Further-
more, as we standardize X; — X2, we obtain that

Y1 —72 — (1 — p2)
Voi/ny + 03 /ng

When both sample sizes are large (i.e. n; > 40 and n2 > 40), we can use

the sample variances instead of the population variances. More precisely,
X, - X, - (11 — p2)

V/S%/n1 + S3/ny

This approximation can be used even if the populations are not normally
distributed. To justify it, recall that by Theorem 8.1, X; has approximately
an N(u1,S%/n1) distribution, and X has approximately an N (uz, S%/n2)
distribution. Moreover, X; and X, are independent random variables,
since the two populations are independent. By Theorem 7.2, it follows that
X1 — X has also approximately a normal distribution, with mean p; — po
and variance S?/n; + S%/ny. Relation (10.1) follows by standardization.

The theory that we present in this section is based upon the standard-
ization (10.1). We emphasize that this standardization should be used only
when both sample samples are greater than or equal to 40.

We consider the inference concerning the difference p; — p2. The null
hypothesis is of the form Hy : pu; — pa = &g, where &y is a given numeric
value. Note that when §g = 0, the null hypothesis becomes Hy : p3 —pus = 0,
or equivalently Hy : p = po.

We use the following test statistic:

Zo— —X1-Xa—bo (10.2)

\/Sf/nl + 522/77,2

If Hy holds, then the sampling distribution of Zj is approximately standard
normal. Hence we can use Table 18.3, to compute the corresponding p-
value. Recall that the p-value is the probability of observing a value as
extreme as the current observed value, under the assumption that the null
hypothesis holds. Since our definition of an extreme value depends on
the alternative hypothesis, the computation of the p-value depends on the
alternative hypothesis.

Table 10.1 gives the p-value for testing the null hypothesis Hg : 1 —po =
do against one of the alternative hypotheses H;. In this table, Z has a
standard normal distribution and

Ty — Ty — do

20 = —Fmm—————
V83 /n1 + s3/ny

has approximately an N (0, 1) distribution.

has approximately an N(0,1) distribution. (10.1)
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is the observed value of the test statistic Zp given by (10.2). This will
produce a large sample test for comparing the means.

Table 10.1 The p-value for comparison of
two means: large samples

Alternative Hypothesis | p-value
Hy :py — p2 > 0o P(Z > z0)
Hi:pr —p2 < do P(Z < z0)
Hy:pp — p2 # oo 2P(Z > |z0])

The p-value is a measure of how much evidence we have against the null
hypothesis. The smaller the p-value, the greater the inconsistency between
the data and the null hypothesis. Actually, the p-value is the smallest level
of significance at which the null hypothesis can be rejected with the given
data. We will use the same rule as in Section 9.1:

if p-value < o, then we reject Hy

if p-value > «, then we fail to reject Hp.

This rule ensures that the probability of type I error is approximately equal
to a. When the null hypothesis Hy : p; — o = 0 is rejected, it is often said
that the difference between py and o is statistically significant.

The p-value is a valuable statistic that measures the risk associated
with rejecting the null hypothesis. However, it does not give us the whole
picture. Think of the hypothesis test as a diagnostic tool. We must assess its
specificity and its sensitivity (often called power in the context of hypothesis
testing). We can control its specificity (our chances of failing to reject Hy
when H) is true) with the use of a significance level. We can use a confidence
interval to assess the sensitivity (our chances of rejecting Hy when H; is
true).

A confidence interval is also useful as a stand-alone tool if the goal is
simply to estimate the difference in means. An (approximate) confidence
interval for py — pg at a level of confidence of (1 — a) 100% is

2 2
_ _ s s
Ty —Totzy| L+ 2

ny n2

where z is a value such that P(—z < Z < 2) = 1 — « and Z follows
a standard normal distribution. This means that P(Z > z) = «a/2, i.e.
Z=Zqn /2-

Regardless of whether the difference is found to be statistically signifi-
cant or not, it is important to assess the sensitivity of the hypothesis test.
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This will be demonstrated through the use of examples. To assess the sen-
sitivity of the test we must first determine practical (biological or clinical)
significance. As an example, consider the comparison of mean triglyceride
levels for two groups. The researcher might decide that a difference in
means of 5 mg/dl is not biologically important, but a difference of 20 mg/dl
is important. Researchers determine practical importance using their good
judgment and experience.

Suppose that we found a statistically significant difference in the mean
triglyceride levels. The researcher produces a 95% confidence interval for
the difference in means and he finds that the difference in means is between
2.3 mg/dl to 4.7 mg/dl. The researcher concludes that the means are
statistically different, but the difference is not biologically (or clinically)
important. In this instance, the test is highly sensitive since it can detect
differences in means which have no practical significance.

Now suppose a scenario where the p-value is large, so we fail to reject the
null hypothesis that the means are equal. The researcher produces a 95%
confidence interval for the difference in means and finds that the difference
in means is between —2.5 mg/dl to 24.1 mg/dl. The maximum error of the
estimate is very large. Perhaps the failure to reject the null hypothesis was
caused by an inadequate sample size. The test is not sensitive (also said
not powerful) enough to detect a difference of biological importance.

A large p-value should not automatically be interpreted as evidence in
support of the null hypothesis, and a small p-value should not automatically
be interpreted as evidence in support of practical significance. All biologists
should be ultimately interested in biological importance, which may be
assessed using confidence intervals.

Example 10.1. We want to compare the lipid content (% of weight) of
the lake whitefish Coregonus clupeaformis in two large neighboring lakes.
The focus of the study was on medium sized fish, from 600 grams to 1,000
grams. We collected ny = 175 fish from lake 1 and no = 225 fish from lake
2. The observed samples means and standard deviations are T; = 7.18,
Ty = 7.31, s1 = 0.55 and s; = 0.70.
We test Hy : p1 — po2 = 0 against Hy : 1 — po # 0. The observed value
of the test statistic for this large sample test is
B T1 — T2 B 7.18 —7.31 _
V83/n1+s3/ne 1/(0.55)2/175 + (0.70)2/225
The p-value is (approximately) equal to 2 P(Z > |z|) = 2 P(Z > 2.08) =
2(1—0.9812) = 0.0376. At a level of significance of a = 0.05, we can reject

—2.08.

20
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the hypothesis that the lake whitefish have equal mean lipid content in both
lakes.

Using their good judgment and experience the researchers had deter-
mined before hand that the absolute difference |p1 — p2| would have to be
at least 1 to be of biological importance. The biological significance cannot
be determined from the p-value. We must analyze the error of the estimate
of p1 — pa.

A point estimate for p; — ps is Ty — T = —0.13 and its estimated stan-
dard error is \/s?/n1 + s5/ne = 0.0625. A 95% (approximate) confidence
interval for py — po is

2 2
T1—To£1.961/ L + 22 — _0.13 £ 0.1225 = [~0.25; —0.01].
ni1 ng

We are 95% confident that |u; — p2| < 1. The statistically significant
difference between the means has no biological importance.

10.3 Confidence Intervals and Tests for Means: Small
Samples

In this section, we consider the same problem of comparison of the means
p1 and po of two independent populations, in the case of small samples. We
use the same notation as in Section 10.2. In addition, we suppose that both
X; and X5 are normally distributed. Under this assumption, by Theorem
7.3, we know that X; has an N(u1,0%?/n;) distribution, and X, has an
N(uz,0%/n2) distribution. Therefore,

X1 — X has an N(py — pa, :—? + Z—E) distribution.

We consider two cases: (1) the population variances are equal; (2) the
population variances are not equal.

Case (1). Normal Populations with Equal Variances

In this case, the underlying assumptions of our model are independent
normal populations with equal variances: 0? = ¢3. In addition, the sample
sizes could be small. We denote the common variance by o2. With the
added assumption of homogeneity of the variance, the standardization of

the estimator X; — X5 becomes
X1 — X, — (p1 — p2)

04/ 1/711 + 1/77,2

has an N(0,1) distribution.
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Since 02 is unknown, we cannot base our inference on this statistic.

Denoting by S? the sample variance from population i, for i = 1,2, and
using the fact that F(S?) = o = o2, this means that both S$? and S%
are unbiased estimators of the common variance ¢2. We combine them
to obtain a better estimator of 0. One possible combination is to take a
weighted average of the variances with weights based on their respective
degrees of freedom. This gives us an unbiased estimator of o2, known as

the pooled sample variance:

S2: V1 S2+ Vo S2: (n1_1)5%+(n2_1)s22

1 2
P4 v+ v ny +ng — 2

)

where v; = n; — 1, for ¢ = 1,2. The pooled sample standard deviation is
Sp = 4/52. As we replace o by S, in the standardization of X; — X5, we

get the following studentization:
X, —Xo— (1 —
S \/ 1/n1 + 1/77,2
For testing Hy : py — pe = &g, we use the test statistic:
71 — 72 — 50
Sp/1/n1 + 1/ny

If Hy is true, Ty has a T'(ny +ny — 2) distribution. A hypothesis test based
on this test statistic is called Student’s two-sample t-test. The p-value is
given in Table 10.2, where

) has a T'(ny + ng — 2) distribution. (10.3)

Ty =

. T1 — To
0:
Spy/ 1/n1 + 1/77,2

is the observed value of the test statistic Tp, and T has a T'(n; + ng — 2)
distribution.

Table 10.2 The p-value for comparison of

two means: 0% = 0’%

Alternative Hypothesis | p-value
Hy :p1 — p2 > o P(T > to)
Hi:pr — p2 < do P(T < to)
Hy :py — p2 # do 2 P(T > |to])

A (1 — @) 100% confidence interval for g, — po is

1
fl—fzﬂ:tsp —+n_
2
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where t is a value such that P(—t < T < t) =1—a, and T has a T'(n; +ng—
2) distribution. This means that P(T > t) = /2, i.e. t = ta 2 n,4n,—2-

Example 10.2. An agriculture researcher wants to test the claim that on
average, a new fertilizer yields taller plants at maturity. A completely ran-
domized design is used to generate the data. Sixteen similar plots with one
seedling (the experimental units) are randomly assigned to the treatments,
which in this case are the new and the old fertilizer. A balance design is
used, i.e. both treatment groups are of equal size. The plants are measured
at maturity (in cm). Here are the data:

Old Fertilizer | New Fertilizer

46.1 49.8

a7.7 GiLA Summary Data

54.2 50.7 - -

4T 50.7 Size Mean Variance
' ) n1=8 T;=4314 s?=7T1.65

30.9 419 =8 T, =47.79 s2=>52.66

38.5 36.4 M2 =0 T2 =209 5 =09

38.0 59.4

55.0 41.9

The researcher wants to test Hy : p; — pe = 0 against Hy : gy — o < 0
using Student’s two-sample ¢-test.

Figure 10.1 gives an overlay of the normal probability plots for the two
samples. There are no systematic tendencies away from the lines, hence
we do not have strong evidence against normality. Furthermore, the slopes
of the lines are similar. So it appears that the equal variance assumption
holds. To further assess this underlying assumption, we can also do a
comparative box plot analysis (see Figure 10.1). The first sample (old
fertilizer) appears to be slightly more spread out, but this difference in
variability is not striking. We do not have strong evidence against the
equal variance assumption. It is reasonable to assume that the populations
are normal with equal variances.

The pooled sample variance and standard deviation are

s (n1—1)s2+(ny—1)

2
2= %2 —62.155 and s, = v/62.155 = 7.8838.
p ny+ng —2

The observed test statistic is
T1 — To 43.14 — 47.79

spv/1/mr + 1/ny  7.8338+/1/8 +1/8

to =
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Fig. 10.1 Normal probability plots and comparative box plots for the plant heights

The p-value is P(T < to) = P(T < —1.18) = P(T > 1.18), where T has
a T'(ny + ng — 2) = T(14) distribution. Referring to row v = 14 in Table
18.4, 1.18 falls between 0.692 and 1.345, which have areas to the right of
0.25 and 0.10. Thus, 0.10 < p-value < 0.25. Using a statistical package, we
see that p-value = 0.129.

At a significance level of o = 0.05, we cannot reject Hy. The data do not
appear to support the hypothesis that the use of the new fertilizer produces
taller plants.

A 95% confidence interval for pu; — pg is

1 1
— + — = —4.65 + 8.4554 = [-13.11, 3.81],
ny ng

where t = 902514 = 2.145. We are 95% confident that the difference in
means is from —13.11 cm to 3.81 cm. We are highly confident that the
absolute difference in means is not larger than 14 cm. However we cannot
say the same about 5 cm, since —5 lies in the confidence interval.

fl—fzﬂ:tsp

In the next example, we see that we can sometimes use a log-
transformation to satisfy the underlying conditions to use Student’s two-
sample t-test.

Example 10.3. Dichloromethane is a volatile liquid that is widely used
as a solvent. A chemical engineer wants to compare the dichloromethane
concentration at two treatment water plants near industrial facilities. She
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suspects that the distributions of the dichloromethane concentration are
skewed to the right due to occasional higher discharges from the industrial
facilities. She verifies her hunch with histograms (see Figure 10.2).

She decides to apply a log transformation, that is, the new measure-
ments are read in In(ug/L). The normal probability plots for the data in
the original scale and the log scale are given in Figure 10.3. It is evident
from the normal probability plots that the data in the original scale are

Plant 1 Plant 2
<+ _ -
- o~
i o
o | -
> Pl
g o §
w w
< <+
o~ N
o [] o J 1
T T T 1 T T T T /|
0 50 100 150 0 20 40 60 80
Dichloromethane Concentration Dichloromethane Concentration

Fig. 10.2 Histograms for the dichloromethane concentrations from plants 1 and 2
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Fig. 10.3 Normal probability plots for the concentrations and log-concentrations
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not normal, and furthermore, it appears that the variances are not equal.
However, the log data appears to be normal and the variances appear to be
equal since the lines in the probability plots are nearly parallel. It is safe
to assume that the log concentrations from the two plants follow normal
distributions with equal variances.

To compare the dichloromethane concentration at the two plants, the
chemical engineer tests Hy : u; — p2 = 0 against Hy : p3 — pe # 0, where
Wi is the mean of the log concentrations from plant ¢, for ¢ = 1,2. The
summary data for the log concentrations are

Plant | n T 52

1 25 2934 1.162
2 25 2.664 1.209

The pooled sample variance is

2 (n1—1)s? + (ng — 1) s3 11855
P n1+n2—2 ’ ’

The observed value of Student’s two sample ¢-test statistic is

tp=—2 22 _(s88.
spy/1/n1 +1/ng

The p-value is 2P(T > |to|) = 2 P(T > 0.88), where T follows a T'(n; +
ng — 2) = T(48) distribution. We cannot find the range of the p-value,
using Table 18.4, since this table does not include the row v = 48. We can
approximate the p-value using the row v = oco. The approximate interval
is 0.2 < p-value < 0.5. Using a statistical software the chemical engineer
computed p-value = 0.385. Since the p-value is large, we should not reject
the hypothesis that the mean log-concentrations are the same. It appears
that the means of the log concentrations are not different.

In Example 10.3, we transformed the data using a logarithm. We did
this because Student’s two-sample t-test requires that the populations fol-
low a normal distribution. After inspecting the transformed data, the sam-
ples appeared to come from normal populations with equal variances, thus
we could safely compare the means of the transformed data with Student’s
two sample t-test.

Note that, when comparing the means of the log transformed data, we
are actually comparing the geometric means of the data on the original
scale. To clarify the distinction between the mean and the geometric mean
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(for the population or the sample), we introduce the following definition.

Definition 10.1. Let X7, X5,...,X,, be a random sample from a popula-

tion represented by the random variable X. The geometric mean of the

population is G = e#, where p = E(In X). An estimate for G is the (sam-
n

ple) geometric mean defined by g = e(!/® Xzl = (T]" | 2,)'/7,
where x4, . ..,Z, are the observed values of the random sample X1,..., X,.

Example 10.3 (continued). We construct a 95% confidence interval for
the difference in means of the log-concentrations for the data from Ex-
ample 10.3. Since it is reasonable to assume that the two populations of
log-concentrations are independent and normally distributed with equal
variances, then a 95% confidence interval for p; — pg is

[1 1
T —ToEts, — + = 0.270 + 0.61930 = [—0.349,0.889],
1 2

where ¢t = 2.011 satisfies 95% = P(—t < T < t) and T follows a T'(48)
distribution. (The value of ¢ = 2.011 was obtained using a statistical pack-
age.) We are 95% confident that p; — po is between —0.349 and 0.889 (in
In(pg/L)). Since 0 lies within the confidence interval, the means of the
log-concentrations do not appear to be different.

We denote by G; the geometric mean of the population ¢, consisting of
the dichloromethane concentrations (in pg/L) from plant ¢, for i = 1,2.
Note that G; = e*:, where p; is the mean of the log-concentration from
plant 4, for ¢ = 1,2. Exponentiating the difference in means gives us the
ratio of the geometric means, that is e#1~#2 = e#1 /et2 = (1 /G. Since we
are 95% confident that —0.349 < pu; — po < 0.889, then we are also 95%
confident that 0.71 = 79349 < G1/G2 < %889 = 2.43. Since 1 lies within
the interval, there appears to be no difference between the geometric means
of the concentrations.

Case (2). Normal Populations with Unequal Variances

The assumption of equality of the two variances is sometimes not rea-
sonable. So we should try to adapt our techniques to the case of unequal
variances: 0% # o3. This is known as the Behrens-Fisher problem. There
are exact solutions to Behrens-Fisher problem (see [21]). These solutions
are beyond the scope of this book. We present an approximate solution.

In 1938, Welch [71] proposed an approximate solution to the Behrens-
Fisher problem. Welch argued that the inference concerning p; — po for
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two independent normal population can be based on
X1 — X2 — (1 — po)
\/512/711 + S%/nz

which follows approximately a T distribution with v degrees of freedom,
where

(10.4)

v = (st/m + 53/ma) (10.5)

(83/m1)* /(m — 1) + (s3/n2)* /(na — 1)
v is called Welch’s number of degrees of freedom.
It follows that we can construct the following approximate (1 — a) 100%
confidence interval for p; — po:

2 2
— _ S S
11)1—1'2:|:t —1+—2,

ni n2

where P(—t < T <t) =1— «a and T has a T'(v) distribution. Note that
t =tq)2, since P(T > t) = /2.

Since the number of degrees of freedom must be an integer, we round
down v to the nearest integer. This rounding procedure is for conservative
reasons. For instance, if v = 7.8, we need to decide between v = 7 and
v = 8. Since the value tg.025(7) = 2.365 is greater than tg 925(8) = 2.306,
the 95% confidence interval based on the T distribution with v = 7 degrees
of freedom will be larger than the 95% confidence interval based on the T
distribution with v = 8 degrees of freedom. Hence, the smaller interval
(based on v = 8) may not actually contain the value p; — po. By work-
ing with a larger interval, we minimize the risk that the interval does not
contain the value p; — po.

To test Hy : p1 — po = do, we use the test statistic

71—72—50
To = 5 -

A test based on this test statistic is often called Welch’s approzimate two-
sample t-test. This test is sometimes also called the Welch—Satterthwaite
t-test or the Satterthwaite ¢t-test. The p-value of this test is given in Table
10.3, where t¢ is the observed value of Ty, T has a T'(v) distribution, and
v is given in (10.5).

Welch’s method is not exact, but is generally a good approximation.
However, if the population variances are equal, or if the sample sizes are
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Table 10.3 The p-value for comparison of
two means: 0'% # U%

Alternative Hypothesis | p-value
Hy :py — p2 > 0o P(T > to)
Hi:pr— p2 < do P(T < to)
Hi :py — poe # oo 2 P(T > |to])

rather small and the population variances can be assumed to be approxi-
mately equal, it is more accurate to use Student’s two-sample t-test. Fur-
thermore, when the population variances are equal, Student’s two-sample
t-test is more powerful.

Example 10.4. A ornithologist wants to compare the breeding biology of
two different species of swallows. In particular, she wants to compare the
average egg mass (in grams). Here are the summary data:

Sample Size Mean Var.
Species 1 18 1.872 0.264
Species 2 12 2.783 2.060

Min. Ql Median Q3 Max.
Species 1  0.900 1.400 1.900 2.300 2.800
Species 2 0.400 1.250 3.300  3.800 4.700

She wants to test Hp : u1 — p2 = 0 against Hy : pq — p2 # 0, where p; is
the mean egg mass (in grams) for species %, for ¢ = 1, 2, with a two-sample ¢
test. To verify the underlying assumptions of the test, she produced normal
probability plots and comparative box plots (see Figure 10.4).

There are no systematic tendencies away from the normal probability
plot lines, hence we do not have strong evidence against normality. How-
ever, the slopes of the lines are different. So it appears that the equal
variance assumption may not hold. To further assess the underlying as-
sumptions, we look at the comparative box plots. The egg mass for the
second species are more spread out. It might not be sensible to assume
that the population variances are equal.

She decides to use Welch’s approximate two-sample ¢-test. The observed
value of the test statistic is

T1 — To
V8% /n1+ s%/ny

The p-value is 2 P(T > |tg|) = 2 P(T > 2.11), where T has an approximate

to = = —2.11.



178 Ezpect the Unezxpected: A First Course in Biostatistics

T'(v) distribution with the following number of degrees of freedom:

2 2 2
v = (st/m + 53/ma) = 12.89.

(s8/m1)" /(m1 = 1) + (s3/m2)" /(n2 = 1)

We round down the number of degrees of freedom to the nearest integer,
that is v = 12. Referring to row v = 12 in Table 18.4, 2.11 falls be-
tween 1.782 and 2.179, which have areas to the right of 0.05 and 0.025,
respectively. Thus, 0.05 < p-value < 0.10. The p-value computed with a
statistical package is 0.056. At a level of significance of a = 0.10, we can
accept the alternative hypothesis that the egg mass of the two species are
different on average.

Normal Probability Plot
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Fig. 10.4 Normal probability plots and comparative box plots for the egg masses

Technology Component using R: Assume that the data for the two
populations are saved in the numerical vectors x1 and x2, respectively.

e To produce the overlayed QQ-plots for x1 (in blue) and x2 (in red),
together with the fitted lines, we use:

lmts=range(x1,x2)
qgnorm(x1,ylim=1mts,col="blue")
abline (mean(x1),sd(x1),col="blue")
par (new=T)
qgnorm(x2,ylim=1mts,col="red")
abline (mean(x2),sd(x2),col="red")
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par (new=F)

Remark: The above procedure gives the plot of the pairs (z;,y;) with
the fitted line of equation y = i+ &2z with 4 = Z and & = s, for each of
the two variables. This procedure is used for verifying the assumption
that the two populations are normally distributed with equal variances.
We say that the two populations are normally distributed if both plots
seem to be linear. We say that the two populations have equal variances
if the two lines seem to be parallel.

To produce side-by-side boxplots, we use:
boxplot(x1,x2)

Remark: If you assigned the data to a dataframe (for example, using
the function read.table()), refer to the last item of the Technology
component at the end of Section 7.3 to see how to produce side-by-side
boxplots and overlayed normal probability plots in the same graphics
window.

To test the hypothesis Hy : p; = po against u; # pe and calculate
a 95% confidence interval for p; — pp when the two populations are
normally distributed with equal variances, we use:

t.test(x1,x2,var.equal=TRUE)

Remark: In the case of normal populations with unequal vari-
ances, we use the same command as above, but without including
var.equal=TRUE. To change the confidence level to 98% (or any other
value), we use:

t.test(x1,x2,conf.lev=0.98,var.equal=TRUE)

To test the hypothesis Hy : 3 = po against g3 > po when the two
populations are normally distributed with equal variances, we use:

t.test(x1,x2,alternative="greater",,var.equal=TRUE)

Remark: This procedure produces also a one-sided confidence interval
which is not discussed in this book. In the case of normal popula-
tions with unequal variances, we use the same command as above, but
without including var.equal=TRUE.

To test the hypothesis Hy : 3 = po against g3 < pz when the two
populations are normally distributed with equal variances, we use:
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t.test(x1,x2,alternative="1less",var.equal=TRUE)

Remark: This procedure produces also a one-sided confidence interval
which is not discussed in this book. In the case of normal popula-
tions with unequal variances, we use the same command as above, but
without including var.equal=TRUE.

e If you assigned the data to a dataframe (for example with the function
read.table()), we use:

t.test(y"x, data)

where in the dataframe data, we have a numerical vector y, and a
categorical vector x identifying the two groups. You should also use
the arguments var.equal and alternative as above.

10.4 Confidence Intervals and Tests for Proportions

To compare two proportions p; and ps from two independent populations,
we discuss inferences concerning the difference p; —p;. We begin discussing
the point estimation of the difference in proportions. We follow the discus-
sion with interval estimation and hypothesis testing.

Consider two independent binomial experiments. The probability of
success for the i-th experiment is p; and the number of successes is a random
measurement denoted by Y;, for i = 1,2. The number of observations per
experiment are n; and no, respectively. The respective sample proportions
are p = Y1/n1 and p = Ya/ny. A natural estimator for p; — po is py —
Po. The estimator is unbiased since the expected value of the estimator is
E(p1 — p2) = p1 — p2- The variance of this estimator is equal to

= _ = ~ ~ 1-— 1—
Var(f ~ p2) = Var() + Var(py) = 22— 21) 2212 Pa)

Similar to the estimation of the difference in means, the larger the samples,
the more precise the estimate. Assuming that both samples are large, as
we standardize p1 — D2, we obtain that (approximately)

PL—pba— (P p2) has an N(0,1) distribution.  (10.6)

VPi(1 = p1)/n1 + pa(1— p2) /nz
As in the one sample case, the latter standardization cannot be used di-

rectly since the variance is unknown (it involves the true proportions p;
and py). However if we use the estimated variance, it can be shown that
(approximately)
P1— P2 — (p1 —p2)
VD1(1 = p1)/n1 + p2(1 — p2) /n2

has an N(0,1) distribution,  (10.7)
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when n; and nge are large. What are large sample sizes? This is not
an easy question to answer. A common rule of thumb is to not use the
latter normal approximation when the observed number of successes or the
observed number of failures in either one of the groups is less than 5.

Using (10.7), we construct the (approximate) confidence interval for
p1 — p2 at a level of confidence of (1 — @) 100%. This interval is:

~ o~ pi(l1—p p2(1 — P
pl—pgzl:z\/pl( p1)+p2( pz),

ni n2

where z is value such that P(—z < Z < z) = 1—a, and Z follows a standard
normal distribution.

In practice, we usually want to compare our data against a model with
equal proportions. In other words, we would like to test the null hypothesis
Hy : py —p2 = 0 (or equivalently Hy : p; = p2) against an appropriate
alternative hypothesis. Assuming that Hy holds, then the probability of
success is the same for all trials in both experiments. This common prob-
ability is p = p; = po. If this is the case, we can consider the n = n; + ng
observations as a sample from a binomial distribution with n trials and
probability p of success. The corresponding sample proportion (called the
pooled sample proportion) is

~ N+Ys ng . ng

p=— —=,hn + o P
Note that the pooled sample proportion is a weighted average of the respec-
tive sample proportions, where the weights are the relative sample sizes.

Assuming that Hp is true (i.e. p1 = ps) the standardization in (10.6)
becomes

p1—p2-0
VP —p)V1/m+1/ng
Using p instead of p, we get the following test statistic:
_ P~ o

VP —p)V1/m +1/ng
Since the p-value is the probability of observing a value as extreme as zg
(which is the observed value of the test statistic) in the direction of the al-
ternative hypothesis, this hypothesis must be taken in consideration when
computing the p-value. We usually want to test the null hypothesis of equal-
ity against one of the following three alternative forms. Table 10.4 gives
the corresponding p-value in the three cases. Here Z has approximately a
standard normal distribution. The test is a large sample test.

Zo
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Table 10.4 The p-value for the comparison
of two proportions

Alternative Hypothesis | p-value
Hi:p1—p2>0 P(Z > z)
Hyp:p1—p2<0 P(Z < 20)
Hl:pl—pgaéo 2P(Z>\ZU|)

Example 10.5. Refer to Example 3.7. We denote by p; and ps the
proportions of recaptured moths in the light-colored population, respec-
tively the dark-colored population. Among the n; = 137 light-colored
moths, y; = 18 were recaptured, whereas among the no = 493 dark-colored
moths, yo = 131 were recaptured. The proportions of recaptured moths
are: p1 = 0.131 for the light-colored moths, and ps = 0.266 for the dark-
colored moths. Is there a statistical difference between the proportions of
recaptured moths, at a level of significance of a = 0.05? If so, we wish to
investigate the biological (practical) significance.

We assume that the samples are independent. Since both sample sizes
are large and the observed number of successes and of failures are not too
small, we can safely perform a large sample test. To test Hy : py —p2 =0
against Hy : p1 — p2 # 0, we compute the test statistic:

o = P1— D2
VP11 —p)V/1/n1+1/ny
0.131 — 0.266

= —3.29,
/(0.2365)(1 — 0.2365) /1/137 + 1/493

where the pooled sample proportion is

iy 184131
P= o ng - 1374493~ 02365

The p-value is the probability of observing a difference in proportions as
extreme as p; — po = —0.135, under the assumption that both proportions
are equal. This is approximately equal to 2 P(Z > |z|) = 2 P(Z > 3.29),
where Z follows a standard normal approximately. Using Table 18.3, we can
argue that the p-value is 0.001. There is a statistical significant difference
between the proportions.

To investigate the biological significance, we construct a 95% confi-
dence interval for p1 — pa: p1 — P2 £ 1.96 /P (1 —D)\/1/n1 +1/ny =
—0.135 £+ 0.0804 = [—0.215, —0.055]. We are 95% confident that the dif-
ference in proportion ps — p; is between 5.5% to 21.5%. Recall that bio-
logical significance cannot be determined by a test. Only by using their
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good judgement and experience can scientists determine what is biologi-
cally significant. In this instance, if we assume that an absolute difference
in proportions of at least 5% is biologically significant, then our findings
are significant.

Kettlewell hypothesized that a larger proportion of the dark-colored
moths will be recaptured. We compute the corresponding p-value to test
his claim. We want to test Hg : p1 — p2 = 0 against Hy : p; — p2 < 0. The
observed value of the test statistic is zgp = —3.29. The p-value for this left-
tailed test is approximately equal to P(Z < zp) = P(Z < —3.29), where Z
has a standard normal distribution. Using Table 18.2, we can argue that
the p-value is 0.0005.

10.5 Problems

Problem 10.1. It is believed that nutritional deprivation affects various
components of the immune system, such as the tuberculin skin reactivity.
In the study [58], a sample of 8 Sprague-Dawley male rats were fed with a
normal diet consisting of 18% protein. A state of malnutrition was induced
in another sample of 8 rats, which were fed with a diet consisting of only
5% protein. After 4 weeks, the rats were given an intradermal injection of
25 pg of purified protein derivative of tuberculin. The following table gives
the skin reactivity diameter of erythema and induration (in mm) for the
two groups of rats.

18% Protein Diet | 5% Protein Diet
13.3 5.1
16.3 8.7
9.9 8.7
9.3 8.5
16.1 8.1
9.7 6.9
9.7 6.9
14.1 12.3

(a) Using a statistical software, verify the assumption that the two popu-
lations are normal with equal variances.

(b) Test the hypothesis Hy : pu3 = 2 versus Hy : g1 > pe, where yg
is the average level of tuberculin reactivity in the rats with a normal diet,
and po is the average level of tuberculin reactivity in the malnourished rats.
State your conclusion.
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(c) Construct a 95% confidence interval for p; — po. Can we say that the
skin reactivity diameter in the malnourished rats is at least 7mm smaller
than in the control group?

Problem 10.2. A study was conducted to see if vitamin D and calcium
supplementation has any effect on the risk of breast cancer (see [14]). In
this study, 36,282 women were randomly assigned to two groups. The first
group consisting of 18,176 women took a supplement of 1,000 mg of calcium
with 400 IU of vitamin D daily. The second group consisting of 18,106
women was the placebo group. Both groups were followed-up for a period
of 7 years. At the end of this period, it was found that 528 patients in
the first group and 546 patients in the second group have developed breast
cancer. Find a 90% confidence interval for the difference p; — p2, where
p1 denotes the proportion of women with breast among those who take a
daily calcium-vitamin D supplement and ps is the proportion of women
with breast cancer in the general population. Using this interval, can we
say that calcium and vitamin D supplementation decreases or increases the
risk of breast cancer?

Problem 10.3. It is claimed that the supplementation with Coenzyme
Q10 (CoQ10) during pregnancy reduces the rate of pre-eclampsia, or preg-
nancy induced hypertension (see [65]). 235 pregnant women at risk of pre-
eclampsia were randomly divided into two groups. The first group of 118
women received 200 mg of CoQ10 daily from the 20th week of pregnancy
until delivery. The other group of 117 women received a placebo. 17 women
in the CoQ10 group developed pre-eclampsia, compared with 30 women in
the placebo group. Can we conclude that supplementation with CoQ10
reduces the risk of developing pre-eclampsia? Justify your conclusion using
a test of hypothesis at significance level @ = 0.05, and a 95% confidence
interval.

Problem 10.4. We continue with the situation in Problem 8.8. Assume
that the two sample sizes are n; = 19 and ny = 12 and the two sample
variances are s = 0.81 and s3 = 0.49. Is there enough evidence that fam-
ilies from culled populations have a lower bunching intensity than families
from non-culled populations? Use a test of hypothesis at level a = 0.005.
Suppose that the two populations are normally distributed with equal vari-
ances.

Problem 10.5. Rhodamine 6G (R6G) is a fluorochrome mitochondrial
dye with potential use for cancer treatment. One of the objectives of the
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study [24] was to show that the administration of R6G during a period of
hypoglycemia reduces the growth rate of the Walker 256 tumor. A group of
ny = 7 rats underwent implantation of 100 mg of viable fragments of Walker
256 carcinosarcoma, and after 48 hours they were administered R6G. The
animals were fasted for 24 hours prior to the drug administration and 8
hours after. After a week, the tumors were weighed yielding a sample
average and a sample standard deviation Z; = 3.6g and s; = 0.3g. A
control group of ny = 7 rats which received the same tumor transplant
had the sample average and sample standard deviation Zo = 7.1g and
s2 = 0.7g. Can we conclude that the administration of R6G reduces the
tumor growth rate? Justify your answer using a test of hypothesis and a
95% confidence interval. Assume that the two populations have normal
distributions with equal variances.

Problem 10.6. Nurses interested in the effect of prenatal care divided 18
expectant mothers into two groups of size 9. Group 1 received prenatal con-
sultations, while those in group 2 received no prenatal consultations. The
summary statistics on birth weight for group 1 are z; = 99.6 ounces and
s1 = 6.82 ounces for group 1, respectively Zo = 85.3 ounces and sy = 16.75
ounces for group 2. Construct a 95% confidence interval for pu; — o, where
w1 denotes the average birth weight for babies whose mothers received pre-
natal consultations, and po denotes the average birth weight for babies
whose mothers received no prenatal consultations. Using this interval, can
we conclude that babies whose mothers did not receive prenatal consulta-
tions have a smaller weight at birth? Assume that the two populations are
normal with unequal variances.

Problem 10.7. Recent studies have shown that exercise is one of the most
efficient ways of increasing the release of the growth hormone in children
and teenagers. However, when exercise is combined with L-arginine sup-
plementation, children seem to grow less. The height increase (in cm) in
one year was recorded for two samples of 14-year old boys. The boys in the
first group participated in a physical activity for at least 3 hours a week.
The boys in the second group participated in the same activities, and had
a supplementation of L-arginine included in their diet. The following table
gives the summary of the data:

Group | Size | Mean ’ Standard Deviation
Ty = 23.5 S§1 = 5.6
To = 21.4 So = 6.9

Exercise

Exercise and L-arginine
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Use a large sample test to check if there is enough evidence that the L-
arginine supplementation slows down the release of the growth hormone,
when compared to exercise alone. Use the level a = 0.05.

Problem 10.8. Measles is among the world’s most contagious diseases,
which can cause severe complications and even death. This disease is easily
preventable through vaccination. Herd immunity occurs when the vacci-
nation of a significant portion of the population provides protection even
to the non-vaccinated individuals. For measles, it is estimated that this
portion should be at least 83%. During a measles outbreak in sub-Saharan
Africa, in a sample of 989 children from a country in which the measles
vaccination rate was higher than 83%, 43 became infected with measles,
while in a sample of 845 children from a neighboring country in which the
measles vaccination rate was lower than 83%, 148 became infected with
measles. Using this data, can we conclude that measles vaccination is ef-
fective for lowering the infection rate? Use a test of hypotheses of level
a = 0.005.

Hint: Compare the proportion p; of infected children in the country in
which the vaccination rate was higher than 83% with the proportion py of
infected children in the country in which the vaccination rate was lower
than 83%.

Problem 10.9. A pH level of the soil between 5.3 and 6.5 is optimal for
strawberries. To measure the pH level, a field is divided into two lots. In
each lot, we randomly select 20 samples of soil. The data are below.

Lot 1
566 5.73 568 5.77 5.73 571 5.68
558 6.11 5.37 5.67 5.53 559 5.94
584 5.53 564 573 530 5.65

Lot 2
525 6.73 6.25 5.21 5.63 6.41 5.89
6.76 5.13 5.64 594 6.16 564 6.54
579 5.91 6.17 6.90 5.76 6.07

(a) Using a statistical software, verify the assumption that the two popu-
lations are normally distributed.

(b) Using a statistical software, assess the assumption that the two popu-
lations have equal variances.

(c) Test the hypothesis Hy : pu3 = pa  versus Hip : p1 # po, where py is



Comparison of Two Independent Samples 187

the mean pH level of the soil in lot 1, and p9 is the mean pH level of the
soil in lot 2. State your conclusion. Use the level a = 0.05.

Problem 10.10. The table below gives the size of human groups involved
in bear-human interactions at a particular park. The interactions were
classified according to the behavior of the bear.

Behavior
Inquisitive  Avoidance
Mean 71 =3.5 Ty =24
Standard Deviation s1 =052 So = 2.3
Sample Size ny = 65 no = 55

Can we conclude that the mean size of the human groups involved in bear
interactions are different according to the behavior of the bear? Use the
level a = 0.05. Which test did you use to compare the two means?

Problem 10.11. In a particular park it is believed that the type of be-
havior observed during human-bear interactions depends on the type of
location. In the front country, among 109 human-bear interactions, 35 in-
volved a neutral or an avoidance behaviour. In the back country, among 83
human-bear interactions, 69 involved a neutral or an avoidance behavior.
Can we conclude that the proportion of human-bear interactions that are
classified as a neutral or an avoidance behavior is larger in the back country
compared to the front country? Use the level a = 0.05.

Problem 10.12. A botanist is testing a new tomato fertilizer. He was
growing two different groups of 8 plants each, using the standard fertilizer
for the first group, and the new fertilizer for the second group. After 70
days, he measured the tomato yield (in kg) for each plant. The data is
given in the table below:
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Standard New
Plant Fertilizer Plant Fertilizer
1 4.76 I 5.60
2 4.25 2 4.98
3 3.98 3 5.12
4 3.44 4 3.86
5 3.87 5 4.56
6 4.78 6 5.76
7 3.99 7 4.21
8 3.21 8 4.05
Mean 4.035 Mean 4.767
Standard Deviation 0.56 Standard Deviation 0.71

Find a 95% confidence interval for p; — p2, where p; is the average tomato
yield per plant using the standard fertilizer, and s is the average tomato
yield per plant using the new fertilizer. Interpret the result.

Problem 10.13. The Nobel Prize in Chemistry in 1937 was divided be-
tween Norman Haworth for his work on carbohydrates and vitamin C, and
Paul Karrer for his work on carotenoids, flavins and vitamins A and B2.
Vitamin C is an ascorbic acid with antioxidant properties. A study is un-
dertaken to compare the amount of ascorbic acid (in mg) in two popular
brands of vitamin C (labeled as 100 mg). The summary of the data follows:

‘ Brand 1 Brand 2

Mean T1 =118 Ty =122
Standard Deviation | s1 =1.2 s, =1.75
Number of Tablets | nqy =15 no =15

Assume that the amount of ascorbic acid in a tablet is normally distributed,
and the variance of this amount is the same for the two brands.

(a) Compute the pooled standard deviation for the two samples.

(b) Give the range of the p-value of Student’s two-sample t-test to compare
the mean amount of ascorbic acid per tablet for the two brands. What can
we conclude? (Use a two sided test of level a = 0.01.)

(c) Construct a 95% confidence interval for p3 — p2, where p, is the mean
amount of ascorbic acid per tablet for brand 1, and p9 is the mean amount
of ascorbic acid per tablet for brand 2.

Problem 10.14. We want to compare the density of organisms (in number
of organisms per square meter) at two different locations along a river.
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Below are the descriptive statistics for two samples of size 12 each, taken
from the two locations.

| Mean Standard Deviation
Location 1 | 9,168.75 3,700.57
Location 2 | 2,168.33 815.26

Assume that the samples are selected from independent normal popula-
tions with unequal variances. Can we conclude that the mean density of
organisms at the two locations are different? Use the level a = 0.05.

Problem 10.15. We want to compare the germination rate of a new strain
of a plant against an old strain of the same plant. Below are the data.

| Germinated Did Not Germinate ‘ Total
Old Strain 125 15 140
New Strain 152 8 160

(a) Can we conclude that the germination rates differ? Use the level
o = 0.05.

(b) Construct a 98% confidence interval for the difference between the ger-
mination rates.

Problem 10.16. Consider a study comparing two medications for severe
bladder infections. The variable z is the length of time (in days) to recovery.
For the n; = 15 patients who were given medication 1, we observed a mean
recovery time of T; = 16.87 days. The mean recovery time was T = 19.09
days for the ny = 18 patients who were given medication 2.

(a) Here are overlayed quantile-quantile plot for the two samples of recovery
times. Is it reasonable to assume that both populations of recovery times
are normally distributed with equal variances?

Normal Q-Q Plot

—e— Medication 1
A Medication 2

I | |

Sample Quantiles

1 16 17 18 19 20 21
>

.\ ,
\

Theoretical Quantiles
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(b) Based on the following R output, compute the value of the pooled
standard deviation s,.

> t.test(x1,x2,var.equal=TRUE)
Two Sample t-test

data: x1 and x2
t = -5.174, df = 31, p-value = 1.304e-05
alternative hypothesis: true difference in means is not equal to O
95 percent confidence interval:
-3.105940 -1.349615
sample estimates:
mean of x mean of y
16.86667 19.09444

(c) Based on the R output in (b), give a 95% confidence interval for difference
between the mean recovery time on medication 1 and the mean recovery
time on medication 2.

(d) Based on the confidence interval from (c), which medication is best?

Did you know? In 1923, the Nobel Prize committee credited the
practical extraction of insulin to a team at the University of Toronto, and
awarded the Nobel Prize in Physiology/Medicine to Frederick Banting and
John James Richard Macleod for the discovery of insulin. Banting, shared
his prize with his assistant Charles Best, who was chosen on a flip of coin
to help him carry out the lab work in the summer of 1921. MacLeod shared
the prize with the biochemist James Collip, who helped to purify the extracts
from oz pancreas. The first injection of insulin was given at the Toronto
General Hospital to a 14-year old dying diabetic patient in January 1922.
The patent for insulin was sold to the University of Toronto for one dollar.



Chapter 11

Paired Samples

In this chapter, we compare the means of two dependent populations using
confidence intervals and hypothesis testing. Typical examples of dependent
data sets are measurements made on the same individuals “before” and
“after” a certain treatment: the weight before and after a diet program, the
blood pressure before and after a physical exercise, etc. Other examples of
dependent data sets are measurements made on the same individuals using
two different treatments. In both cases, the observations come in pairs, and
together they constitute a “paired sample”.

11.1 Confidence Intervals for pp

Let (X1,Y1),(Xs,Y3),...,(X,,Y,) be the paired observations made on n
individuals before and after a certain treatment (or when using two different
treatments). We assume that X, Xs,..., X, is a random sample from a
population whose mean is denoted by px, and Y7,Y53,...,Y, is a random
sample from a population whose mean is denoted by py. We would like to
compare pux and py by calculating a confidence interval for the difference

UD = UX — By .

If this interval contains mostly positive values, then we can say that px is
larger than py, with a certain confidence. On the other hand, if the interval
contains mostly negative values, then px is smaller than py, with a certain
confidence. If the interval contains both positive and negative values, no
conclusion can be drawn.

We first calculate the differences D1 = X1 —-Y,,D = Xo—Y5,...,D,, =
X, —Y,. These differences constitute a random sample from a population
whose mean is pgp. This random sample is used for drawing statistical

191
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conclusions about pp. We denote by D the sample average and by S% the
sample variance of the difference data set, i.e.

__1 n ‘ - 1 n Y
D_nZDl and Sd_n—1;(D’ D)2.

=1

We denote by d and s2 the observed values of D and S2.
Assuming that the differences D, Do, ..., D, are normally distributed,
the 100(1 — a)%-confidence interval for pp is given by formula (8.7):

_ Sq

ix( %)
where ¢ is the value found in Table 18.4 such that P(—t < T <t)=1-—«
and T is a random variable with a T'(n — 1) distribution.

Example 11.1. One of the standard ways of measuring the lung function
is FEV;, the forced expiratory volume in one second (the total volume
of air blown in one second). The FEV; is different in males and females
and slows down with age, with a peak of 4.5 1 at the age of 25. Smoking
speeds up this decline. The effects of smoking on the decline of FEV; are
studied in [51]. In this example, we want to show that smoking cessation
improves the lung function in 3 months’ time. The following table gives
the FEV; values for 9 males in their mid 30’s before quitting smoking (the
x measurement), and 3 months after quitting (the y measurement), as well
as the differences d = = — y:

x; (FEV; before) | y; (FEV; after) | Difference d; = x; — y;
2.94 4.22 —1.28
2.90 4.12 —1.22
3.11 4.35 —1.24
2.85 4.09 —1.24
2.93 4.15 —1.22
3.00 4.29 —-1.29
2.93 4.18 —1.25
3.03 4.29 —1.26
3.13 4.33 —1.2

After quitting smoking, we notice an increase in the F'EV; measurements
for all subjects. Recall from Section 7.3, that a commonly used tool for
assessing the normality of a data set is the QQ-plot. Figure 11.1 gives the
QQ-plot of the difference data set. Since the plot shows a linear tendency,
we may assume that the difference data set has a normal distribution.
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Score
o
*

-1 .

-2
-1.32 -1.30 -1.28 -1.26 -1.24 -1.22 -1.20 -1.18 -1.16
difference

Fig. 11.1 QQ-plot of the differences between the FEV; levels

The sample mean and the sample standard deviation for the before/after
measurements and the differences are given below:

| Before After Difference
Mean T=2980 gy=4224 d=—1.244
Standard Deviation | s, = 0.0950 s, = 0.0949 s4 = 0.029

Note that Z — § = d, but s2 + s2 # s3.

To find a 95% confidence interval for the average difference between
the FEV; after quitting smoking and before quitting smoking, we use the
value ¢t = 2.306, which corresponds to a T' random variable with a T'(8)
distribution, such that P(T > 2.306) = 0.025. This interval is:

—1.244 + 2.306 (m) = —1.244 £+ 0.022 = [—1.266; —1.222].

V9
Since the interval contains only negative values, we are 95% confident that
the average difference pp is negative, that is the average FEV; value (ux)
before quitting smoking is smaller than the average FEV; value (uy) after
quitting smoking. Based on this data, we can say that smoking cessation
induces an increase of the FFEV; value.

Example 11.2. A sample of 15 people participate in a study which com-
pares the effectiveness of two drugs for reducing the level of the LDL
(low density lipoprotein) blood cholesterol. After using the first drug
for two weeks, the decrease in their cholesterol level is recorded as the
z-measurement. After a pause of two months, the same individuals are
administered another drug for two weeks, and the new decrease in their
cholesterol level is recorded as the y-measurement. The following table
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gives the (z,y)-measurement pairs, together with the corresponding differ-
ence d = ¢ — y. The measurements are in mg/dl.

First Drug (z;) | Second Drug (y;) | Difference d; = z; — y;
13.1 12.0 1.1
12.3 7.3 5.0
10.0 11.7 -1.7
17.7 12.5 5.2
19.4 18.6 0.8
10.1 12.3 -2.2
11.5 15.2 -3.7
12.6 16.3 -3.7
9.5 10.7 -1.2
12.1 9.8 2.3
18.0 15.3 2.7
7.5 6.4 1.1
6.9 8.5 -1.6
14.5 16.4 -1.9
8.6 7.8 0.8

It appears that the differences verify the assumption of normality. The sam-
ple means and the sample standard deviations for the (z,y) measurements
and the differences are given below:

1 First Drug Second Drug Difference

Mean 7 =12253 §=12.053 d=0.2
Standard Deviation | s, = 3.8 sy = 3.711 sq = 2.809
A 90% confidence interval for up is
2.
0.2+1.761 <&) =0.24+1.277 = [-1.077; 1.477].
V15

Here, the value ¢t = 1.761 is chosen such that P(T > t) = 0.95, where T' is a
random variable with a T'(14)-distribution. Since the interval contains both
positive and negative values, we cannot conclude that the average decrease
in the LDL cholesterol level caused by the first drug is larger (or smaller)
than that caused by the second drug.

11.2 Hypothesis Testing for up

As in the previous section, we denote by (X1, Y1), (X2,Y2),...,(Xn,Yn) a
sample of paired observations made on n individuals. We let D; = X; —
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Yi,D; = X5 —Ys,...,D, — X,, — Y, be the corresponding differences. We
assume that the differences D;, Ds, ..., D, are normally distributed. We
want to compare the average difference up = px — py with the value 0, by
using a test of hypothesis. More precisely, we confront the null hypothesis
Hy : pp = 0 with one of the alternatives Hy : up > 0 or H; : up < 0.
By Theorem 8.2, if Hy is true, then the test statistic
Do
Sa/Vn

We consider separately the two cases:

To has a T'(n — 1) distribution.

Case (1) Hy : up =0 versus Hy : up >0

In this case, we want to reject Hy and gain evidence that the average
difference up is positive, i.e. px is larger than py. Our decision is based
on the p-value. To perform the test, we calculate the observed value of the
test statistic:

-0

sa/vn’
If this (positive) ratio is large, then it is unlikely that Hy is true, and there
is some evidence in favor of H,. The fact that the ratio is large corresponds
to a small p-value, which is calculated as:

to (11.1)

p-value = P(T > ty),

where T is a random variable with a T'(n — 1)-distribution. If the p-value
is small (usually smaller than 0.05), we reject Hyp and conclude that there
is some evidence for H;. Otherwise, we do not reject Hy.

Example 11.3. In the study [50], a group of 15 rats were inoculated
in each hind leg with a 50 ul injection of a colon tumor cell suspension
(DHD/K12/TRb). The cell inoculation grew into a solid tumor at the in-
jection site, which was used to model colon cancer. 6 weeks after the tumor
inoculations, a drug called doxorubicin (Dox) was administered weekly to
the rats. Each rat had one of the two tumors exposed to low-frequency
ultrasound for an hour every week. At the end of the treatment time, the
tumor volumes were measured in both legs. The table below gives for each
rat the volume of the tumor in the leg which received only Dox (the z mea-
surement) and the volume of the tumor in the leg which received Dox and
ultrasound treatment (the y measurement). In all 15 rats, it was observed
that the volume of the insonated (i.e. ultrasound treated) tumor is smaller
than the volume of the noninsonated tumor.
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Noninsonated | Insonated Difference
Tumor (x;) | Tumor (y;) | di = z; — ys
17.5 13.9 3.6
19.9 18.5 1.4
20.7 16.4 4.3
17.7 14.3 3.4
21.5 12.5 9.0
18.7 144 4.3
16.5 11.7 4.8
22.1 174 4.7
18.6 10.8 7.8
20.5 13.2 7.3
17.6 154 2.2
15.7 10.7 5.0
20.5 19.6 0.9
18.3 16.3 2.0
19.7 15.6 4.1

We assume that the difference data set has a normal distribution, an as-
sumption which is supported by the QQ-plot.

We want to confront the hypothesis Hy : pp = 0 (which says that there
is no difference between the volumes of the two tumors), with the alternative
hypothesis H; : pp > 0 (which says that noninsonated tumors have larger
volumes, on average). The sample mean and the sample standard deviation
of the (z,y) measurements are: Z = 19.033, s, = 1.858, § = 14.713,s, =
2.682. These statistics are not needed for the analysis. What we need
are the sample mean and the sample standard deviation of the differences:
d=4.32 and sy = 2.318.

The observed value of the test statistic is

_d—0  432-0
sa/vn  2.318//15
From Table 18.4, we see that P(T' > 2.997) = 0.005 where T is a random

variable with a T'(14) distribution. Since the observed value 7.218 is larger
than 2.997, we infer that

to 7.218.

p-value = P(T > 7.218) < 0.005.

The p-value being very small, we reject Hy and conclude that the nonin-
sonated tumors have larger volumes, on average, than the insonated tumors.
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Case (2) Hy : up =0 versus Hy : up <0

In this case, we want to reject Hy and gain evidence that the average
difference pp is negative, i.e. px is smaller than py. To perform the test,
we calculate the same ratio to given by (11.1) as in Case (1). If the absolute
value of this (negative) ratio is large, then it is unlikely that Hp is true,
and there is some evidence in favor of H;. The p-value is calculated as:

p-value = P(T < ty),

where T is a random variable with a T'(n — 1)-distribution. If the p-value
is small, we reject Hy and conclude that there is some evidence for Hj.
Otherwise, we do not reject Hy.

Example 11.4. Exercise therapy has been shown to influence human car-
tilage properties (see [4]). Shortly after exercise, it was noticed an elevation
of serum levels of cartilage oligomeric matrix protein (COMP). The follow-
ing table gives the serum COMP levels for 12 patients before 60 minutes
of exercise (the z-measurement) and right after the exercise period (the
y-measurement).

Before Exercise (z;) | After Exercise (y;) | Difference d; = z; — y;
6.32 6.48 -0.16
7.85 8.27 —0.42
12.87 13.26 —0.39
11.27 11.84 —0.57
7.89 8.23 -0.34
15.56 15.87 —0.31
16.34 16.60 —0.26
7.83 8.17 -0.34
9.23 9.61 —0.38
10.22 10.38 —0.16
14.67 14.91 —-0.24
15.30 15.61 —-0.31

From this data, we notice an increase in the serum COMP levels due to
the exercise. The assumption of normality of the differences appears to be
verified. The sample means and sample standard deviations for the (z,y)
measurements and the differences are given below:

’ Before After Difference
Mean T=1128 §=11.60 d=—0.323
Standard Deviation | s, =3.56 s, =3.55 s4=0.114
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We want to test Hp : up = 0 against H; : up < 0. The observed value
of the test statistic is
d—0 —-0.323 -0
sa/vn  0114/v12
From Table 18.4, we see that P(T' < —3.106) = 0.005 where T is a random

variable with a T'(11) distribution. Since the observed value —9.82 is smaller
than —3.106, we infer that

—9.82.

to =

p-value = P(T < —9.82) < 0.005.

The p-value being very small, we reject Hy and conclude that the serum
COMP levels increase after exercise (on average).

Technology Component using R:
Assume that the paired measurements are assigned to the numerical
vectors x and y, respectively.

e To calculate the difference d=x-y, we use:
d=x-y
e To produce the QQ-plot for d, together with the fitted line, we use:

qqnorm(d)
abline(mean(d),sd(d))

Remark: This procedure gives the plot of the pairs (z;,y;) for ¢ =
1,...,n for the variable d, together with the fitted line y = i + &2,
where i = d and & = s4. It is used for verifying the assumption that
the differences are normally distributed. We say that the differences
are normally distributed if the plot seems to be linear.

e To test the hypothesis Hy : ux = py against px # py and calcu-
late a 95% confidence interval for up = pux — py (assuming that the
differences are normally distributed), we use:

t.test(x,y,paired=TRUE)

Remark: To change the confidence level to 98% (or any other value),
we use:

t.test(x,y,conf.lev=0.98,paired=TRUE)

e To test the hypothesis Hy : px = py against px > py (assuming that
the differences are normally distributed), we use:
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t.test(x,y,alternative="greater",,paired=TRUE)

Remark: This procedure produces also a one-sided confidence interval
for pp which is not discussed in this book.

e To test the hypothesis Hp : px = py against px < py (assuming that
the differences are normally distributed), we use:

t.test(x,y,alternative="less",paired=TRUE)

Remark: This procedure produces also a one-sided confidence interval
for pp which is not discussed in this book.

11.3 Problems

Problem 11.1. Exposure to volatile organic compounds (VOC) which
have been identified in indoor air is suspected as a cause for headaches and
respiratory symptoms. Indoor plants have not only a positive psychological
effects on humans, but may also improve the air quality. Certain species of
indoor plants were found to be effective removers of VOCs. The following
data gives the benzene level (in ppm) in 10 test chambers measured at
the beginning of the study and after 3 days, using the plant Epipremnum
aureum (Devils Ivy).

Initial Benzene Level (z;) | Benzene Level after 3 Days (y;)
28.4 274
27.3 26.3
25.5 25.6
29.4 24.5
30.2 28.7
31.3 29.6
28.6 27.5
28.4 28.4
26.5 23.2
27.3 24.3

Is there any evidence that this species of indoor plants is effective in re-
moving the benzene from the indoor air? Justify your answer using a 95%
confidence interval and a test of hypothesis. (Verify first that the differences
di = z; — yi,1=1,...,10 satisfy the normality assumption.)

Problem 11.2. Fibristal (ulipristal acetate) is a drug which was approved
by Health Canada in 2014 for the treatment of the signs and symptoms
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of uterine fibroids in adult women of reproductive age who are eligible for
surgery. The following data gives the size of the fibroids (in cm) for n = 20
women before and after using fibristal for three months:

woman | before (z;) | after (y;) || woman | before (z;) | after (y;)
1 6.5 6.6 11 7.5 6.9
2 5.6 6.0 12 8.3 7.7
3 7.8 7.9 13 6.1 6.4
4 9.8 9.1 14 5.2 3.9
5 9.9 9.6 15 5.5 5.8
6 5.6 5.1 16 8.7 8.8
7 6.2 5.3 17 6.6 5.8
8 4.9 4.6 18 7.8 7.5
9 5.8 5.4 19 6.2 5.8
10 8.3 7.1 20 7.7 7.0

Let up = px — py be the difference between the average fibroid size before
treatment (px) and after treatment (uy ). Test the hypotheses Hy : pp =
0 against up > 0 at level @ = 0.05. Is there enough evidence that a
three-month treatment with fibristal is efficient in reducing the fibroid size?
(Verify first that the differences d; = z; — y;,7 = 1,...,20 are normally
distributed.)

Problem 11.3. The purpose of the study [35] was to determine whether
twelve months of intense exercise training can induce an increase in left
ventricular stroke volume in patients with coronary artery disease. 11 male
patients were studied. Before training, the mean stroke volume was 66
ml/beat and the standard deviation 11 ml/beat. After training, the mean
stroke volume was 81 ml/beat and the standard deviation 13 ml/beat. The
standard deviation of the differences between the stroke volume before the
exercise program and after the program was 5.4 ml/beat. Do these findings
suggest that prolonged and intense training induces an increase in stroke
volume in patients with coronary artery disease? Justify your answer using
a 95% confidence interval for the mean difference between the stroke volume
before the exercising program, and after the program.

Problem 11.4. Exotic predators are sometimes introduced into agricul-
tural ecosystems to aid in biological control of crop pests, see [72]. We
consider a laboratory experiment to study the effect of mantis excrement
on the behavior of wolf spiders. Each wolf spider was observed in an indi-
vidual container for one hour. In the container, there is a filter paper with
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mantis excrement and also filter paper without mantis excrement. Walk-
ing speeds for 15 wolf spiders on both filters were measured (in cm/s) and
are displayed below. Assume that the difference between the two walking
speeds is normally distributed.

Mantis Excrement Mantis Excrement
Wolf Spider | Without = With || Wolf Spider | Without = With
1 2.3 1.2 9 3.3 3.5
2 2.4 2.7 10 3.0 2.8
3 2.9 2.3 11 2.3 2.1
4 2.3 1.2 12 3.4 3.4
5 2.9 2.6 13 2.6 2.3
6 3.0 2.9 14 2.5 1.7
7 3.3 2.9 15 2.9 1.9
8 2.9 2.3

(a) Is there significant evidence that the mean walking speeds are different?
Use level a = 0.05.

(b) Using a 95% confidence interval for the average difference between the
two walking speeds, describe the effect that the mantis excrement has on
the walking speed of the wolf spider.

Problem 11.5. Almost two-thirds of iron in the body is found in
hemoglobin, the protein in the red blood cells that carries oxygen to the
tissues. Iron deficiency could lead to anemia, a condition characterized by
less than the normal quantity of hemoglobin in the blood. The following
data gives the hemoglobin values for 7 female patients at risk for anemia,
before and after they followed a 3-month dietary iron intake program:

Before | After
10.4 12.3
11.5 13.6
9.6 13.7
8.7 10.3
11.5 14.3
11.8 13.9
10.7 12.8

(a) Was the program efficient in increasing the hemoglobin level? Justify
your answer using a test of hypothesis for Hy : u3 = po against Hy : p1 <
w2, where 1 and pe are the average hemoglobin levels before, respectively
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after the program. Use the level a = 0.005.

(b) What is the conclusion of a test of level o = 0.005, if we assume
(incorrectly) that the hemoglobin level after the program is independent of
the hemoglobin level before the program? Assume that the two populations
are normally distributed with equal variances.

Problem 11.6. 16 professional marathon runners participated in a 3-
month training program which included one hour of swimming three times
a week. The best personal time (BPT) in minutes for a 5 km run of these
athletes was recorded, before and after the training program. The data is
summarized in the following table:

BPT Before | BPT After | Difference

(z) (v) (d=z—y)
Mean 30.8 29.1 1.7
Standard Deviation 5.2 4.1 1.6

Using this data, can we say that integrating swimming into the training
practice of professional runners improves their BPT? Use a test of hypothe-
ses of level @ = 0.005. Assume that variables X, Y and D are normally
distributed, and the variables X and Y have the same variances.

Problem 11.7. Two different methods were used to measure the cisternal
milk volume (in kg) for 10 cows.

Cow | Method 1 Method 2
1 1.39 1.46
2 1.54 1.56
3 1.62 1.61
4 1.70 1.74
5 1.71 1.76
6 1.73 1.76
7 1.73 1.84
8 1.81 1.90
9 1.85 1.95
10 1.91 2.02

Do the methods give significantly different measurements on average? Use
the significance level o = 0.05.

Problem 11.8. Nine patients are evaluated for pain on a scale of 0 to
10, after using a control medication for pain relief (0 = no pain, 10 =
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severe pain). One week later, the same patients are evaluated again after
being given a new medication for pain relief. The following results are
obtained:

Control New Difference

(z1) (v2) (d=m1 —x9)

Mean | 71 =4.224 T =298 d=1.244

Standard Deviation s1 =0.05 s =0.01 sq = 0.03

Construct a 95% confidence interval for the difference between the average
pain level using the control medication (11) and the average pain level using
the new medication (u2). Using this confidence interval, can we say that
the new treatment is effective in pain reduction?

Problem 11.9. An experiment was designed to test the effects of a growth
hormone (GH) on the daily milk production. The study involved ten pairs
of identical twin dairy cows. For each pair of twins, only one cow was given
the growth hormone, the other being considered a control. The table below
gives the milk production (in kg per day) for each set of twins.

Twin Set | Control GH
1 9.86 9.69
2 12.10 12.38
3 13.33 14.24
4 13.69 14.09
5 9.04 9.05
6 9.72 10.67
7 9.89 11.48
8 10.22 11.14
9 9.46 9.54
10 9.02 9.05

Is there any evidence that the growth hormone increases the milk produc-
tion? Justify your answer using a 98% confidence interval and a test of
hypothesis at level @ = 0.025. (Verify first that the normality assumption
is satisfied.)

Problem 11.10. We wish to compare the effect of two preparations of
a virus on tobacco plants using a study which involves 8 plants. For each
plant, half a leaf is inoculated with preparation 1 and the other half is
inoculated with preparation 2. The number of lesions are measured and
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denoted as x; and x3, respectively. The data are given in the following
table.

Plant x; x5 || Plant 27 29
1 30 20 11 18 16
2 8 5 12 14 13
3 14 17 13 12 4
4 14 11 14 13 13
5 19 17 15 16 14
6 17 15 16 16 14
r 3 5 17 18 12
8 19 15 18 21 15
9 12 12 19 12 10
10 21 14 20 17 12

(a) Do the preparations have a different effect on the tobacco plants?
Justify your answer using a test of hypothesis for Hy : pu; = po against
Hi : p1 # pa, where py is the mean number of lesions when preparation 1
is used and po is the mean number of lesions when preparation 2 is used.
Use the level a = 0.05.

(b) What is the conclusion of a test of level o = 0.05, if we assume (incor-
rectly) that the observations from the same plant are independent? Assume
that the two populations are normally distributed with equal variances.

Problem 11.11. A new surgical procedure is compared to the old method.
Fifteen surgeons performed the operation on two patients, who are similar
in terms of relevant factors such as age and gender. The table below gives
the duration (in minutes) for each surgery.

Old New Old New
Surgeon Method Method || Surgeon Method Method

1 33.1 31.4 9 19.9 21.7
2 46.6 40.5 10 46.0 36.6
3 21.5 29.9 11 49.0 54.7
4 34.3 45.0 12 45.5 39.5
5 19.1 12.5 13 60.3 61.2
6 38.9 44.0 14 374 34.0
7 56.2 57.2 15 25.3 19.1
8 67.1 65.6

Is there any evidence that the new surgical procedure will reduce the dura-
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tion of the surgery? Justify your answer with a test of hypothesis at level
a = 0.05. (Verify first that the normality assumption is satisfied.)

Did you know? Haemophilia is a rare hereditary disease, characterized
by an impaired ability of blood coagulation. Bleeding is a general symptom
of the disease, but one of the difficulties in recognizing the presence of the
disease is that bleeding can be internal. The disease is more likely to occur
in males, but females can transmit it to their offsprings. Haemophilia is
sometimes called “the royal disease”, since it occurred frequently among the
European royal families. It is thought that Queen Victoria inherited the
gene and passed the mutation through her children, across the European
continent, to the royal families of Spain, Germany, and Russia. Alexei
Nikolaevich, the only son of Russia’s last tsar Nicholas II, was a descen-
dant of Queen Victoria through his mother Empress Alexandra, and suffered
from haemophilia. According to some sources, the mystic healer Rasputin
succeeded in treating the tsar’s son, by simply advising against the tradi-
tional medical treatment with aspirin.
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Chapter 12

Categorical Data

In this chapter, we consider two categorical variables X and Y, i.e. vari-
ables whose values may not be numeric, but can be classified in several
classes. Examples of such variables include: gender, blood type, age, race,
income level, home ownership status, level of education, etc. Using the
method of hypothesis testing, the goal is to gain evidence that there is an
association between X and Y. This is called a test of independence. We
also discuss the test of homogeneity, for which we examine several groups
which underwent distinct treatments whose results are classified using a
categorical variable X. In this case, we want to gain evidence that there is
a significant difference between the groups, from the point of view of the
proportion of individuals falling in the classes of the variable X.

12.1 Test of Independence

In this section, we investigate if there is an association between two cat-
egorical variables X and Y. We assume that X has r classes, and Y has
c classes. Every individual in the sample is classified according to both X
and Y, and falls precisely into one class for each variable. For instance, if X
is the gender, and Y is the smoking status, then X has r = 2 classes (male,
female), Y has ¢ = 2 classes (smoker, non-smoker), and each individual
is classified into one of the 4 possible categories (or cells): smoker male,
smoker female, non-smoker male, non-smoker female.

Our goal is to gain evidence that there is a relationship between X and
Y. Keeping in mind that we aim to reject Hy, we let:

Hy: X and Y are independent

H; : there is an association between X and Y.

207
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This is called a test of independence.

Example 12.1. The purpose of the study [34] was to identify some eat-
ing and physical activity patterns associated with overweight elementary
school children in Fort Worth, Texas, by comparison with the guidelines of
the United States Department of Agriculture and the National Association
for Sports and Physical Activities. The 1,018 participant children were
classified according to various criteria. In particular, they were classified
according to race (variable X'), as 571 Hispanic and 447 African American.
These numbers were random, i.e. they were not fixed by the researchers at
the beginning of the study. The children were also classified according to
weight (variable Y'): in the group of Hispanic children, 105 were overweight
or at risk of being overweight, whereas in the group of African American
children, 208 were overweight or at risk of being overweight. The data is
summarized in the table below:

Normal Weight | Overweight Total
Hispanic 466 105 571 (random)
African American 239 208 447 (random)
| Total | 705 (random) | 313 (random) [ 1,018 |

Based on this data, we want to see if there is an association between the race
and the risk of being overweight, for the children in this Texas community.

Example 12.2. The distribution of the blood type in a population is
known to be different in each continent: for instance, the proportion of
people with type B blood is significantly different in Asia and Europe. De-
spite this fact, matching personality traits with one’s blood type is a popular
phenomenon in Japan and South Korea (similar to the horoscope match-
ing with personality, in the Western countries), whose scientific grounds are
still debatable. In the following table, 100 individuals of Asian descent were
classified according to their predominant personality trait (the variable X)
and their blood group (the variable Y) in 8 classes. Note that the row
totals and the column totals are random, i.e. they could not be predicted
by the researcher at the beginning of the experiment.

O | A | B | AB || Total
Artistic 17 | 15 | 14 2 48
Practical | 23 | 11 | 13 5 52

| Total |40 |26 |27 | 7 | 100 |
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Based on this data, we want to see if there is an association between the
personality and the blood type, for the people of Asian descent.

To illustrate the general theory, we denote by n;; the number of obser-
vations (or frequencies) corresponding to class i of variable X and class j
of variable Y, for i =1,2,...,r and j = 1,2,...,c. Thus n;; is the number
of individuals in the sample, who fall in the (7, j)-category. The frequencies
corresponding to the r x ¢ categories (or cells) are displayed in a contingency
table:

Class B; | Class By | ...... Class B, || Total
Class A] nii L1 | seenen Nie ni.
Class A2 Nnao1 Nog | conven Nnge na.
Class A, N1 Npg | e Nse M.
“ Total n.1 n.g | ...... | N.c H n “

We calculate the totals for each row and for each column:
n;. = N1 +Nyo + - - - +n;i. is the total for row i, with ¢ =1,2,...,r
n.; = nij +nej + -+ +ny; is the total for column j, with j =1,2,...,c.
Then the total number of observations is:
n=mn1. +n2 +---+n, (the sum of row totals)
=ni+nz2+---+n. (thesum of column totals).

To perform a test of independence, it is important to make sure that
all the row totals and column totals are random, i.e. none of these totals is
known to the researcher, prior to the experiment. We rephrase hypothesis
Hj in a more convenient form. Recall from Section 3.5 that two events A
and B are independent if

P(ANB) = P(A)P(B).
We denote by p;; the probability that a random observation falls into the
(%, 7)-cell of the table (i.e. row %, column j). We let p;. be the probability
that a random observation falls in row ¢, and p.; the probability that a
random observation falls in column j. Hypothesis Hy can be restated as:
Hy : p;j = pi.p.; for every i and for every j.

Estimators for the probabilities p;. and p.; are, respectively:
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If Hy is true, then p;; = p;.p.; is an estimator for p;;. In this case, the
expected number of observations falling into the (¢, 7)-cell is:

~ n. n.; n;.mn.;
Elg—nng—npng—n( l)(—‘])zl—]
n n n

This number may be different from the observed number n;; of observations
in the (4,j)-cell. If so, then there is some evidence that hypothesis Hy is
not true. But how different should E;; be from n;;, in order to reject Hop?

To answer this question, we note first that our conclusion has to be based
on all the observations, not only on those falling into one particular cell.
Therefore, we calculate all the differences n;; —Eij, hoping that the majority
of them are large positive numbers, in absolute value. Secondly, we square
these differences so that the negative values are not counterbalanced by the
positive ones. Finally, these differences have to be properly normalized to
obtain a random variable which has a known distribution. Using methods
which are beyond the scope of this book, it can be proved that the test
statistic:

1] Ez . . .
Up = Z Z (g — Biy)” 7 has a x2-distribution.
=1 j=1

The x2-distribution is an asymmetric distribution, which depends on
one parameter, called “the number of degrees of freedom”. In the case
of the variable above, the number of degrees of freedom is (r — 1)(c — 1).
Probabilities associated with x? random variables are given in Table 18.5.

A large value of the sum of the normalized square differences (given by
the observed value ug of the test statistic Up) is an indication that Hp is
not true. To decide if this value ug is large enough, compared with values
that may arise from other samples, we calculate the following:

p-value = P(U > uy),

where U is a random variable with a x? distribution with (r — 1)(c — 1)
degrees of freedom. The smaller the p-value, the less likely it is that Hy is
true.

If a preset a-level is specified for the probability of the type I error, then
we reject Hy when the p-value is smaller than a. In this case, we say that
there is some evidence for an association between X and Y. On the other
hand, if the p-value is larger than «, we fail to reject Hp. In this case, we
do not have enough evidence that there is an association between X and
Y.
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Example 12.1 (continued). We set up the following hypotheses:

Hy : race and risk of being overweight are independent
H; : there is an association between the race and the risk of

being overweight.

We calculate the “expected” number of observations for each cell:

~ 571-705 ~ 571 - 313
E11 = W = 395.44, E12 = W = 17556,
~ 447 - 705 ~ 447 - 313
By = —jre =309.56, By = — o = 13744

We put these values in the table underneath the observed values, in paren-
thesis:

Normal Weight | Overweight || Total
Hispanic 466 105 571
(395.44) (175.56)
African American 239 208 447
(309.56) (137.44)
[ Total | 705 | 313 | 1018 |

The observed value of the test statistic is:

(466 — 395.44)? + (105 — 175.56)% (239 — 309.56)2
N 395.44 175.56 309.56

Uo

(208 — 137.44)2
137.44
Then, p-value = P(U > 93.265), where U is a random variable with a x?
distribution with (2—1)(2—1) = 1 degree of freedom. For this distribution,
the last value that we read in Table 18.5 is 7.879, i.e. P(U > 7.879) = 0.005.
Hence,

= 93.265

p-value < 0.005.

Since the p-value is very small, we conclude that there is enough evidence
in this data to support the claim that there is an association between the
race and the risk of being overweight, for the children in this community.

Example 12.2 (continued). We set up the following hypotheses:

Hy : personality and blood type are independent

H; : there is an association between personality and blood type.
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We calculate the “expected” number of observations for each cell:

En = % =19.20, FEpp = % = 12.48,
Ers = % =12.96, Eyy= % = 3.36,
Ey = % =20.80, FEg = % = 13.52,
Eos = &T? =14.04, Eqy= % = 3.64.

We put these values in the table underneath the observed values, in paren-
thesis:

0 A B AB Total
Artistic 17 15 14 2 48
(19.20) | (12.48) | (12.96) | (3.36)
Practical 23 11 13 5 52
(20.80) | (13.52) | (14.04) | (3.64)
| Total | 40 [ 26 | 27 | 7 | 100 |

The observed value of the test statistic is:
_ (17 — 19.2)? n (15 — 12.48)2 n (14 — 12.96)? n (2 — 3.36)2
o 19.2 12.48 12.96 3.36

Uo

(23-20.8)2 (11—-1352)2 (13 —14.04)2 (5 —3.64)2
20.8 13.52 14.04 3.64
Then, p-value = P(U > 2.682), where U is a random variable with 2
distribution with (2 — 1)(4 — 1) = 3 degrees of freedom. Looking on row
3 of Table 18.5, we see that 2.682 lies between 2.366 (whose corresponding
area to right is 0.50) and 4.108 (whose corresponding area to right is 0.25).

We conclude that:

n = 2.682.

0.25 < p-value < 0.50.

Using a statistical software, we see that p-value = 0.443. Since the p-value is
very large, this data does not support the claim that there in an association
between personality and blood type, for people of Asian descent.

12.2 Test of Homogeneity

In this section, we consider r experimental groups which are classified in
several classes according to a categorical variable X. The size of each group
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is fixed, and is decided by the researcher at the beginning of the study.
We want to gain evidence that the groups are significantly different, from
the point of view of this classification. More precisely, we want to show
that the proportions of items falling into the same classification class are
different among the r groups. For instance, four groups of plants are treated
with different fertilizers, and their growth after one month is classified as
low, average or high. We want to show that there is a difference between
these four groups, in the sense that we observe a difference between the
proportions of plants with low growth, average growth, or high growth
among the four groups.

Example 12.3. Human Papillomavirus (HPV) can infect different parts of
the body. Most HPV infections occur without any symptoms and go away
without treatment over the course of a few years. However, in some people,
HPYV infections can persist. This is especially dangerous if the persistent
infection is of a cancer-causing type. Persistent HPV infection of a cancer-
causing type is the major cause of cervical cancer. Gardasil is a vaccine
which is designed to prevent infection with HPV types 6, 11, 16 and 18,
and was approved by Health Canada in July 2006, for use among girls and
women 9 to 26 years old. 10,565 women between the ages of 15 and 26
participated in a large clinical study, whose results were published in [29].
These women received three doses of either HPV-6/11/16/18 vaccine or
placebo, administered at day 1, month 2 and month 6. These subjects
were followed for an average of 3 years after receiving the first dose of
vaccine or placebo. Among the 5,305 women who received the vaccine,
1 was diagnosed with cervical cancer. In the group of 5,260 women who
received the placebo, 42 were diagnosed with cervical cancer. The results
are summarized in the table below:

Cervical Cancer: | Cervical Cancer:
Yes No Total
Group 1: Vaccine 1 5,304 5,305 (fixed)
Group 2: Placebo 42 5,218 5,260 (fixed)
[ Total 43 10,522 | 10,565 |

We want to gain evidence for the hypothesis that the proportions of women
with cervical cancer are not the same in the two groups.

Example 12.4. The Forest Stewardship Council (FSC) is an international,



214 Ezpect the Unezxpected: A First Course in Biostatistics

membership-based, non-profit organization that supports environmentally
appropriate, socially beneficial, and economically viable management of
the world’s forests. The FSC was founded in 1993 in Toronto, Canada
by representatives from environmental groups, the timber industry, the
forestry profession, and community groups from 26 countries. In 2008,
there were over 100 million hectares in more than 80 countries certified
according to FSC standards. Since consumers are increasingly concerned
about the impact of their decisions on the environment, there is a growing
number of companies which are using FSC-certified products. In the table
below, a sample of 100 companies were given a reputation score (between
A and E) based on the customer satisfaction, quality of products, media
and public relation, and international recognition. 50 of these companies
use FSC-certified products, whereas the other 50 do not.

A|B|C|D]|E Total
Use FSC products 8 | 13|16 | 10 | 3 | 50 (fixed)
Do not use FSC products | 4 | 9 | 14 | 16 | 7 || 50 (fixed)
[ Total |12 223026 10] 100 |

We want to get evidence that there is a difference between the companies
which use FSC products and the companies which do not use them, from
the point of view of their reputation.

To illustrate the general theory, we suppose that the r groups are clas-
sified according to a categorical variable which has ¢ classes. We denote
by n;; the number of observations in the i-th group, which fall in the j-th
class. We organize the information as in Section 12.1 in a contingency table:

Class 1 | Class 2 | ...... Class ¢ Total
Group 1 ni1 I Nie ny. (fixed)
Group 2 N21 Nog | covnn Naoe No. (ﬁxed)
Group r 1 Mo | ennnn Tre n,. (fixed)

“ Total n.1 .9 | ...... ‘ N.c “ n “
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We calculate the following totals:
c
n; = Z ng; is the total number of observations in the i-th group,
j=1
T
nj = Z ng; is the total number of observations in the j-th class.

=1

The total number of observations is:

n=nmni+ng + -4+ n,y
:n1+n2++nc

Let p;; be the proportion of individuals in the i-th group, who fall in
the j-th class. We want to gain evidence that the proportions p;; are not
all the same in the r groups. Keeping in mind that our goal is to reject Hy,
we set up the following hypotheses:

Ho:plj:pzj:...:prj, forallj=1,2,...,c

H, : the proportions pij, paj, ..., Pr; are not the same, for at least one j.

This is called a test of homogeneity.

Note that p;; can be interpreted as the conditional probability that an
individual falls in the j-th category, given that he or she belongs to the
i-th group. Hypothesis Hy says that for every category, these conditional
probabilities are the same for the r groups.

If Hp is true, an estimate for the common value p; := p1; =paj =+ =
Drj is:

R n.j

PjZT

This is an estimate for the proportion of individuals of the i-th group, falling

in the j-th class. Since the i-th group has size n;., the expected number of

individuals from the é-th group, falling in the j-th class is (if Hy is true):
A ng.n.;

Eij =nip; = .
j j "

(Note that this coincides with the expected number of observations in the
case of a test of independence. The interpretation is different this time.)
The number E,-j, which we expect to observe if Hy is true, has to be
compared with the observed number n;;. A large difference (in absolute
value) between Eij and n;; is an indication that Hy is not true. To see if
n;; deviates significantly from Eij throughout the table, we calculate the
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sum of the normalized squared differences (E;; — n;;)2/Ey;. As in Section
12.1, we use the fact that the test statistic:

Uy = Z Z n” has a y2-distribution
=1 j=1
with (r — 1)(c — 1) degrees of freedom. A large observed value ug of this

test statistic is strong evidence against Hy. To decide if this sum if large
enough for rejecting Hy, we calculate:

p-value = P(U > uy),
where U is a random variable with a x? distribution with (r — 1)(c — 1)
degrees of freedom.
Example 12.3 (continued). We set up the following hypotheses:
Hy : the proportions of cervical cancer in the two groups are the same
H; : the proportions of cervical cancer in the two groups are different.

We calculate the “expected” number of observations for each cell:
- 5305 - 43 A 5305 - 10522

El] = W = 2159, E12 = W = 528341,
- 5260 - 43 - 5260 - 10522
21 — W = 21.41, E22 - W = 5238.60.

The observed value of the test statistic is:
(1 -21.59)2 (5304 — 5283.41)% (42 — 21.41)2

Y= o159 5283.41 ot
(5218 — 5238.60)2
5238.60 = 39.60.

Using Table 18.5, we infer that:
p-value = P(U > 39.60) < 0.005,

where U is a random variable with a y2-distribution with (2—1)(2—1) =1
degree of freedom. Since the p-value is very small, we reject Hy. We
conclude that there is enough evidence that the proportions of cervical
cancer are different in the two groups.

Example 12.4 (continued). We set up the following hypotheses:
Hy : the proportions of companies who received any given score
(between A and F) are the same in the two groups

H, : there is at least one score (between A and F) for which the

proportions of companies are different in the two groups.
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We calculate the “expected” numbers for each cell:
- 50-12

. N . 5022
11 21 100 6, 12 22 100
n n 50-30 N ~ 50 - 26
13 23 100 5, 14 24 100 3
A A 50-10
Ey5 = Eas 00 5

Because the sample sizes are the same for the two groups, the values on
the first row are identical with the values on the second row. The observed
value of the test statistic is:

_(8-6)2  (13—11)*  (16—15)% (10—13)2 (3-—5)2
w="% *tT 1 ‘vt 1 tT 13 T3
(4-6)2 (9-11)2 (14-15)2 (16—13)%2 (7 —5)2

6 11 ' 13 13 3
Then, p-value = P(U > 4.38), where U is a random variable with a 2

distribution with (2 — 1)(5 — 1) = 4 degrees of freedom. Using Table 18.5,
we conclude that:

+ = 5.179.

0.25 < p-value < 0.5.

Using a statistical software, we see that p-value = 0.269. Since the p-value
is large, we fail to reject Hy. We conclude that the two groups of companies
do not differ significantly from the point of view of customer rating.

Technology Component using R:
Consider the contingency table from Example 12.4.

e To build the contingency table with R, we use:
table = as.table(rbind(c(8,13,16,10,3), c(12,22,30,26,10)))
Below is the display of this contingency table with R:

Reputation.score

FSC.status A B C D E
Use FSC products 8 13 16 10 3
Do not use FSC products 12 22 30 26 10

e To give names to the rows and the columns, respectively, we use:

dimnames(table) = 1list(FSC.status = c("Use FSC products",
"Do not use FSC products"),
Reputation.score = c("A","B","C","D","E"))
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e To perform Person’s chi-square test for homogeneity (or for indepen-
dence), we use:

chisq.test(table,correct=FALSE)

e To display the expected number of observations (under the null hypoth-
esis) for each cell, we use:

chisq.test(table,correct=FALSE) $expected

Remark: If there is at least one cell with an expected frequency that is
smaller than 5, then the following warning is displayed:

Warning message:
In chisq.test(table, correct = FALSE)
Chi-squared approximation may be incorrect

12.3 Problems

Problem 12.1. Lung cancers are classified using the size and appearance
of the malignant cells as seen by a histopathologist under a microscope
as: non-small cell lung carcinoma or small cell lung carcinoma. The non-
small cell lung carcinomas are the most frequently encountered types of lung
cancer, and are divided into three sub-types: squamous cell lung carcinoma,
adenocarcinoma, and large cell lung carcinoma. Using the data given in the
table below, can we conclude that the proportions of the three sub-types of
non-small cell lung carcinomas are different in the smoker population and
the non-smoker population?

Squamous cell | Adenocarcinoma Large Cell
Lung Carcinoma Lung Carcinoma
Smokers 42 43 15
Non-smokers 33 45 22

Problem 12.2. In several recent studies, it was observed that the daily
consumption of coffee can be beneficial in reducing the risk of developing
certain diseases, such as cirrhosis (extensive scarring in the liver). One
such study [26] analyzed data that was collected in Milan, Italy between
1984 and 1997. This studied examined 101 patients with liver cirrhosis
(the cases), based on clinical history, clinical examination, and histological
confirmation. These cases were compared to 1538 patients with no history
of liver cirrhosis (the controls), from the same geographical areas as the
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cases, and admitted to the same hospitals. The following contingency table
gives the distribution of daily coffee consumption conditional on the disease
status:

Disease | Consumption of Coffee (in cups/day)
Status | Zero One Two  Three or More | Total
With 28 29 31 13 101
Without ’ 219 336 434 549 1538

(a) Are the distributions of daily coffee consumption between these two
groups of patients significantly different? Use level o = 0.05.

(b) Below are the stacked bar charts displaying the distribution of daily
coffee consumption for each group. Describe the differences between the
two distributions.

Daily Coffee Consumption
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o |
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with cirrhosis without cirrhosis

Problem 12.3. To test the claim that nitrogen trichloride (produced by
chlorine) is a cause of occupational asthma in indoor swimming pool work-
ers, a group of 625 lifeguards and swim instructors were asked to fill out
a questionnaire regarding respiratory symptoms and the number of hours
spent in the facility per week. The data is presented in the following table:
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Respiratory Symptoms
Number of Hours || None ! Mild ! Severe | Total
Less Than 12 256 34 24 314
12 to 19 159 26 20 205
20 to 32 45 8 10 63
More Than 32 29 6 8 43
Total 489 74 62 625

Is there enough evidence that there is an association between the respiratory
symptoms and the number of hours spent in the swimming pool for the
swimming pool workers?

Problem 12.4. A study is conducted to see if there is an association be-
tween the development of lung cancer and exposure to second-hand smok-
ing. Two groups of waiters have been followed up for a period of 10 years.
The first group consists of 235 waiters who worked in smoke-free restau-
rants, whereas the second group consists of 169 waiters who worked in
restaurants where smoking was permitted. In the first group, 6 persons de-
veloped lung cancer, whereas in the second group 8 persons developed lung
cancer. Using this data, can we say that there is an association between
the development of lung cancer and the exposure to second-hand smoking?
Use a x2-test of level o = 0.05.

Problem 12.5. In the developed countries, one of the factors leading to
child obesity could be the family income. It is estimated that in Canada,
the national combined overweight /obesity rate for children and adolescents
of age 2 to 17 is 33%. The following table gives the data obtained for 1,570
children, who were classified according to weight and annual family income:

Annual Weight

Family Income Normal | Overweight/Obese | Total
Under $40,000 95 65 160

$40,000-$80,000 412 278 690

$80,000-$120,000 322 188 510

Over $120,000 151 59 210

Total 980 590 1570

Can we conclude that there is an association between the family income
and the child’s weight? Use the significance level a = 0.05.

Problem 12.6. In a study on the public awareness about climate change,
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1,025 participants were classified according to their level of education as
well as their attitude towards climate change:

High-school | Undergraduate | Graduate | Total
Diploma Studies Studies
Skeptic About 378 89 65 532
Climate Change
Believe in 187 226 80 493
Climate Change
Total 565 315 145 1025

Using this data, can we say that there an association between the attitude
towards climate change and the level of education? Use a test of level
a = 0.05.

Problem 12.7. The authors of [1] studied human-bear interactions in De-
lani National Park (United States). The following table summarizes 192
human-bear interactions by giving the conditional relative frequency distri-
butions of bear behavior according to the type of area. The sample sizes
corresponding to “in developed areas”, “in camp”, “on park road” and “in

the back-country” are 17, 50, 42 and 83, respectively.

Type of Behavior Displayed
Area Aggression Approach Neutral Avoidance
Developed Areas 6% 70% 12% 12%
In Camp 2% 64% 20% 14%
On Park Road 17% 40% 12% 31%
Back-Country 6% 25 % 6% 63%

Can we conclude that there is an association between the behavior displayed
and the type of area? Use the significance level o = 0.05.

Hint: Calculate first the observed frequencies for each cell, by rounding to
the closest integer.

Problem 12.8. A survey was conducted on 1,000 adults, among which
48% were men. The results of the survey show that 15% of men and 30% of
women are afraid of flying. Using a contingency table, test the hypothesis
that sex is independent of the fact that a person is afraid of flying. Report
the range of the p-value and your conclusion at level @ = 0.05.

Problem 12.9. Consider the germination data from Example 3.2. The
data represents a random sample of 105 species that are cross-classified
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according to the germinability and the germination speed.

Ezpect the Unezxpected: A First Course in Biostatistics

Germinability
Germination Speed | Low Intermediate High || Total
Fast 14 4 4 22
Medium 36 22 2 60
Slow 6 13 4 23
[ Total | 56 39 10 | 105 |

Can we conclude that there is an association between the germinability and
the germination speed? Use the significance level a = 0.05.

Problem 12.10. The authors of [5] studied the behavior of male adoles-
cent smokeless tobacco users. Among 137 fathers, 70 reported using either
smokeless tobacco or cigarettes. Among the fathers who use smokeless to-
bacco or cigarettes, 30% reported having sons who use smokeless tobacco
daily. For the non-using fathers, only 10.4% reported having sons who use
smokeless tobacco daily.

(a) Fill-out the following contingency table.

Father Have Sons Who Use
Consumes || Smokeless Tobacco Daily
Tobacco Yes No Total
Yes
No
Total

(b) Can we conclude that there is an association between the fathers’ use of
tobacco and the sons’ daily use of smokeless tobacco? Use the significance
level a = 0.05.

Problem 12.11. The study [9] examined the flowering patterns of trees
in a wet tropical forest. Some species of trees have flowers only in one wet
season, others have flowers in both wet seasons, and others have flowers
only in the dry season. The table below gives the frequency distribution
of the flowering time for 7 families of trees. For instance, among the 11
observed species in the annonaceae family, 8 have flowers only in one wet
season, 3 have flowers in both wet seasons, and 1 has flowers only in the
dry season.
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Flowering Time
Only In One Wet | In Both Wet | Only In Dry
Phylogeny Season Seasons Season
Annonaceae 8 3 1
Euphorbiaceae 12 6 1
Lauraceae 9 | 4
Leguminosea 20 6 4
Moraceae 9 5 3
Palmae 15 4 2
Rubiaceae 16 5 5

Are the distributions of flowering time homogeneous across tree families?
Assume that the observed numbers of species per family are fixed. Use the
significance level a = 0.05.

Did you know? Blood transfusions have been attempted for centuries
to save patients’ lives, with mized results: occasionally the patient recov-
ered, but often the patient died almost at once. This mystery was solved
in 1901 by an Austrian biologist and physician, named Karl Landsteiner.
By mixing red blood corpuscles from the blood of one individual with the
serum from the blood of another, he identified the presence of agglutinin
in the blood. For his discovery which led to the development of the mod-
ern system of classification of blood groups, Landsteiner received the Nobel
Prize for Medicine in 1930. In 1946, together with Alexander Wiener and
Philip Levine, he was awarded (posthumously) the Albert Lasker Award, for
the discovery of the Rh factor and its significance as a cause of prenatal
mortality.
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Chapter 13

Regression and Correlation

Biologists are often interested in the relationship between two variables. We
learn in this chapter to describe the relationship between two quantitative
variables with a correlation analysis. We also learn to describe one of the
variables as a linear function of the other variable. This is called a regression
analysis.

13.1 Sample Covariance and Correlation

In this section, we introduce some techniques that describe the association
between two quantitative variables. We consider two examples. In Exam-
ple 13.1, we describe the association between the heights of mothers and
daughters. This is an example of a positive linear association, where the
heights of the daughters tend to increase as the heights of the mothers in-
crease. In Example 13.2, we examine the relationship between the number
of colds and vitamin C. This is an example of a negative linear association.
As the dosage of vitamin C increases, the number of colds tend to decrease
on average.

Consider n paired observations (z;,y;), for ¢ = 1,...,n, from a pair
(X,Y) of random variables. We can use a scatter plot to describe the
association between z and y. In Figure 13.1, we have an illustration of
linear associations. For each scatter plot, we display a horizontal line at
y and a vertical line at Z. These lines define four quadrants. If there is a
positive linear association between X and Y, then most of the points are
going to lie in quadrants I and III, where (z; — T)(y; —7) is positive. While
for a negative association, most of the points are going to lie in quadrants
IT and IV, where (z; — T)(y; — J) is negative.

To describe the linear association between the two variables, we can use
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the sample covariance

v = i@ =Dy =) _ Cina %iys) — (1/n) (i 2:) (i, 9i)
w n—1 n—1 '

It will be positive for positive linear associations and it will be negative
for negative linear associations. So the covariance captures the sign (also
called the direction) of a linear association.

A positive linear association A negative linear association Little to no association
X X & X
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& 7 quadrant I | quadrgnt | " ~ | quadrantll ! quadrant|
, Quadrantll| quadrant| N ¢
21 g{ - 81
= r=0.01
L3 ° 2o ‘ ¥ .
3 7 &g 8@ A -
co | s 94 — s 0 O N y
s > - Y54 ceel |
> > >
24 r=0.76 o | r=-092
. o . *
31 drant |11 quadrant IV & .
©| quadrantfil|  quadrant IV qua e quadrant Il | quadrant IV
15 20 25 15 20 25 30 20 40 60 80 100
x variable x variable x variable

Fig. 13.1 An illustration of linear associations

We now define a statistic which is based on the covariance. The sample
correlation is

where s, and s, are the respective sample standard deviations. The sam-
ple correlation is also called Pearson’s correlation, or the product-moment
correlation. The sample correlation satisfies the following properties which
justify its suitability as a descriptive measure of the intensity of the linear
association:

e It is invariant to linear scaling. In other words, the correlation remains
the same regardless if we measure height in millimeters, centimeters or
meters.

e It has the same sign as the covariance, so it is negative for negative
linear associations and positive for positive linear associations.

e A correlation is always between —1 and 1. It is equal to 1 or —1
if and only if the points (z1,y1),-.-,(Zn,yn) fall exactly on a line.
Furthermore, if there is no association between X and Y, then the
correlation should be near 0.
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If the relationship between X and Y is linear, then we interpret this
relationship as being stronger as r approaches 1 or —1 and as being weaker
as r approaches 0. If the relationship between X and Y is not linear, then
the sample correlation is more difficult to interpret. In Example 13.3, we
have two variables that are strongly related, but the correlation is near
Zero.

Example 13.1. The data below gives the heights (in cm) for a sample of
n = 12 pairs of mother and daughter.

Height
Daughter | 160 165 156 169 152 156
Mother | 163 165 162 161 161 160
Daughter | 162 156 161 160 164 162
Mother | 164 159 164 161 163 168

Figure 13.2 gives the scatter plot of the height Y of the daughter against
the height X of the mother. There appears to be a positive linear associ-
ation between the two variables. The sample covariance is Cov,, = 4.9318
and the respective standard deviations are s, = 2.4664 and s, = 4.6928.
The sample correlation between the heights of the daughters and the moth-
ers is equal to T4y = COVay/(Sz Sy) = 0.426. The intensity of the linear
association between heights of the mother and the daughter is moderately
weak.
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Fig. 13.2 Scatter plot for pairs of mother and daughter
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Example 13.2. Consider an experiment where different daily dosages of
vitamin C (in mg) were randomly assigned to subjects. For each subject,
we count the number of times that the person contracted the common cold
over a period of three years. Here are the data:

Dosage (in mg) | Number of Colds

0 12 10 10 15 14
15 4 7 8 11 9
30 10 12 9 8 11
50 7T 10 8 4 6

Figure 13.3 gives the scatter plot of the number Y of colds against the daily
dosage X of vitamin C. There appears to be a negative linear association
between X and Y. The sample covariance is Cov,, = —34.0132 and the
respective standard deviations are s, = 18.9789 and s, = 2.8074. The
sample correlation between the two variables is equal to ry; = —0.638.
The intensity of the linear association between the number of colds and the
dosage of vitamin C' is moderately strong.
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Fig. 13.3 Scatter plot: number of colds against vitamin C

It is recommended that you always produce a scatter plot. The scat-
ter plot is a useful diagnostic tool. It allows us to verify the underlying
assumption of linearity between y and x as seen in the following example.

Example 13.3. To investigate the effect of a particular stimulant on reac-
tion times, the researchers randomly assignment a dosage of the stimulant
to the subjects. The treatment groups are 0 mg, 10 mg, 20 mg, 30 mg, 40
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mg and 50 mg. Each group contains 10 subjects. The response y is the
reaction time (in seconds) and the predictor z is the assigned dosage (in
mg).

The correlation is r;, = —0.1673, since the slope is negative, it ap-
pears that on average an increase in the dosage will decrease the reaction
time. Furthermore, if we assume that the association is linear, then the
association is weak (since 75, is zero).

The investigators were prudent and were not ready to conclude that the
stimulant has little to no effect on the reaction times. They produced the
scatter plot of the pairs (z;,y;) (see Figure 13.4), and noticed that the rela-
tionship between y and x does not appear to be linear. They assessed that
the correlation does not adequately measure the strength of the association
in this case.

In fact using techniques that are outside the scope of this book, it can
be shown that there is a strong association between the reaction times and
the dosage of the stimulant. It is just that this association is not linear.
For a fixed dosage of the stimulant, the reaction time does not vary a lot.
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Fig. 13.4 The least squares line of reaction time

We end this section with a short discussion on causation. Scientists gen-
erally want to establish causality relationship, i.e. a relationship in which
the response (or effect) is a consequence of a cause (or causal factor). The
scientific method can be used to establish a cause-and-effect relationship.
The method involves performing experiments in which we can control the
cause and the possible causal factors, and observe a significant effect. How-
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ever, in biology and medicine, it is often unethical to assign a factor to a
unit. For example, it is unethical to ask someone to smoke two cigarettes
a day. Nevertheless, there are acceptable methods that can be used to dis-
tinguish causal from noncausal associations. Refer to Chapter 2 in [57] for
a discussion on establishing causality in the context of epidemiology.

An aspect that is important for a causal association is the strength of
association. If there is a causal relationship, then there is an association
between the cause and effect. Therefore, a strong correlation between two
variables can hint at the existence of a causal relationship. But a large
correlation alone is not proof of causation.

Let us consider an example. Say we select a few communities at random,
and we measure the correlation between the number of bananas consumed
in a month per capita and the prevalence of a disease. Say the confidence
interval for the correlation is —0.85. We have observed a strong correlation
between the two variables. Does this mean that eating more bananas causes
the risk of developing the disease to decrease? It is doubtful. In this case,
it is likely that there are lurking variables (such as a healthy lifestyle) that
are causes of both eating more bananas and the decreased risk of disease.

A significant correlation between two variables is not sufficient evidence
for a cause-and-effect relationship, however it does hint at the possibility of
the existence of such a relationship. A significant correlation between two
variables is evidence of an association between the two variables.

Technology Component using R: Suppose that x and y are numerical
vectors of equal length.

e To compute the covariance between the two variables, we use
cov(x,y)
e To compute the correlation between the two variables, we use

cor(x,y)

13.2 Least Squares Line

In this section, we begin by describing the association between a variable y
(also called the response) and a variable z (also called the predictor) with
a line of best fit. We assume that we have a random sample of paired
observations (z;,y;) fori =1,...,n.
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Example 13.4 (Part 1). Consider the data from Example 13.2. The pre-
dictor variable z is the dosage of vitamin C and the response variable y is the
number of colds. For these data, the line of best fit is § = 12.0 — 0.0944 z,
which is overlayed in the scatter plot in Figure 13.5.

We can use the line to estimate the mean number of colds in three years
for a dosage of 35 mg:

fiy|a=ss = 12.0 — 0.0944 (35) = 8.696.
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Fig. 13.5 Least squares line for the number of colds against dosage of vitamin C

To find the line of best fit, denoted by § = & + B x, we will define what
we mean by “best”. Consider the i-th case (z;,y;). The corresponding
fitted value §; = & + B x; is the evaluation of the estimated line at x = z;.
The difference between the ith observed response and the i-th fitted value
is called the i-th residual e; = y; — 9;. A residual is sometimes called an
observed error. The sum of the squared residuals:

L:zn: [yi—(d-l-Bwi)]z,
i1

is used as measure of fit. In some sense, L represents a distance between the
observed responses and the estimated line. We say that the line of best fit is
the line that minimizes L. This criterion of fit was independently proposed
in the 18th century by the German mathematician Carl Friedrich Gauss
and by the French mathematician Adrien-Marie Legendre. It is known as
the method of least-squares.
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The minimum of the least-squares criterion L can be found by differen-
tiating it with respect to & and B and by setting these partial derivatives
equal to zero. We obtain a system of two equations in & and B that we
need to solve. After some simplification, these equations can be shown to
be

n n n n n
Zyi:n&-l-ﬁz:vi and Zwiyizézzﬁrl-ﬁzl’a (13.1)
i=1 i=1 i=1 i=1 i=1

These equations are called the normal equations. As we isolate & in the
first equation and substitute it in the second equation to obtain 3, we get
the least-squares estimates of the intercept

&:

s i _ 3 2is T (13.2)

)
n n

and of the slope

b (i ziys) — (/n) (i @) (i %)
(Cimia?) — (1/n) (i i)?
_ 2@ —T)(yi - 7)
DT
All the quantities involved in this solution should seem familiar. Actu-

ally the slope of the least-squares line has a few other useful representations,
such as

(13.3)

o T - DD/ =) @y s,
S (@ -2/ (n - 1) 2z Ty

where T and g are respectively the sample means of the predictors and the
responses, s2 is the sample variance of the predictors, €ov,, is the sample
covariance between x and y, and r;, is the sample correlation between z
and y. Note that the slope of the least-squares line will always have the
same sign as the sample correlation between the response and the predictor.

Example 13.5. Refer to the mother-daughter sample of size n = 12 from
Example 13.1. The response variable y is the height of the daughter
and the predictor variable x is the height of the mother. We summa-
rize the data with the following sums: Y z; = 1,951.0, > y; = 1,923.0,
S x? =317,267.0, 3 z;y; = 312,702.0 and Y y? = 308, 403. Using (13.2)
and (13.3) to compute the least squares estimates, we get the following
estimated line § = 0.8107 z + 28.4421. Figure 13.6 gives the scatter plot
of the pairs (z;,y;) and the estimated regression line.
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Fig. 13.6 Least squares line for the heights of mothers and daughters

The least squares line describes the central tendency of the response y
as a function of the predictor . We should also describe the dispersion
about the line, since not all of the observations will fall on the line. We
can measure the variability about the least squares line with the residual
standard deviation which is defined as

2111 \/Zz 1yz yz)

Se =

Note that }_* | ?/(n — 2) is approximately the average squared deviation
of the n responses, away from the least squares line. However instead of
dividing by n, we divide by n—2 which corresponds to the number of degrees
of freedom in this case. To describe the variability about the center, we
need to first estimate the center by estimating the slope and the intercept.
This leads to a loss of 2 degrees of freedom.

Example 13.4 (Part 2). Consider the number of colds data from Exam-
ple 13.2. To describe the precision of least squares estimation, we compute
the residual standard standard deviation. Using R, we get s, = 0.775 colds.
So typically, the number of colds in three years is about 0.775 colds away
from the least square line.

Technology Component using R: Suppose that x and y are numerical
vectors of equal length.

e We use 1m(y~x) to compute the line of least squares.
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e We assign the estimated linear model to mod with the command
mod=1m(y~x). The commands mod$residuals and mod$df .residuals
give the vector of the residuals and the corresponding degrees of free-
dom, respectively. The following command will give the residual stan-
dard deviation

sqrt (sum((model$residuals) "2) /model$df .residual)
e To produce a scatter plot of y against x, we use

plot(x,y)

To overlay the least square line onto the plot, we use

abline (1Im(y~x))

13.3 Problems

Problem 13.1. The height of a child as an adult can be predicted using
the child’s height at the age of 2. The following table gives the heights of
20 women (in cm), as adults and at the age of 2:

Adult Height At Adult Height At
Height (y) | Age of 2 (x) || Height (y) | Age of 2 ()
164.6 86.4 158.3 83.1
166.1 87.6 159.8 84.5
167.4 88.9 160.6 85.2
163.8 85.7 162.5 84.3
162.9 84.1 173.5 93.9
168.1 89.0 171.9 92.7
169.3 90.1 165.3 85.2
167.4 87.2 164.1 84.2
168.5 88.3 167.5 86.3
165.9 86.3 175.3 95.2

For this data, we have:

20 20
> yi=3,3228, > 3 =17482 » y? =552,4145
=1 =1
20 20

> 27 =153,028, > my; = 290,710.1

=1 =1
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(a) Calculate the estimated least squares line.

(b) Find the sample correlation between the height as an adult and the
height at the age of 2.

(c) Estimate the mean height of a girl as an adult, whose height at age 2 is
87.2 cm.

(d) Predict the height of a girl as an adult, whose height at age 2 is 84 cm.

Problem 13.2. Melanoma is a type of skin cancer which forms from
melanocytes (pigment-producing cells). Melanoma is considered as the
most dangerous form of skin cancer. It is not the most common of the skin
cancers in North America, but it does cause the most deaths. Melanoma is
caused mainly by exposure to ultraviolet radiation (either from the sun or
tanning beds). The authors of article [23] studied the association between
melanoma mortality rates and the geographical latitude. The data is in
the file SkinCancer.tzt. The latitude (z) of the largest city in each state or
province was used as an estimate of geographical center of population. The
mortality rate (y) for the male population is the number of deaths per year
per 100,000 individuals. (The mortality rates are age-standardized to ac-
count for populations of different ages.) Here is a scatter plot of melanoma
mortality rates for the male population against the latitude of the state or
province.
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(a) Here are a few summary statistics:
7 = 40.3762; y = 1.3506; s, = 5.6851; s, = 0.4036
and

Yici(Ti —Z)(yi — 7) = —1.8003.
n—1

TOVay =
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Compute the correlation between the melanoma mortality rate and the lat-
itude. Based on the above scatter plot and the value of the correlation,
describe the association between the melanoma mortality rate and the lat-
itude.

(b) Using the statistics from part (a), compute the least square line to de-
scribe the melanoma mortality rates for the male population as a function
of the latitude of the province or state. Give an interpretation to the slope
of this line.

(c) Consider the female population. Using statistical software, compute the
least squares line to describe the melanoma mortality rates as a function of
the latitude of the province or state. Give an interpretation to the slope of
this line. Furthermore, construct a scatter plot of the melanoma mortality
rates against the latitude.

(d) Consider the scatter plot from part (c). There is a state/province with
a much lower than expected mortality rate. Identify this state or province.

Problem 13.3. Systolic arterial blood pressure (SBP) and diastolic ar-
terial blood pressure (DBP) frequently display a linear relationship char-
acterized by the systolic-versus-diastolic slope and the sample correlation
(see [30]). The following table gives the SBP and the DBP for 15 men aged
between 40 and 65:

SBP (y) | DBP (z) || SBP (y) | DBP ()
112 63 156 100
120 69 124 82
135 70 99 56
142 82 105 65
132 76 124 73
115 67 144 89
119 71 134 76
128 73

(a) Calculate the mean SBP and the mean DBP for this sample.
(b) Calculate the sample covariance covy,, the sample variances s
the sample correlation 4.

(c) Give the line of the best fit which expresses the SBP as a function of
the DBP.

(d) Give the point estimate for the SBP of a man of age between 40 and
65, whose DBP is equal to 75.

2 2
21 Sy, and
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Problem 13.4. Pulmonary vascular resistance (PVR) occurs when the
pulmonary artery creates resistance against the blood flowing into it from
the right ventricle. An elevated PVR is frequently observed in patients with
advanced heart failure. The researchers in [46] hypothesized that inhalation
of nitric oxide would decrease PVR in such patients. To test this hypothesis,
they studied the hemodynamic effects of inhalation of nitric oxide (80 ppm)
for 10 minutes in 19 patients with heart failure associated to left ventricular
dysfunction. Here is a scatter plot that displays the change in PVR (in
percentage) against the PVR at baseline.
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(a) Denote the change in PVR (in percentage) as y and the PVR at baseline
as x. Here are the covariance between x and y and also the respective
standard deviations

CoVay = —2783.822; 5, = 29.6938; s, = 136.4879.

Compute the correlation between these two variables.
(b) Describe the association between the change in PVR (in percentage)
and PVR at baseline.

Problem 13.5. Since Confederation, the Canadian population has been
growing steadily. The following table gives the population of Canada (in
millions) since 1951. The data is taken from Statistics Canada website. We
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denote by y the Canadian population and x the year. We have:

30

30

30

> 2 =59,400, Y yi=730.381, Yz = 1,449,110

i=1 i=1 i=1
n 30

> x? =117,620,990, » y? =18,756.71.

i=1 i=1
Year | Population || Year | Population || Year | Population
1951 14.009 1961 18.239 1971 21.963
1953 14.845 1963 18.931 1973 22.494
1955 15.698 1965 19.644 1975 23.143
1957 16.610 1967 20.500 1977 23.727
1959 17.483 1969 21.001 1979 24.203
Year | Population || Year | Population || Year | Population
1981 24.821 1991 27.945 2001 31.012
1983 25.367 1993 28.682 2003 31.676
1985 25.843 1995 29.303 2005 32.359
1987 26.449 1997 29.965 2007 33.115
1989 27.056 1999 30.404 2009 33.894

(a) Construct a scatter plot of the data. Give the estimated regression line

of the population as a function of the year.

(b) Calculate the sample correlation r;,. Interpret the result.

(c) Compute the residual standard deviation se.

Problem 13.6. We would like to describe the relationship between the
mean adult female body mass (in kg) of grizzly bears (y) and the percentage
of meat in the diet (z). Below are the data for n = 12 different regions.

x Y z Y
5 120 || 42 169
6 122 || 42 171
7 117 || 60 201
11 129 || 76 210
12 132 || 77 225
26 139 || 79 220

(a) Calculate the mean and standard deviation for the mean adult female
body mass and for the percentage of meat in the diet.
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(b) Draw a scatter plot of the mean adult female body mass against the
percentage of meat in the diet.

(c) Calculate the sample covariance and the sample correlation between the
percentage of meat in the diet and the mean adult female body mass.

Problem 13.7. A large study was conducted to test the hypothesis that
the skeletal muscle mass of women reduces with age. All women involved in
the study had a body mass index of at most 35. For each of the 125 women
participating in this study, the researchers recorded their total skeletal mus-
cle mass (in kg) and their age (in years). The data are found in the file
SkeletalMass.txt. The first column gives the skeletal muscle mass and the
second column gives the age.

(a) Construct a scatter plot of the data. Give the estimated regression line
of the skeletal muscle mass as a function of age.

(b) Calculate the sample correlation r;,. Interpret the result.

(c) Compute the residual standard deviation.

Problem 13.8. Bears play a role in the transfer of marine isotopes, in
particular those taken from salmon, into the terrestrial ecosystem (see [36]).
The values of the nitrogen isotope signature !N (in per mil) measured
from a certain foliage are modeled as a function of the distance from the
river (in metres). Below are the data from a river with few bears and little
to no salmon.

Distance| 50 100 150 200 250 300 350 400
S15N |—3.48 —-4.02 -3.00 -324 -3.96 -3.80 -3.14 -3.80

(a) Produce a scatter plot and compute the least squares line describing the
value of the nitrogen isotope signature as a function of the distance from
the river.

(b) Compute the residual standard deviation.

(c) Calculate the sample correlation r;,. Can we conclude that the value
of the nitrogen isotope signature and the distance from the river are corre-
lated?

Problem 13.9. Continue with the situation in Problem 13.8. Consider
now the following data from a river with few bears and an abundant salmon
population.
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Distance 50 5 100 125 150 200 225
SN 0.18 —-097 -1.74 -196 -—-2.13 -231 -2.65
Distance | 250 300 325 350 375 400
SN —-2.53 =252 255 =259 -2.71 287

(a) Produce a scatter plot and compute the least squares line describing the
value of the nitrogen isotope signature as a function of the distance from
the river. Does the association appear to be linear?

(b) Because there is an abundant salmon population, but few bears for the
nitrogen transfer, it is hypothesized that the value of the nitrogen isotope
signature is correlated with the inverse distance from the river. We trans-
form the data by defining the predictor x = 1/distance. Produce a scatter
plot and compute the least squares line describing the values of the nitrogen
isotope signature as a function of . What are your findings?

(c) Compute the correlation between the values of the nitrogen isotope sig-
nature y and z = 1/distance?

Problem 13.10. With an increase in human activity in bear habitats,
there are more human-bear interactions (see [1]). The following data were
collected over a few years in the back country of a particular park. They
represent the number of human-bear interactions and the number of people
using a shuttle bus during a two-week period.

Number of Human-Bear || Number of Human-Bear

Bus Users  Interactions Bus Users  Interactions
1,750 1 14,000 16
2,000 1 14,025 10
5,880 2 14,035 8
6,000 2 14,250 12
7,775 2 15,004 10
10,002 4 15,250 12
10,025 5 15,300 9
10,035 3 15,750 11
11,050 5 15,750 20
12,004 9 16,000 12

(a) Produce a scatter plot and compute the least squares line describing
the number of human-bear interactions as a function of the number of bus
users. Does the association appear to be linear?
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(c) Apply a logarithm transformation to the response by defining a new
response variable y = In(number of interactions). Produce a scatter plot
and compute the least squares line describing y as a function of the number
of bus users. Does the association appear to be linear?

(d) Use the residuals from part (c) to produce a normal probability plot
of the residuals and a residual plot. Use these plots to perform diagnostics
of the underlying assumptions of the simple linear model. What are your
findings?

(e) Using the least squares line from part (c), predict the number of human-
bear interactions for a two-week period in which there are 8,000 shuttle bus
users. Construct the corresponding 95% prediction interval and interpret
the result.

(f) Using the least squares line from part (c), estimate the mean number
of human-bear interactions for a two-week period in which there are 8,000
shuttle bus users. Construct the corresponding 95% confidence interval and
interpret the result.

Did you know? More than two thirds of the world’s plant species
are found in the tropical rainforests, which are renowned for their massive
bio-diversity. Rainforests, once covered 14% of the earth’s land surface,
now cover only 6%. Nearly half of the world’s species of plants, animals
and microorganisms will be destroyed or severely threatened over the next
25 years, due to rainforest deforestation. FExperts estimate that the last
remaining rainforests could be consumed in less than 40 years. The Trop-
ical Plants Database is an international project dedicated to providing ac-
curate and factual information on the plants of the Amazon Rainforest,
created by the joint efforts of botanists, ethnobotanists, health professionals
and phytochemists. More information about this project can be found at
http://www.rain-tree.com/plants.htm.
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Chapter 14

Supplementary Problems (Statistics)

14.1 Problems

Problem 14.1. The following data gives the IQ scores for 8 adults

105 87 102 75 125 116 114 94.

Find the normal scores for this data. Is it reasonable to assume that the
data comes from a normal distribution?

Problem 14.2. All Canadian ice shelves are attached to Ellesmere Island,
in the Nunavut territory. The first observations about the extent of the
Ellesmere ice shelf were recorded in 1906, during an expedition lead by
Robert Peary. It is estimated that the shelves reduced by ninety percent
in the 20th century. In the past 50 years, the area became the subject of
intensive research on climate change (see [68]). The data below gives the
annual total amount of precipitation in mm (water equivalent) recorded for
Alert Station during the period 1967-1997:

Year | Precipitation || Year | Precipitation || Year | Precipitation
1967 170 1978 140 1989 177
1968 295 1979 103 1990 168
1969 200 1980 176 1991 175
1970 165 1981 125 1992 186
1971 140 1982 126 1993 140
1972 190 1983 204 1994 147
1973 195 1984 196 1995 174
1974 142 1985 98 1996 155
1975 138 1986 123 1997 195
1976 148 1987 124

1977 110 1988 152
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(a) Calculate the mean and the standard deviation for this data set.

(b) Find the median and quartiles for this data set. Construct the boxplot
and identify the outliers, if they exist.

(c) Can we assume that the annual amount of precipitation is normally
distributed? Justify your answer.

Problem 14.3. Mount St. Helens is an active volcano situated in the Pa-
cific Northwest region of the United States, which had a powerful eruption
on May 18, 1980. The region around the volcano became a national park
in 1982. Since the eruption, the size of the fish in Spirit Lake at the bottom
of the volcano seems to have increased. In 2010, a sample of 30 rainbow
trouts had an average weight of 2.3 Ib and a sample standard deviation of
4 1b. Is there enough evidence that 30 years after the eruption, the average
weight of the trouts is higher than the pre-eruption average weight of 1.9
1b? (Assume that the fish weight has a normal distribution.)

Problem 14.4. A WBC count is a blood test which measures the number
of white blood cells. Normal values for adults are between 4 and 9 thousand
per cubic millimeter (K/mm?). Certain corticosteroid drugs may increase
the value of the WBC count. The following data gives the WBC count for
10 persons who used a corticosteroid drug for 7 days:

6.5 78 9.5 101 113 6.7 55 87 64 121

Using this data, is there enough evidence that the drug increases the white
blood cell count above the level of 9 on average? Justify your answer using
a test of hypothesis at level & = 0.05. Assume that the WBC count is
normally distributed.

Problem 14.5. The purpose of the study [19] was to investigate whether
exposure to light at night may increase the risk of breast cancer, by sup-
pressing the normal nocturnal production of melatonin by the pineal gland,
which in turn could increase the release of estrogen by the ovaries. The case
patients were 813 women aged 20 to 74 years with a new diagnostic of breast
cancer. The control subjects were 792 women aged 20 to 74 years with no
history of breast cancer. The subject was considered to experience a pat-
tern of “nonpeak sleep” if she reported the following (at least once a week):
1) turning off the lights to go to sleep after 2:00 a.m., 2) rising for the day
before 1:00 a.m., or 3) not going to bed at all. 104 of the case patients
and 91 of the control subjects reported having experienced a pattern of
“nonpeak sleep” in the 10 years before the study. Can we argue that the
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proportion of women with a pattern of “nonpeak sleep” is higher in the
breast cancer population? To justify your answer, use an appropriate test
of hypothesis at level a = 0.10.

Problem 14.6. The study [10] examined the influence of spraying with
an insecticide called carbaryl on the nesting, laying and hatching of birds
in nesting boxes, for four species of birds. Records from 5 years prior to
spraying (1960-1964) were compared with the observations made after the
spraying which took place in the nesting season of 1965. For the tree swal-
low, among the 124 eggs laid in the 5 years before the spray, 108 were fertile
and 104 resulted in surviving young birds. In the summer of 1965, among
the 22 laid eggs by the tree swallows, 19 were fertile and 16 resulted in
surviving young birds.

(a) Can we say that the fertility rate of the tree swallows dropped signif-
icantly due to the spraying? Justify your answer using a 95% confidence
interval and a test of hypothesis at level o = 0.05.

(b) Is there enough evidence that the survival rate of the young tree swal-
lows dropped after the spraying? Justify your answer using a 95% confi-
dence interval and a test of hypothesis at level & = 0.05. (The survival rate
refers to the proportion of eggs which result in surviving birds, among the
fertile eggs.)

Problem 14.7. Most commercial shampoos contain a potent de-greaser
called Sodium Lauryl Sulphate (SLS), which could be acting as an irritant
to the scalp, when penetrating into the hair follicles left open by the normal
cycle of hair loss. In the study [73], the skin’s response to SLS was measured
on a sample of 9 male volunteers. Each individual received a total of four
8 mm Finn Chambers, two on the mid-volar area of each forearm. One
chamber of each arm was filled with the irritant (15 pl SLS), while the
other contain a similar quantity of water vehicle control. The patch tests
were left in contact with the skin for 48 hours. The intensity of the irritant
reactions was visually assessed for erythema on a scale of 0 to 4, with 0 for
no visible reaction, and 4 for intense erythema. SLS induced inflammation
in most individuals, with a mean score of 3.0. The water vehicle control
produced a slight reaction in some individuals with a mean score of 0.5.
Assuming that the standard deviation of the differences between the SLS
score and the control score was sq = 1.5, can we conclude that SLS acts as
an irritant to the skin? Justify your answer using a 95% confidence interval
and a test of hypothesis at level a = 0.05.
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Problem 14.8. In viticulture, the yield is the amount of wine that is
produced per unit surface of vineyard. The yield can be improved using
fertilizers. The following data gives the yield for 10 randomly selected acres
in a vineyard in two subsequent years, using the traditional fertilizer in the
first year, and an organic fertilizer in the second year. The yield is expressed
in tons of wine per acre.

Traditional Fertilizer | Organic Fertilizer
Acre 1 3.42 3.31
Acre 2 3.50 3.35
Acre 3 3.47 3.43
Acre 4 3.24 3.31
Acre 5 3.56 3.40
Acre 6 3.57 3.49
Acre 7 3.25 3.28
Acre 8 3.33 3.28
Acre 9 3.52 3.46
Acre 10 3.46 3.42

Compare the average yield per acre for the two fertilizers, using a test of
hypothesis at level a = 0.01. Is there enough evidence that the traditional
fertilizer produces a larger yield? Assume that the difference between the
yield with traditional fertilizer and the yield with organic fertilizer is nor-
mally distributed.

Problem 14.9. Artificial night lighting affects the natural behavior of
many species of animals. The purpose of the study [55] was to see if artifi-
cial light at night may interfere with the ability of migratory birds to orient
themselves. Turning off the lights is not a feasible solution for most offshore
installations due to safety regulations. The area used for this study was
the uninhabited Eastern cape of the barrier island Ameland (Dutch Wad-
den Sea). The following table gives the numbers of groups of birds which
were attracted to the light source, depending on the light color (with peak
wavelength in nm) and the sky conditions.
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Night Conditions
Light Source Clear Sky | Overcast Conditions | Total
White (diffuse) 38 156 194
Red (670 nm) 13 24 37
Green (535 nm) 8 7 85
Blue (455 nm) 37 38 75
Total 96 295 391

The table suggests that birds are significantly disturbed by the white light
in the overcast conditions, and not disturbed by the green light under the
clear sky. Can we say that the proportions of birds affected by one type of
light are the same under the clear sky and the overcast conditions? (Hint:
Use a test of homogeneity at level & = 0.05, even if the column totals are
not fixed by the researchers.)

Problem 14.10. Optometrists recommend that school-age children should
not watch television more that 1 hour per day. The following table gives
the scores on a basic vision test for two groups of children: the first group
consists of children who watch television more than 1 hour per day, the
second group consists of children who watch television less that 1 hour per
day.

Score On The Vision Test
Hours of TV Time/Day || Poor | Normal | Total
More Than 1 Hour 23 102 125 (fixed)
Less Than 1 Hour 17 108 125 (fixed)
Total 40 210 250

(a) Give estimates for the proportions of children with poor vision score in
the two groups. Give a 95% confidence interval for the difference between
these two proportions. Interpret the result.

(b) Is there enough evidence that the proportion of children with normal
vision score is higher in the second group? Use a test of hypothesis at level
a = 0.05.

(c) Using a test of homogeneity, verify if the proportions of children with
poor vision scores are the same in the two groups. Use the level a = 0.05.

Problem 14.11. The Healthy Eating Index (HEI) is a score on a scale of
1 to 100 which measures the intake of ten dietary components. A diet with
a score greater than 80 is considered “good”, whereas a diet with a score
of less than 50 is considered “poor”. It was found that children’s school
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performance is directly related to the amount of nutrients in their diet, and
even a moderate lack of nutrients can have lasting effects on their school
performance. The following table gives the HEI score together with the
score on a school performance test for a sample of 15 children in grade 6.

School Test (y) | HEI (z) || School Test (y) | HEI (z)

64 55 58 46
87 90 7 62
32 40 35 30
69 85 99 92
13 21 85 93
19 15 24 45
90 95 83 80
46 53

(a) Give the estimated regression line § = & + .

(b) Find the estimated standard errors for 3 and &.

(c) Find the 95% confidence intervals for the slope and the intercept of the
regression line.

(d) Perform a test for the significance of the regression at level a = 0.01.

Problem 14.12. The Giant Panda is an endangered species, due to the
loss of its natural bamboo forest habitat, and a very low birthrate. In
2007, there were 266 Giant Pandas living in captivity, and an estimated
1,600 living in the wild. The primary method of breeding in captivity is by
artificial insemination. A Giant Panda cub is extremely small, and because
of this, it is difficult for the mother to protect it. The following data gives
the gestation period z (in days) and the cub weight y (in g) at birth for a
sample of 18 Giant Panda cubs born in captivity:

Weight (y) | Gestation Period (x) || Weight (y) | Gestation Period ()
125 160 130 155
95 93 103 132
116 145 118 158
105 126 97 103
129 160 124 153
109 145 115 110
119 116 95 98
102 98 124 130
123 151 120 149
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For these data, we have: Z = 132.33,§ = 113.83,s> = 567.882,s7 =
138.029, 55, = 227.353.

(a) Find the line of best fit in the least squares sense.

(b) Calculate the sample correlation r;, and the coefficient of determina-
tion R2. Interpret the value of R2.

(c) Give an estimate for the error variance o2.
(d) Give a point estimate and a 99% confidence interval for the mean weight
of a cub at birth, whose gestation period was 113 days.

Problem 14.13. Paracetamol (acetaminophen) is the most commonly
used analgesic in young children. Some evidence suggests that ingestion
of paracetamol in early life may cause asthma in some children. In the
study [52], 495 children with a family history of allergic disease have been
exposed to paracetamol in the first two years of life. It was found that 148
of these children have developed asthma between the age of 6 and 7.

(a) Give a 95% confidence interval for the proportion p of children with
asthma, in the general population of children who were exposed to parac-
etamol in early life and have a family history of allergic disease.

(b) It is estimated that among the children with a family history of allergic
disease, 25% have asthma. Is there enough evidence that the proportion p
is higher than 25%? Use a test of hypothesis at level o = 0.01.

Problem 14.14. To estimate the density of caribou in a particular region,
the area is divided into 260 cells of equal size. Using areal surveillance,
the number of caribou per cell is estimated. The data are given in the file
caribou.txt.

(a) Construct the histogram for the number of caribou per cell. Describe
the shape of the distribution.

(b) Would you recommend using the median or the mean to describe the
center of the distribution?

(c) Describe the center of the distribution.

(d) Construct the box plot for the number of caribou per cell. Are there
any outliers?

(e) Apply a log transformation to the number of caribou per cell. Construct
a histogram for the transformed data. Describe the shape of the distribu-
tion. Are the mean and the standard deviation of the transformed values
meaningful measurements of the center and the spread of the distribution
of the log-number of caribou per cell?

(f) Using the mean and the standard deviation of the log-number of caribou
per cell, compute the geometric mean and the geometric standard deviation
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of the number of caribou per cell.
(g) Summarize the geometric mean and the geometric standard deviation
of the number of caribou per cell with an interval.

Problem 14.15. A large study involved 524 households. For each house-
hold, the concentration of arsenic in the water (in ug/l) was measured.
The data are given in the file ArsenicConcentrations.txt. The table be-
low gives the mean and standard deviation for the arsenic concentration
measurements and their natural logarithm.

Variable Total Count Mean  StDev
Concentration 524 0.8441 2.1014
Log Concentration 524 -1.3193 1.5200

Figure 14.1 gives the histogram of the concentrations of arsenic (on the
left), and the histogram of the log-concentrations of arsenic (on the right).
(a) Give point estimates for the mean and the geometric mean of the con-
centration of arsenic. (Hint: The geometric mean of a measurement X is
defined as the exponential of the mean of In X, i.e. G = F(nX)))

(b) Construct a 95% confidence interval for the mean concentration of ar-
senic.

(c) Compute a 95% confidence interval for the mean log-concentration of
arsenic. By exponentiating the limits of this interval, obtain a 95% confi-
dence interval for the geometric mean of the concentration of arsenic.

(d) Comparing the confidence intervals from (b) and (c), which one do you
think it describes better the center of the distribution of concentrations of
arsenic? Why?

Problem 14.16. Consider two independent populations with means p,
and pg, respectively. The population variances are denoted by o7 and o2,
respectively. Let X; denote the sample mean for a sample of size n; from
the i-th population, for ¢ = 1, 2. Use the results from Section 7.2, to answer
the following questions.

(a) Show that X; — X5 is an unbiased estimator of y; — pa.

(b) Show that Var(X; — X3) = 0%/n; + 03 /na.

() If both populations are normal with p; = 10, up = 8 and 0% = 0% = 5,
and the sample sizes are n; = ny = 10, give the distribution of X; — X5
and compute P(X; — X > 1.5).

Problem 14.17. The authors of [69] found that the inefficient transport
of iron from the root to the above-ground portion of a tomato mutant is
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Fig. 14.1 Histograms: Concentration and log-concentration of arsenic

controlled by a single recessive genetic factor. By crossing iron-inefficient
mutants (ff) with normal plants (F'F), they obtained a first generation
F of tomatoes in which all plants were normal (as expected). The plants
in the F; generation were crossed with one another, to produce a second
generation F,. The Fy generation consisted of 245 tomatoes, among which
58 were iron-inefficient. Using these data, is there enough evidence to reject
the single factor hypothesis? Use the level @ = 0.05. (Hint: Setup the
hypotheses in terms of the probability p that a plant in the F; generation
is iron-inefficient, assuming that the phenotype is controlled by a single
recessive genetic factor.)

Problem 14.18. A public official believes that the mean household water
use is 1,315 liters per day. A study of water usage involved a random
sample of twenty five households. The data are given below. Assume that
the household water use is normally distributed.

1316 1341 1303 1322 1335
1306 1320 1307 1352 1344
1329 1342 1301 1317 1311
1328 1290 1322 1310 1348
1324 1322 1339 1334 1369

(a) Using these data, is there enough evidence to conclude that the mean
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household water use is not 1,315 liters per day? Use a = 0.05.
(b) Construct a 90% confidence interval for the mean household water use
per day.

Problem 14.19. Methods for determining the fat content of foods are
discussed in [22]. To compare the results from two laboratories, each lab-
oratory received 25 samples of canola oil. Below are the fat content mea-
surements (in %).

Laboratory 1
39.8 398 398 39.2 398 396 40.1 40.1 395
39.8 398 393 40.0 39.8 395 40.5 39.6 39.9
39.7 403 40.1 40.1 39.7 40.0 40.2

Laboratory 2
40.0 399 39.7 395 396 396 39.7 398 40.1
394 390 395 403 39.2 40.0 39.2 39.7 39.7
39.7 395 398 400 394 395 39.5

(a) Using a statistical software, verify the assumption that the two popu-
lations are normally distributed, with equal variances.

(b) Test the hypothesis Hy : p; = po  versus Hj : pu3 # po, where py is
the average fat content from laboratory 1, and ps is the average fat content
from laboratory 2. State your conclusion. Use the level o = 0.05.

(c) A difference in the means (in absolute value) is considered to be impor-
tant, only if it is larger than 0.5. Construct a 95% confidence interval for
1 — pe. Is the difference between the means important?

Hint: For (b) and (c), you may approximate the 7(48) distribution with
the standard normal distribution, or use a statistical software to find the
exact probabilities associated with the T'(48) distribution.

Problem 14.20. Refer to Example 12.3. Let p; and py be the propor-
tions of cervical cancer cases in the vaccinated population, respectively the
general population. Use a test of hypothesis for Hy : p; = p against
H; : p1 < pa to see if there is enough evidence that the vaccine is efficient
in reducing the incidence of cervical cancer.

Problem 14.21. A study examines the weight loss of bears during hiber-
nation. The study involves 18 bears of varying weights. For each bear, its
weight (in kg) is measured during the month of November, and during the
following month of March. The data are in the table below.
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Fall Spring Fall Spring

Bear Weight Weight || Bear Weight Weight
1 432.5 417.1 10 307.9 294.5
2 240.8 218.5 11 436.5 414.7
3 111.2 101.1 12 334.8 325.9
4 330.8 299.1 13 538.4 522.1
5 221.7 201.2 14 181.3 158.1
6 491.3 471.8 15 523.5 514.2
7 276.9 262.4 16 496.5 461.2
8 328.9 293.5 17 577.9 574.8
9 313.7 280.2 18 341.4 308.0

Is there any evidence that a bear will lose weight during hibernation? Jus-
tify your answer using a 95% confidence interval and a test of hypothesis.
(Verify first that weight losses satisfy the normality assumption.)

Problem 14.22. The objective of the study [39] was to measure the asso-
ciation between a risk assessment for heart disease and the total coronary
atherosclerotic plaque burden. The table below gives the cross-classification
of the 1,653 subjects according to their risk category and their measure of
coronary atherosclerosis severity (in terms of a segment plaque score).

Segment plaque Risk Category

Score Low | Intermediate | Moderately High | High
Zero 427 106 37 32
Mild 292 128 102 82
Moderate 108 50 85 58
Heavy 33 9 39 65

Is there an association between the segment plaque score and the risk cat-
egory? Use the significance level a = 0.05.

Problem 14.23. “Ottawa water usage spiked after Crosby scored golden
goal, data show” is the title of an article that appeared in the Ottawa Citi-
zen on March 17, 2010, written by Glen McGregor. Officials in many Cana-
dian cities (including Ottawa, Edmonton and Vancouver) observed a spike
in the water usage immediately after Sidney Crosby’s winning goal that gave
gold to Canada against the United States men’s national hockey team at the
Vancouver winter olympics in 2010. Canada is fortunate, since it has only
0.5% of the world’s population, but its landmass contains approximately 7%
of the world’s renewable water supply (source: www.ec.gc.ca/eau-water).
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Below are data of the water consumption (in million of liters) for a partic-
ular city in 50 randomly selected days.

281 282 287 288 289 289 291 291
291 291 292 293 293 293 293 294
204 294 294 295 297 297 297 297
297 298 299 301 301 301 302 303
303 304 304 305 306 307 307 307
308 309 310 310 311 312 312 314
315 322

We summarize the data with the following two sums:

50 50
> 2 =14,971 and Y x} =4,486,567.

=1 =1

(a) Using the above summary statistics compute the sample mean and the
sample standard deviation.

(b) Find the median, and the two quartiles.

(c) Calculate the IQR. Are there any outliers?

(d) Produce a histogram of the data and describe the shape of the distri-
bution.

(e) Construct a QQ-plot (or a normal probability plot). Does it appear
reasonable to model the daily consumption of water with a normal distri-
bution?

Problem 14.24. Consider a completely randomized trial to compare the
effectiveness of a drug for pain relief compared with that of a placebo. In
this study, half of the subjects received the drug and the other half received
a placebo. Let p; be the proportion of subjects in the treatment group that
indicated a reduction of pain and p; be the proportion of subjects in the
placebo group that indicated a reduction of pain. We test Hy : p1 —p2 =0
against H; : p1 — p2 > 0. Suppose that we rejected Hy in favor of Hy, at
level a = 0.05.

(a) If the conclusion from this test of hypotheses is wrong, did we commit
an error of type I or of type II? Explain.

(b) Can we conclude that the drug is effective for more than 5% of the
population? Explain.

(c) Can we conclude that the drug is not effective for less than 5% of the
population? Explain.
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Did you know? The island of South Georgia in the south Atlantic
Ocean is a sanctuary of wild life and an oasis in the stormy oceans sur-
rounding Antarctica. The island is home to many species of birds, seals,
penguins and reindeer, and during the breeding season, it hosts the densest
population of marine animals on FEarth. The island is a British overseas
territory which was explored for the first time in 1775 by Captain James
Cook, who brought back to England the news of an island full of seals. In
the decades that followed, most species of seals were hunted to the verge
of extinction. In the 20th century, the island became a whaling base, which
contributed to the decay of the whale population in the waters nearby. In the
recent years, as hunting became more tightly requlated, the seal and whale
populations are making an incredible come back. The landscape of the is-
land is stunningly beautiful, with snow covered peaks, and green bays. Half
of the island is covered by permanent snow and ice, and the rest is covered
by tundra vegetation. One can read more about this island in [12].
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Chapter 15

Sample Size and Power

When designing a study, we should be concerned about the sample size n.
In this section, we will discuss two different approaches to determine the
number of observations required for a study. The first approach concerns
controlling the error of the estimate of a mean. The second approach, which
is a bit more complex, concerns the power of a hypothesis test.

15.1 Maximum Error of the Estimate

Let X be the sample mean for a sample of size n from a normal population
with mean p and standard deviation o. Recall from Theorem 7.3 that
Z = (X — u)/(c/+/n) has a standard normal distribution.

Since the sample mean is used to estimate the population mean, we
should choose a sample size n such that the sample mean is highly likely to
be close to the population mean. To do so, we will find a value E such that
1—a= P(|X — u| < E). We say that E is called the mazimum error of
the estimate at a level of confidence of (1 — &) 100% (usually 1 — « is set to
95%).

Let us solve for E:

l-a=P(X-p<E)=P(-E<X-p<E)

= (yfm <SS a/iﬁ)‘

By letting z = E//(0/y/n), we have P(—z < Z < z), where Z ~ N(0,1). By
the symmetry of the density of the standard normal about zero, we want a
value z such that P(Z > 2) = a/2. (At 1 —a = 95%, we have z = 1.96.)
The maximum error is
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Remark that F depends on z, o and n. As the population becomes more
variable, the estimate will become less precise, i.e. the maximum error E
will increase. As the level of confidence increases, z will increase and the
maximum F will also increase. However, E decreases as n increases.

In practice, we want to be highly confident in the estimation, but we
also want the estimate to be precise (i.e. small error). To achieve both high
confidence and good precision, we fix the level of confidence to some high
level (for example 1 — a = 95%) and we compute the sample size required
to achieve a certain level of precision at that level of confidence.

To be (1 — ) 100% confident that the maximum error of the estimation
of the mean is at most E, we require the following sample size:

z0o\2

n= (F) , where P(Z > z) = %. (15.1)

Since o is usually unknown, we will need to guess a reasonable value for
it. One approach is to conduct a pilot study and use the sample standard
deviation s from the pilot study as the value for o. Alternatively, we can
look in the literature and find past studies. From these studies, we might
be a able to propose a reasonable guess for o.

Example 15.1. Suppose that we are interested in the estimation of the
mean concentration of lead in drinking water for a particular city. A small
pilot study of 15 houses is conducted. For these 15 houses, we computed
the sample mean Z = 2.34 ppm and the sample standard deviation s = 1.57
ppm. We will use the standard deviation from this small pilot study as our
best guess for the value of the population standard deviation, that is we
will use o = 1.57.

How many houses should we include in the next study in order to be 95%
confident that the maximum error of the estimate of the mean concentration
of lead in drinking water is at most £ = 0.5 ppm? We need z such that
P(Z > z) = 0.05/2 = 0.025 or equivalently P(Z < z) = 0.975. From Table
18.3, we get z = 1.96. Using formula (15.1), we compute

n= (%)2 - (%)2 — 37.88.

So the study should include at least 38 houses.

For estimating the difference between the means of two independent

normal populations with equal variance 02 = 0? = 02, the maximum error

of the estimate at a level of confidence (1 — a) 100% is

1
E=z04y/—+ —,
ny no
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where z is such that P(Z > z) = a/2. Assuming that we are planning a
balanced study, i.e. n;1 = ny = n, we can solve for n (which is the size of
each sample):

15.2 Power of a Test of Hypotheses

Suppose that we are now concerned with testing a null hypothesis Hy : p =
Lo against a two-sided alternative H; : p # g, where p is the mean of
a normal population. If the null hypothesis is true, then the test statistic
To = (X — po)/(S//n) has a T(n — 1) distribution. Recall that the p-
value is computed according to this sampling distribution. The p-value is
p = 2P(T > |to]), where to is the observed value of the ¢-test statistic Tp
and T has a T'(n — 1) distribution.

Suppose that we are using a level of significance «, which means that
we will reject Hg only if p-value < a. We will leave it as an exercise to show
that this rejection rule is equivalent to estimating p with a (1 — «) 100%
confidence level and rejecting Hy only if pp is not in confidence interval. If
we use a level of confidence of 1 —a = 95%, then for 95% of all samples, the
confidence interval will contain the value of the mean y. Which means that
only a = 5% of the confidence intervals will not contain p. If Hy: u = po
is true, then only o = 5% of the confidence intervals will not contain the
value po. Meaning, when Hy is true, we will reject it only o = 5% of the
time. The level of significance « is the risk of committing an error of type
I, when Hj is true.

As an example, refer to Example 9.6. We tested Hy : p = 3.95 against
H; : p # 3.95, where p is the average viscosity level for the mice which
were treated with the new drug. The p-value was 0.002. In many fields, it
is common practice to use a level of significance of o = 5%. Using a = 5%,
we have p-value < a. So we can safely reject Hy and accept that the mean
1 is not equal to 3.95. Since we rejected the null hypothesis, then our risk
of being wrong is a = 5%

Suppose now that Hy is not true, i.e. p = p1, where p, is a value that
is a value different than po. In this case, we would like to reject Hy with
a high probability. The probability of rejecting Hj is called the power of
the test. Recall that we will reject Ho, only if po is not in the (1 — «) 100%
confidence interval for the mean. If u = pj, then py will fall in (1 — <) 100%
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of the confidence intervals. But this says nothing about pg. If the intervals
are not precise (i.e. the sample size is too small), many of the intervals
could contain pg. This would lead to a high risk of failing to reject Hy
when g = py. To reduce the risk of having pg in the confidence interval,
we will need to increase the precision of the estimation, which will in turn
give us a more powerful test. Refer to Figure 15.1 for an illustration that
increased precision decreases the risk of type II errors.

Assume H, is true Assume H is false (i.e. p = p)
95% confidence intervals 95% confidence intervals
(risk of type I error = 5%) (w1 is in 95% of the intervals)

z . -t amorin

: estimation e ation :
sample 5 -:— —:—.L sample 5
sample 4 : —— type I error : :— sample 4
sample 3 —:— type II error : 1'— sample 3
sample 2 — [ sample 2
sample 1 : : : sample 1

o o 1

(increased precision would reduce risk of type II error)

Fig. 15.1 Illustration of errors of type I and of type II

Let t, be a value such that P(T > t) = /2, where T as a T'(n — 1)
distribution. The power of the test is

Power(u) = P o ¢ [X =t = Xt | iu =]

S - S
=1—P —_— —_— =
[p,o <X - \/ﬁ or o> X t\/ﬁ,u ;/,1]

X —
< —t or Ho

S/v/n T ‘“]

So the power of the test will depend on the sampling distribution of the
test statistic Ty = )S{—/_\/’%" under the assumption that u = uy (i.e. not po).

To simplify the discussion, let us consider the z-test statistic Zy = f—/_\/’%"
Its mean (called its non-centrality parameter) is

n.c. = E[Z) = ? (E[X] — mo) = v (’“ - “0) (15.2)
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since E[X| = u = p;. Note that Zy does not have a mean of zero, since it
was not centered properly. The variance of the z-test statistic is
Vi) var® v)* o
Var([Zy] = (7) (Var[X — po]) = (7) =L
since Var[X — o] = Var[X] = 02 /n. So Z does not have a standard normal
distribution. It has a standard deviation of 1, but it has not been centered
properly.

As we substitute o with S, to get Tp, it can be shown that Ty will
have a non-central T'(n — 1) distribution with a non-centrality parameter
given by Formula (15.2). As the non-centrality moves away from zero, the
distribution Tj will push the probability away from zero. This will increase
the chances that Tp will fall outside of the interval (—t,¢). In other words,
the t-test will become more powerful. See Figure 15.2 for an illustration of
power as a function of the non-centrality parameter.

As we look at n.c., which is given in Equation (15.2), we see that it
depends on n and d = (u1 — po)/o, which is called an effect size. The
larger the effect size, that is the more the real value of the mean deviates
from po (in standard deviations), the more this difference will be easy to
detect. Of course in practice, we do not know the real value of the effect
size. So we need to decide upon an effect size that we would find important.
Once the effect size is fixed, then we can use R, to find the required sample
size n to have adequate power to identify this important effect size. Often
in practice, the power is set to 80%.

Example 15.2. It was determined from a small study that the mean calory
intake for a particular population is 2275 kcal and the standard deviation is
240 kcal. We would like to replicate the study with a larger sample. What
is the required sample to be able to detect a mean that is different than
2275 kcal by more than 100 kcal at a level of significance of 5% and power
80%7?

We will set g3 = 2175. (You can try gy = 2375, it will give the same
sample size.) So an important effect size is d = (p1 — po)/0 = —100/240 =
—0.41667. The power of the test is

Power = P(To < —t or Tp >t) = Fr,(—t)+1— Fr,(t),

where Ty as a non-central T'(n — 1) distribution with non-centrality pa-
rameter n.c.= d+/n = —0.41667 \/n. Using R notation, we have t equal to
qt(0.975,n-1). We evaluated the power at n = 45,46, ...,50 with the
following commands:
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> n=45:50
> pt(-qt(0.975,n-1) ,n-1,-0.41667*sqrt(n))
+1-pt(qt(0.975,n-1) ,n-1,-0.41667*sqrt(n))

Note that the third argument of pt is the non-centrality parameter. We
obtained

[1] 0.7804390 0.7896652 0.7985595 0.8071299 0.8153848 0.8233326

Thus, we require at least n = 48 subjects, to have a power of 80%.

T distribution with 20 d.f.
<
(=]
rejection region rejection region
o
g
— nc.=0

2 o nc.=05
C o - L.
3 - nc=-15

pag

o =

o

Fig. 15.2 Illustration of power as a function of non-centrality

For detecting a difference between the means of two independent nor-
mal populations with equal variance 02 = ¢ = 02, the non-centrality

parameter is
n.c. =d/ g, where d = effect size = M, (15.3)
o

for a balanced study where n; = ng = n. The power for the 2 independent
normal populations case, is P(Ty < —t or Ty > t), where P(T > t) = «/2,
T has a T'(n; +ng — 2) distribution and Ty has a non-central T'(n; +ng —2)
distribution with the non-centrality parameter given by formula (15.3).



Chapter 16

Non-Parametric Methods

The inferential methods concerning a mean or a difference of means, like
the t-test, are called parametric methods. We make an assumption about
the population, for example a normal population with mean y and standard
deviation o. We then estimate the parameters, e.g. ¢ and o, and use the
probability model to build confidence intervals and compute p-values. In
this chapter, we will discuss non-parametric methods. These methods are
based on order statistics, e.g. counting how many observations are larger
(or smaller) than a particular threshold. These methods will allow us to
make inferences concerning a population, without making any parametric
assumptions.

As long as the size of the samples are not too small, the t-tests are robust
against the assumption of normality. So why do we need other methods?
Well, the mean is not always the best measure of the center of a distribution.
If the population is highly skewed, then the median might better describe
the center in comparison to the mean. Furthermore, a t-test is sensitive
to extreme outliers. Outliers tend to increase the estimate of the standard
deviation, thus decreasing the value of the t-test statistic and lowering the
probability of rejecting the null hypothesis. So a t-test might lack power in
the presence of extreme outliers. The non-parametric methods presented
in this chapter are robust against extreme outliers.

16.1 Inference Concerning the Median

In this section, we introduce inferential methods concerning a population
median m. The methods can also concern the median of a difference of
paired measurements.

265
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Example 16.1. Consider a 2-month study involving n = 20 patients with
rheumatoid arthritis. Half of the patients were given treatment A for the
first month, while the others were given treatment B. For the second month,
the patient switched treatments. For each patient, we recorded the mean
number of hours of relief from pain for each treatment. We have paired
measurements. So for each patient, we will compute the difference between
the mean relief time under A and the mean relief time under B. Here are
the order statistics of the n = 20 differences (i.e. we display the differences
in ascending order):
—15,-2.8,0,0,1,1.2,1.8,2,3,3,3,3,3.5,4,4,4.2,4.7,5,6, 7.

The value —15 is an extreme outlier. If —15 is an actual observation, i.e.
the patient did get 15 more hours of pain relief on average when using
treatment B, then the observation should not be taken out of the sample.
Since the mean and the standard deviation are sensitive to outliers, it would
be better to describe these data with the median and the quartiles. The
median difference in relief time is 3 hours, and for half of the patients the
difference in relief time is between 1 hour and 4 hours. It would appear
that for most of the patients, treatment A is better.

Suppose that it is known prior to the experiment, that treatment A
would likely be the better treatment. To test this hypothesis, we can test
that Hy : mp = 0 versus H; : mp > 0, where mp is the median of the
paired measurements. Let us assume that Hy is true, i.e. mp = 0.

There are ny = 16 values larger than the median, n_ = 2 values smaller
than the median and ng = 2 values equal to the median. We will ignore
the values that are equal to the median, so our essential sample size is n, =
n —ng = 18. Under Hy, each of the 18 signed values have an equal chance
of being positive or negative (i.e. falling on either side of the median).
Thus, if Hy is true, both N, (which is the number positive values among
the signed values) and N_ (which is the number negative values among the
signed values) have a binomial distribution with n, = 18 trials and p = 0.5.

As N, becomes larger, this will be considered as stronger evidence in
favour of H; : mp > 0. We can compute a p-value by computing the
probability of observing 16 or more values larger than the median among
18 independent observations:

p-value = P(N; > 16) =1 — P(N; < 15) = 0.0007.
With R :

> 1-pbinom(15,18,0.5)
[1] 0.0006561279
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At a level of significance of 5%, we have significant evidence that the median
of the difference in time relief is positive.

Suppose that we wanted to test a two-sided alternative, that is test
Hy : mp = 0 against Hy : mp # 0. We can consider the test statistic
S = |N4y — N_|, which is comparing the number of positives with the
number of negatives. As S moves away from 0, this should be considered
as stronger evidence in favour of H; : mp # 0. For these data, we observe
s =|ny —n_| =|16 — 2| = 14. Note that

§=|Ny —N_|=[Ny — (na — Ny)| = 2Ny — ny
and since N, has a binomial distribution with n, = 18 trials and p = 0.5,
we can compute the p-value as follows:

p-value = P(|Ny — N_| > 14) = P(|2 Ny — 18| > 14)
= P(|[N; —9|>7)=P(Ny >16)+ P(N;+ <2)=0.001.
With R :

> 1-pbinom(15,18,0.5)+pbinom(2,18,0.5)
[1] 0.001312256

At a level of significance of 5%, we have significant evidence that the median
of the difference in time relief is not zero.

The statistical test described in Example 16.1 is called the sign test.
It can be modified easily to test Hy : m = mg, where m is the population
median and mg is some number. Let N, be the number of observations
that are larger than my among the n, observations that are not equal to
mg. Assuming that Hy is true, then N, has a binomial distribution with
ns number of trials and p = 0.5. This binomial distribution can be used to
compute the p-value.

There is an intimate link between confidence intervals and hypothesis
testing. Both are controlling risks of making an error. If we can build
confidence intervals, we can test hypotheses with them. Similarly, if we can
test a hypothesis concerning a certain population parameter, we can use
the hypothesis test to control the error in the estimation of this parameter.

To construct a (1—a)100% confidence interval for the population median
m, we will retain all values my, such that Hy : m = mg against Hy : m # myg
is not rejected at a level of significance of a. The interval of values that
were retained is a (1 — &)100% confidence interval for m.

Example 16.2. Refer to Example 16.1 concerning the n = 20 patients with
rheumatoid arthritis. We would like to build a 95% confidence interval
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for mp (the population median of the difference of the relief time with
treatment A and treatment B). We will test Hy : mp = mg against
H; : mp # mg for all possible my and keep the values which were not
rejected at a level of significance of 5%. It is impossible to compute the
p-value for all possible values of mg. So how can we determine which values
of mg to keep? To do so, we will exploit the discreteness of our test statistic.

Let us use the values of the order statistics for D to partition the real
number line (see the horizontal axis in Figure 16.1). We get 16 sub-intervals
in our example. The test statistic is S(mo) = |N4(mo) — N_(myg)|, where
N, (mg) counts the number of values that are larger than mg and N_(my)
counts the number of values that are smaller than my.

If we let mg be any value that is strictly between two consecutive order
statistics (that are not equal to each other), e.g. between 1.2 and 1.8, then
the essential sample size is n* = n = 20 since no values are equal to my.
For all myp in that sub-interval, N, (mg) has a binomial distribution with
n trials and p = 0.5. Furthermore, the observed N4 (mg) remains constant
within the sub-interval. For example N (mg) = 14, for all mg € (1.2, 1.8).
So the p-value will be the same for all mg in that sub-interval. This means
that we only need to compute 16 p-values.

If you source the file NonParam.R, we can use the R function
sign.test.p.value.int to compute the 16 p-values:

> d=c(-15,-2.8,0,0,1,1.2,1.8,2,3,3,3,3,3.5,4,4,4.2,4.7,5,6,7)
> round(sign.test.p.value.int(d)$p.value,digits=4)

-Inf,-156 -15,-2.8 -2.8,0 0,1 1,1.2 1.2,1.8
0.0000 0.0000 0.0004 0.0118 0.0414 0.1153
1.8,2 2,3 3,3.5 3.5,4 4,4.2 4.2,4.7
0.2632 0.5034 0.5034 0.2632 0.0414 0.0118
4.7,5 5,6 6,7 7,Inf

0.0026 0.0004 0.0000 0.0000

To obtain a 95% confidence interval for the median, we will keep the
values of mg for which the 2-sided test gives a p-value that is greater than
o = 5%. We get the interval (1.2,4). Note that this interval will not
change as we reduce the error rate o until we get to a = 0.0414. So we can
consider 1 —a = 1—0.0414 = 95.86% as the confidence level for the interval
(1.2,4). This interval will be slightly too large, because its confidence level
is a bit larger than 95%. Let us make the confidence interval a bit smaller
by considering increasing the error rate to the next observed p-value, i.e.
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taking o = 0.1153. This gives us the interval (1.8,4) with confidence level
1-a=1-0.1153 = 88.47%.

We have two confidence intervals: (1.8,4) at a level of 88.47% and
(1.2,4) at alevel of 95.86%. To obtain an interval at a level of 95%, we can
use a linear interpolation:

(0.95 — 0.8847)

12-1.8) =12
(0.9586 — 0.8847) ( 8)) 698

lower limit = 1.8 +

and

(0.95 — 0.8847)

(0.9586 —0.8847) (A~ ) =4

upper limit =4 4

So we are 95% confident that the median mp is between 1.2698 hours and
4 hours.

p-value S(mo) = |Ni(mo) — N_(mo)| =12 Np(mg) — n|
0.000002 1 ¢— 20 o—
0.00004 O 18 S —
0.0004 16 —
0.0026 14 1 . om0
sample median
0.0118 12 N o—0
0.0414 p<0.05 10 oo i o0
0.1153 1 =c=ommvmimmimimm s 8 i s e jmimimimimm s
0.2632 p>0.05 6 P o=
0.5034 4 P o
2 A
a, 1 2 | 4 ) mo
—15.0 —-2.8 0 1;2 1;8 335 .424.7 6 7
| --88.47% CLA
F- 95.86% C.I -4

Fig. 16.1 Confidence interval for the Median

Example 16.3. Consider the survival times from Example 7.6. The dis-
tribution is highly skewed and the mean will most likely not be a good
description of a typical survival time. Since the distribution of the loga-
rithmic survival time is approximately symmetric, then we could use the
geometric mean to describe a typical survival time. (Using a logarithm does
not always work.) From a previous study, it was found out that the median
survival time was about 12 months. With this larger study of n = 150
patients, we will test Hy : m = 12 against H; : m # 12, where m is the
median survival time in months.
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If we source the file NonParam.R, we can use the R function sign.test.
Assume that we assigned the survival times to the numerical vector x with
R.

> sign.test(data$Survival.Times..in.months. ,md=12)
One-sample Sign-Test

data: data$Survival.Times..in.months.
alternative hypothesis: true median is not equal to 12
p-value: 0.002878684

Number of values equal to 12 : O

Number of values larger than 12 : 101

Number of values less than 12 : 149

Absolute Difference=|num. larger - num. smaller|: 48
Median: 9.45

95 % (interpolated) confidence interval for the median:
8.101754 , 11.19649

The p-value is 0.0029. At a = 5%, we can safely reject Hp to accept that
the median survival time is not 12 months. We are 95% confident that the
median survival time is between 8.1 to 11.2 months.

16.2 Comparing Two Independent Populations

In this section, we consider the comparison of two independent populations.
We will not assume that the populations are normally distributed. So
comparing the means might not be the best way to describe differences in
the populations. Instead, we will try to assess if one variable is generally
larger than the other.

Consider the two independent random variables X and Y. Their prob-
ability distributions can be different. In some instances, this difference can
be described as one of the variables being stochastically larger than the
other. In Figure 16.2, the distributions X and Y have the same shape,
except that they are at different locations. On the left-hand-side, we would
describe Y as being stochastically larger than X. On the right-hand side,
X is stochastically larger than Y. On the left-hand-side in Figure 16.3, the
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shapes of the distributions are very different (one is skewed to the right and
the other to the left). Here, we would describe Y as being stochastically
larger than X. On the right-hand-side in Figure 16.3, the distributions are
different. However, one is not stochastically larger than the other. These
distributions differ in scale, i.e. they have different standard deviations.

Identifying a difference in scale is outside of the scope of this section. We
want to identify if one of the variables is stochastically larger than the other.
To better grasp this concept, think of selecting a random value X from the
first population and a random value Y from the second population. If the
probability of observing X > Y is larger than the probability of observing
Y > X, then we will say that X is stochastically larger than Y.

Rank-Biserial Correlation = -0.92 Rank-Biserial Correlation = 0.74
Common Language Effect Size = 3.8% Common Language Effect Size = 86.9%
o o
o o
2] 2]
Iy Iy
C Q c o
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Fig. 16.2 Two distributions that differ only by location
Rank-Biserial Correlation = -0.37 Rank-Biserial Correlation = 0.04
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Fig. 16.3 Two distributions that differ in skewness or in scale
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Example 16.4. Consider a random sample of size m = 2 for X and of size
n=4forY:

z1 =129 =3,y1 = L,y2 = 2,y3 = 5,y4 = 10.

Consider the mn = 8 possible pairs that we obtain by combining an  with
a y. For each pair, we compute the difference x — y. We produced a table
of the pairwise differences with R:

> x=c(1,3)

> y=c(1,2,5,10)

> d=outer(x,y,"-")
> rownames (d)=x

> colnames(d)=y

>

d

1 2 510
10-1-4-9
32 1-2-7

For each pair, we will classify it as being in favour of X being stochas-
tically larger or as being in favor of Y being larger. If the difference is zero
(for e.g. for x =1 and y = 1), this is considered a tie and so it contributes
0.5 to both X and Y. Let will define uy the number of pairwise differ-
ences in favor of X and u_ the number in favour of Y. We have u; = 2.5,
u_ =55, uy +u_=mn=_8.

The proportion of pairwise differences in favour of X being stochastically
larger is called the common language effect size. Here, uy/(mn) =
2.5/8 = 31.25% of the pairs that favour X as being stochastically larger
than Y. This means that u_/(mn) = 5.5/8 = 68.75% of the pairs favor
Y. The difference between these common language effect sizes is called the
rank-biserial correlation. It is

L Y 1)
mn mn 8
A negative rank-biserial correlation should be interpreted as evidence in
favor of Y being stochastically larger than X.

In Example 16.4, we introduced the common language effect size and
the rank-biserial correlation r to describe the difference between the two
distributions. Here are a few properties of r: (i) —1 < r < 1; (ii) 1 means
that all the = values are larger than all the y values; (iii) —1 means that all
the y values are larger than all the z values; (iv) as r becomes more positive
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a larger proportion of the pairs favor z as being larger; (v) as r becomes
more negative a larger proportion of the pairs favor y as being larger.

Because of the above properties, it would seem natural that r can be
used to test the following hypotheses:

Hy: X and Y are equally distributed
against
H, : One of the variables is stochastically larger than the other.

As the rank-biserial correlation R moves away from zero, we have evi-
dence in favor of H;. So the corresponding p-value is computed as follows:
p-value = P(|R—0| > |r|), where r is the observed rank-biserial correlation.
We compute the probability assuming that Hy is true.

What is the distribution of the rank-biserial correlation under Hy? Since
X and Y are equally distributed under Hy, we can consider the m + n
observations as a random sample from the same distribution. Any of the
values that were attributed to Y could have been attributed to X (and vice-
versa), since they come from the same distribution. We can consider each
of (m:l'") possible samples of size m chosen (without replacement) from
m + n values as equally likely. So the p-value is the proportion of these
(™*™) possible samples for which |R — 0| > |r|, where r is the rank-biserial
correlation in the original sample. For an illustrative example, see Example
16.5.

The right-sided alternative is
H, : X is stochastically larger than Y

and the p-value is P(R > r), where r is the observed rank-biserial correla-
tion. The left-sided alternative is

H, : X is stochastically smaller than Y

and the p-value is P(R < r), where r is the observed rank-biserial correla-
tion.

Example 16.5. Consider the samples of size m = 2 and n = 4 from
Example 16.4. The observed rank-biserial correlation is r = —0.375. This
is evidence that favours X being smaller than Y. In this example, we will
compute the p-value for the right-sided alternative, the left-sided alternative
and the two-sided alternative, respectively.

Under the hypothesis Hy that X and Y are equally distributed, we can
interchange these values and assign any 2 of the 6 values to X. There
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are (g) = 15 different possible samples. For each of these samples, we can

compute the rank-biserial correlation R and U which is the number of pairs
in favour of X being larger than Y. In the table below, we display 3 of the
15 possible samples.

Sample | R | U
z={1,1}; y=1{2,3,5,10} 0/8—-6/8=-1 0
z={1,3}; y={1,3,5,10} | 2.5/8 —5.5/8 = —5/8 | 2.5
z=1{2,3}; y={1,2,5,10} | 2.5/8 —5.5/8 = —3/8 | 2.5

Among the 15 possible samples, only 1 sample gives U = 0. So
P(U =0)=1/15.

In the file NonParam.R, there is the function pWilcox which gives the cu-
mulative distribution the permutation distribution of the U statistic based
on the 15 possible samples chosen from the m + n = 6 values. The cdf is
jumping at 0, 1.5, 2.5, 3.5, 4, 4.5, 5, 6, 7, 8. These are the possible values
for the U statistic.

> pWilcox(seq(0,8,by=0.5),x,y)
[1] 0.06666667 0.06666667 0.06666667 0.20000000 0.20000000
[6] 0.33333333 0.33333333 0.46666667 0.53333333 0.66666667
[11] 0.73333333 0.73333333 0.86666667 0.86666667 0.93333333
[16] 0.93333333 1.00000000

In practice, the computation of this distribution is too laborious. We
should use a computer to find the permutation distribution of the U statis-
tic. Note that R = U/(mn)—U_/(mn) = 2U/(mn)—1, since U_ = mn-U.
So we can express our p-value in terms of the U-test statistic. The p-value
for the two-sided alternative is

P(|R — 0| > (0.375|) = P(|2U/8 — 1| > 0.375) = P(|U — 4] > 1.5).
So the p-value is equal to P(U < 2.5) + P(U > 5.5) = 0.6.

> pWilcox(2.5,x,y)+pWilcoxUpper(5.5,x,y)
[1] 0.6

The function pWilcoxUpper cumulates probabilities to the right, instead
of to the left. For the right-sided alternative, the p-value is equal to

P(R > —0.375) = P(2U/8 — 1 > —0.375) = P(U > 2.5) = 0.8.
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> pWilcoxUpper(2.5,x,y)
[1] 0.8

For the left-sided alternative, we have
P(R < -0.375) =P(2U/8 —1 < —0.375) = P(U < 2.5) = 0.3333.

> pWilcox(2.5,x,y)
[1] 0.3333333

The statistical test described in Example 16.5 is called the Wilcoxon-
Mann-Whitney test. It is also called the Mann-Whitney test and the
Wilcoxon rank sum test.

If we conclude that one of the variables is stochastically larger than
the other variable, it would be desirable to try to describe the size of the
difference. It can be described by giving the interquartile ranges for both
x and y.

In some cases, it is possible to describe a typical difference between x
and y as a shift. Suppose that the shape of the distributions of X and Y
are the same, except for possibly a shift A. This shift can be interpreted
as a difference in medians, i.e. A = mx — my, where mx and my are the
medians for X and Y, respectively.

Under the assumption that distributions only differ by location, the
Wilcoxon-Mann-Whitney test is testing Hy : A = 0. The corresponding
estimate for A is

A = median of pairwise differences z; —y;, fori =1,...,m; j=1,...,n,
which is called the Hodges—Lehmann estimate.

Example 16.6. A group of researchers wants to compare the concentration
of iron (in pug/g wet weight) in the muscle of Grouper in two different lakes.

Lake 1 Lake 2
107 104 114 106 | 79 111 118 77
118 104 123 143 | 107 85 84 113
107 109 107 100 | 92 84 101 78
101 121 134 123 | 76 88 89 92
104 132 113 114 | 80 76 85 92

Comparative boxplots and overlayed normal probability plots are displayed
in Figure 16.4. From the boxplots, it does appear that the iron concentra-
tion is stochastically larger in sample 1 compared to sample 2. However,
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it is not reasonable to assume that the iron concentration is normally dis-
tributed. There is a curvilinear tendency in the normal probability plots.
The distribution of the iron concentration is skewed to the right.

Normal Probability Plot
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Fig. 16.4 Comparative boxplots and normal plots for iron concentration
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Fig. 16.5 QQ plot of the concentration from sample 1 versus from sample 2

We will use the Wilcoxon-Mann-Whitney test to compare the two sam-
ples of iron concentration. In the file NonParam.R, there is the function
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WMW.test for the Wilcoxon-Mann-Whitney test.

> WMW.test(x,y)
Wilcoxon-Mann-Whitney Test

data: x and y
alternative hypothesis: One of the distributions is
stochastically larger than the other.

U-statistic: 357 ; p-value: 4.537205e-06

Common Language Effect Size: 89.25 % of the pairs are
in favour that x is stochastically larger than ¥y
Rank-biserial correlation= 0.785

Under the assumption that the independent populations
are equal except possibly in location:
alternative hypothesis: shift parameter is not equal to O

Hodges-Lehmann estimate of the shift: 24

The p-value for the two-sided test is less than 0.0001. At o = 5%, we
can conclude that one of the distributions is stochastically larger than the
other. We can describe the difference between the distributions with the
common language effect size, where 89.25% of the pairwise comparisons
favor the iron concentration is stochastically larger in sample 1 compared
to sample 2. Furthermore, we can use the IQRs to describe the difference.
In the first sample, half of the concentrations are between 104.5 ug/g and
122.5 pg/g. For the second sample, half of the concentrations are between
79.25 pug/g and 98.75 pg/g.

> quantile(x,type=6)
0% 25% 50% 75% 100%
100.0 104.5 111.0 122.5 143.0
> quantile(y,type=6)
0% 25% 50% 75% 100%
76.00 79.25 86.50 98.75 118.00

If the distributions of the concentration have the same shape, then their
quantiles should correspond. That is, they should have the same first quar-
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tile, the same median, the same third quartile, and so on. To assess if
we can simply describe the difference between the distributions as a shift,
we can produce a quantile-quantile plot of the concentrations from lake 1
against the concentrations from lake 2. If the distributions are the same,
we should see a linear tendency in the plot that goes through the origin
with a slope equal to 1. However, if we allow for change in location, we
must adjust the intercept for the shift. We will use the Hodges—-Lehmann
estimate of the shift as the intercept. Here are the R commands to produce
the qg-plot that is displayed in Figure 16.5.

> qqplot(y,x)
> abline(24,1)

There is a linear tendency in the qq-plot of sample 1 versus sample 2.
It is reasonable to assume that the distributions of the concentration are
the same, except for a change in location. The shift in the concentration is

~

A =24 pg/g.

Did you know? Louis Pasteur was born in France in 1822 and grew
up during a period in which the French society underwent deep moderniza-
tion. Despite this, the medical treatment in the first half of the 19th century
was still closed to the medieval practices. At 32, as a young chemist and
the newly appointed dean of the Faculty of Sciences in Lille, Pasteur was
about to change this forever. Combining patient observations with the use
of experimental methods, over the course of two decades, he developed the
germ theory of disease, which became slowly accepted by the younger gen-
eration of doctors. His experiments marked the beginning of microbiology,
the scientific study of microscopic forms of life. An interesting episode hap-
pened during his experiments with the cholera microbe. On one of the rare
occasions that Pasteur went on vacation, his two assistants Pierre Rouz
and Charles Chamberland decided to take a holiday too, leaving the cholera
cultures unattended. When Pasteur returned and found the sterile cultures,
he had a flash of inspiration. By inoculating the sterile cultures to a sample
of chicken, he discovered that these chicken became immune to the cholera
microbe. Pasteur postulated that the sterile cultures acted as a vaccine, and
developed a theory of immunization. To convince the general public about
the validity of his theory, he performed a public demonstration on May 5,
1881, in which 25 sheep and 5 cows were inoculated with the anthraz virus.
It could be argued that this important discovery was made by chance. But,
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as Pasteur said in 1854, “in the field of observation, chance favors only
the prepared mind”. Due to his hard work, Pasteur was prepared to grasp
this opportunity, offered to him by chance. Other interesting stories about
scientific discoveries made by chance can be found in [8].



This page intentionally left blank



Chapter 17

Answers to Odd-Numbered Problems

Chapter 1

1.1. (a) The offspring has type M blood with probability 1/4, type N
blood with probability 1/4, and type MN blood with probability 1/2; (b)
the offspring has type M or type MN blood, each with probability 1/2; (c)
the offspring has type MN blood with probability 1. 1.3. (a) 1/16; (b) 1/4;
(c) 0. 1.5. (a) The offspring is frizzled with probability 1/4, normal with
probability 1/4, and slightly frizzled with probability 1/2; (b) the offspring
is slightly frizzled or normal, each with probability 1/2; (c) the offspring is
slightly frizzled or frizzled, each with probability 1/2.

Chapter 2

2.1. (a) 0.005; (b) 0.955. 2.3. (a) 98.7%; (b) 0.372. 2.5. (a) 0.142; (b)
0.175. 2.7. (a) 0.11; (b) 0.08; (c) 0.12. 2.9 (a) 0.45; (b) 0.95; (c) 0.2; (d)
0.05.

Chapter 3

3.1. 0.096; 0.043. 3.3. (a) 0.05; 0.4; (b) 0.6; 0.95; (c) 0.06; 0.998. 3.5.
(a) 0.163; (b) 0.62. 3.7. (a) 0.08; 0.015; (b) 0.985; 0.92; (c) 0.685; 0.997;
(d) 0.1106; 0.9998. 3.9. (a) 0.125; (b) 0.04. 3.11. 0.0375. 3.13. 0.000036.
3.15. 0.3393. 3.17. 0.299; 0.00045. 3.19. (a) 0.454; (b) 0.124; (c) no; (d)
0.707. 3.21. (a) 0.01536; (b) 0.07776; (c) 0.088.

Chapter 4

4.1. (a) 0.4; (b) 0.3; (c) 4.35; (d) 1.8275. 4.3. (a) f(0) = 0.65, f(1) =
0.216, f(2) = 0.07, f(3) = 0.042, f(4) = 0.022; (b) 0.064; (c) 0.57. 4.5. (a)
0.0156; (b) 0.4219; (c) 0.5781. 4.7. 0.00129. 4.9. (a) 0.0025; (b) 0.9975;
(c) 0.7152. 4.11. (a) 2.332; (b) 0.617. 4.13. (a) 8.95; (b) 0.000013; (c)
0.0639.

281
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Chapter 5

5.1. (a) 0.3538; (b) 0.3802; (c) 138.16. 5.3. 30.85%. 5.5. (a) 0.0021; (b)
0.9488. 5.7. (a) 0.025; (b) 0.4801; (c) 0.1295; (d) 0.8315; (e) 0.9906; (f)
0.9742. 5.9. (a) 0.4443; (b) 0.4761; (c) 0.2007; (d) 0.7257; (e) 0.6103; (f)
0.3758. 5.11. (a) 159.22; (b) 40.78; (c) 70.56; (d) 146.26; (e) 16.3; (f) 1.96.
5.13. (a) 0.0013; (b) 0.9966; (c) 322.455; (d) 371.175; (e) 0.999.

Chapter 6

6.1. (a) There are 4 possible cases: (1) I4I4 x IBIB; (2) IAT4 x IBi;
(3) I4i x IBIB; (4) I4i x IBi; (c) yes: in Case (4), the offspring has type
O blood with probability 1/4. 6.3. (a) 73.2%; (b) 0.268. 6.5. (a) 0.67;
0.95; (b) 0.119; 0.997. 6.7. (a) P(X = 2) = P(X = 3) = 1/2; (b) 2.5; (c)
P(Y = 0) = P(Y =2) = P(Y = 3) = 1/8, P(Y = 1) = 5/8; (d) 1.25. 6.9.
0.9775. 6.11. (a) 0.125; (b) 0.5; (c) 0.875.

Chapter 7

7.1. (a) For king, Z = 90.873, s = 2.228, for gentoo: Z = 80.164, s = 1.866,
for chinstrap, Z = 74.527,s = 1.267; (b) for king: ¢; = 89.3,Z = 91.2,¢3 =
93.1, IQR = 3.8, for gentoo: q; = 78.5,Z = 80.4,q3 = 81.5,IQR = 3.00;
for chinstrap: ¢ = 73.2,% = 74.9,q5 = 75.2,IQR = 2.00; (c) there is
more variability in the lengths of king penguins, compared with the other
two species; (d) the distribution of the length of the chinstrap penguins
looks different compared with the other two species. 7.3. = 89.22,s, =
11.66,5 = 6.696,s, = 0.678; 7.5 (a) T = 6.96, £ = 7.3; (b) Tgreen =
7.367, Zgreen = 7.75, ZTred = 6.689, Treq = 6.9, there is more variability in
the lengths of green bees. 7.7. (a) & = 4.6, ¢ = 4.325, g3 = 4.9.; (b)
IQR = 0.575, there are no outliers. 7.9. (a) T = 5.4479, £ = 5.46; (b) the
histogram is skewed to the left, there are no outliers, the plot is linear; (c)
the histogram is symmetric, the plot is linear. 7.11 (a) The concentration
has a lower central tendency and a lower dispersion at the location 1; there
are no outliers; (b) the variances are different; (c) both plots are linear, the
concentrations are normally distributed. 7.13. (a) no; (b) the histogram is
highly skewed to the right; (c) yes; (d) the histogram of log-survival times
is symmetric. 7.15. (a) For location 1, Z = 207.8, s = 14.32, & = 207,
IQR = 28.75; for location 2, T = 221.25, s = 36.97, £ = 216, IQR = 50.25;
there are no outliers; (b) the histogram of location 1 is not symmetric, but
the histogram of location 2 is symmetric; the central tendency is slightly
lower in location 1; the weights are more dispersed in location 2; (c) the
plots are linear, the variances are not equal.
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Chapter 8

8.1. 0.186; [0.166; 0.206]. 8.3. [0.768; 0.832] 8.5. (a) [3.504; 5.296]; (b)
with probability 95%, the bulimic patients have lower than normal MAO
activity levels. 8.7. [186.85; 246.41] 8.9. (a) 5.337; (b) [99.07; 104.99]; (c)
we cannot classify the mean hardness as medium hard. 8.11. (a) [2.852;
3.348]; (b) the mean yield has increased. 8.13. (b) [6.108; 6.616]. 8.15.
(a) [0.631; 0.769]; (b) the 98% interval is longer than the 95% interval; (c)
[0.618; 0.782].

Chapter 9

9.1. tg = —5.09; p-value < 0.005; the average depth is below 3140m. 9.3.
zo = 0.48; p-value = 0.3156; we cannot say that the average measurement
error exceeds 0.25 mm. 9.5. tg = 3.375; p-value < 0.005; the mean yield
has increased. 9.7. p-value = 0.0002. Yes, using this medication is better:
among the people who are using this medication, more than 50% see a
significant pain reduction. 9.9. (a) to = 0.246; p-value > 0.4; there is not
enough evidence that the mean yield has increased. (b) [653.43; 695.11].
9.11. 2y = 1.10; p-value = 0.1357; we cannot conclude that the new drug
has a larger rate of effectiveness.

Chapter 10

10.1. (b) ¢o = 3.21; p-value < 0.005; malnutrition diminishes tuberculin
skin reactivity; (c) [1.38;6.92]; no. 10.3. 2o = —2.15; p-value = 0.0158;
[—0.214; —0.01]; yes. 10.5. to = —12.16; p-value < 0.005; [—4.13; —2.87];
yes, R6G reduces the tumor growth rate. 10.7. 2y = 1.67; p-value =
0.0475; L-arginine supplementation slows down the release of the growth
hormone. 10.9. (a) populations are normal; (b) the variances are not equal;
(c) v = 23, tg = —2.62, 0.01 < p-value < 0.02; the mean pH levels are
different. 10.11. 2y = —7.03; p-value = 0; proportion of interactions which
involve a neutral/avoidance behaviour is larger in the back country. 10.13.
(a) 1.5; (b) p-value < 0.01; the means are different; (c) [—5.122, —2.878].
10.15. (a) p-value = 0.0628; we cannot say that the germination rates are
different; (b) [—0.130, 0.016].

Chapter 11

11.1. Yes, these plants are effective in removing the benzene; [0.62;2.84];
to = 3.52; p-value < 0.005. 11.3. Yes, intense training induces an increase
in stroke volume; [—18.805; —11.195]. 11.5. (a) t¢ = —7.54; p-value <
0.005; yes, the program was efficient; (b) t = —3.56; 0.005 < p-value <
0.01; we cannot say that the program was efficient. 11.7. yes; tg = —4.648;
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p-value < 0.01. 11.9. [—1.005,0.005]; to = —2.79; 0.01 < p-value < 0.025;
based on the test, we can say that the growth hormone increased the milk
production; we cannot draw the same conclusion using the interval. 11.11.
to = 0.316; 0.25 < p-value < 0.4; we cannot say that the new procedure
reduces the duration of surgery.

Chapter 12

12.1. up = 2.45; 0.25 < p-value < 0.5; we cannot say that the proportions
are different. 12.3. ug = 9.22; 0.1 < p-value < 0.25; there is no associa-
tion between the respiratory symptoms and the number of hours spent in
the pool. 12.5. up = 10.96; 0.01 < p-value < 0.025; there is an associa-
tion between the annual family income and the weight. 12.7. uy = 51.0;
p-value < 0.005; yes, there is an association between behavior and type of
area. 12.9. ug = 14.24; 0.005 < p-value < 0.01; there is an association
between the germinability and the germination speed. 12.11 ug = 7.8;
p-value > 0.5; the distributions of flowering time are homogenous across
tree families.

Chapter 13

13.1. § = 60.122 + 1.213z; (b) r4y = 0.2514; (c) 165.89; (d) 162.014.
13.3. (a) § = 125.933, 7 = 74.133; (b) Govy = 150.7952, s2 = 231.781,
s2 = 118.8380, r;, = 0.9086; (c) § = 31.8646 + 1.2689z; (d) the point
estimate is fy|y,—75 = 127.0331. 13.5. (a) § = —626.7007 + 0.3288z; (b)
rzy = 0.9985, the linear relationship is almost a perfect fit; (c) 0.3194.
13.7. (a) § = 21.7911 — 0.061552z; (b) ray = —0.49427; (c) 2.12269; 13.9.
(a) § = —0.7873 —0.005851 distance, there is no linear relation between the
nitrogen isotope signature; (b) § = —3.18308 + 163.370 z, there is a linear
relation between the nitrogen isotope signature and the inverse distance;
() ray = 0.991.

Chapter 14

14.1. Normal scores are: z; = —1.43, zo0 = —0.85, 23 = —0.47 24 = —0.15,
z5 = 0.15, zg = 0.47, z7 = 0.85, zg = 1.43. Yes, since the plot is almost lin-
ear. 14.3. 0.25 < p-value < 0.4, we cannot say that the fish size increased.
14.5. zp = 0.8, p-value = 0.2119, we cannot say that the proportion is
higher in the breast cancer population. 14.7. [1.347;3.653]; to = 5.0,
p-value = 0, the mean irritation score is higher in the SLS population.
14.9. uy = 44.52, p-value < 0.005, the proportions are different. 14.11.
(a) § = 0.41 + 0.97z; (b) s{B} = 0.1037, s{a} = 6.816; (c) the interval
for « is [—14.314;15.133], the interval for £ is [0.746;1.194]; (d) ¢t = 9.36,
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p-value < 0.01, there is a significant linear effect of the predictor « on the
response y. 14.13. (a) [0.259;0.339]; (b) 2o = 2.52, p-value = 0.0059, there
is evidence that p > 0.25. 14.15. (a) Z = 0.844 for the mean, g = 0.2673
for the geometric mean; (b) [0.664,1.024]; (c) [—1.44945,—1.18915] and
[0.235,0.304]; (d) the geometric mean describes better the center, since the
concentration histogram is skewed, but the log-concentration histogram is
symmetric. 14.17. zp = —0.48, p-value = 0.6312, we cannot reject the
single factor hypothesis. 14.19. (b) to = 2.20, p-value < 0.05, the average
fat contents are different; (c) [0.02,0.36], the difference is not important.
14.21. [15.42,25.42], to = 8.38, p-value < 0.005, we can say that the bears
lose weight. 14.23. (a) z = 299.42, s = 8.9786; (b) £ = 297.5, ¢; = 293,
g3 = 307; (c) IQR = 14, there are no outliers.
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Table 18.1 Binomial coefficients (})

k

n 0 1 2 3 4 5

1 1 1

2 1 2 1

3 1 3 3 1

4 1 4 6 4 1

5 1 5 10 10 5 1

6 1 6 15 20 15 6

7 1 7 21 35 35 21
8 1 8 28 56 70 56
9 1 9 36 84 126 126
10 1 10 45 120 210 252
11 1 11 55 165 330 462
12 1 12 66 220 495 792
13 1 13 78 286 715 1,287
14 1 14 91 364 1,001 2,002
15 1 15 105 455 1,365 3,003
16 1 16 120 560 1,820 4,368
17 1 17 136 680 2,380 6,188
18 1 18 153 816 3,060 8,568
19 1 19 171 969 3,876 11,628
20 1 20 190 1,140 4,845 15,504

k

n 6 7 8 9 10

6 1

7 7 1

8 28 8 1

9 84 36 9 1

10 210 120 45 10 1

11 462 330 165 55 11

12 924 792 495 220 66

13 | 1,716 1,716 1,287 715 286

14 | 3,003 3,432 3,003 2,002 1,001

15 | 5,005 6,435 6,435 5,005 3,003

16 | 8,008 11,440 12,870 11,440 8,008

17 | 12,376 19,448 24,310 24,310 19,448

18 | 18,564 31,824 43,758 48,620 43,758

19 | 27,132 50,388 75,582 92,378 92,378
20 | 38,760 77,520 125,970 167,960 184,756
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Table 18.2 Cumulative probabilities for the standard normal: ®(z) = P(Z < z)

0.09 0.08 0.07 0.06 0.05 0.04 0.03 0.02 0.01 0.00 z

.0001 .0001 .0001 .0001 .0001 .0001 .0001 .0001 .0001 .0001 | —3.8
.0001 .0001 .0001 .0001 .0001 .0001 .0001 .0001 .0001 .0001 | —3.7
.0001 .0001 .0001 .0001 .0001 .0001 .0001 .0001 .0002 .0002 | —3.6
.0002 .0002 .0002 .0002 .0002 .0002 .0002 .0002 .0002 .0002 | —3.5
.0002 .0003 .0003 .0003 .0003 .0003 .0003 .0003 .0003 .0003 | —3.4
.0003 .0004 .0004 .0004 .0004 .0004 .0004 .0005 .0005 .0005 | —3.3
.0005 .0005 .0005 .0006 .0006 .0006 .0006 .0006 .0007 .0007 | —3.2
.0007 .0007 .0008 .0008 .0008 .0008 .0009 .0009 .0009 .0010 | —3.1
.0010 .0010 .0011 .0011 .0011 .0012 .0012 .0013 .0013 .0013 | —3.0
.0014 .0014 .0015 .0015 .0016 .0016 .0017 .0018 .0018 .0019 | —2.9
.0019 .0020 .0021 .0021 .0022 .0023 .0023 .0024 .0025 .0026 | —2.8
.0026 .0027 .0028 .0029 .0030 .0031 .0032 .0033 .0034 .0035 | —2.7
.0036 .0037 .0038 .0039 .0040 .0041 .0043 .0044 .0045 .0047 | —2.6
.0048 .0049 .0051 .0052 .0054 .0055 .0057 .0059 .0060 .0062 | —2.5
.0064 .0066 .0068 .0069 .0071 .0073 .0075 .0078 .0080 .0082 | —2.4
.0084 .0087 .0089 .0091 .0094 .0096 .0099 .0102 .0104 .0107 | —2.3
.0110 .0113 .0116 .0119 .0122 .0125 .0129 .0132 .0136 .0139 | —2.2
.0143 .0146 .0150 .0154 .0158 .0162 .0166 .0170 .0174 .0179 | —2.1
.0183 .0188 .0192 .0197 .0202 .0207 .0212 .0217 .0222 .0228 | —2.0
.0233 .0239 .0244 .0250 .0256 .0262 .0268 .0274 .0281 .0287 | —1.9
.0294 .0301 .0307 .0314 .0322 .0329 .0336 .0344 .0351 .0359 | —1.8
.0367 .0375 .0384 .0392 .0401 .0409 .0418 .0427 .0436 .0446 | —1.7
.0455 .0465 .0475 .0485 .0495 .0505 .0516 .0526 .0537 .0548 | —1.6
.0559 .0571 .0582 .0594 .0606 .0618 .0630 .0643 .0655 .0668 | —1.5
.0681 .0694 .0708 .0721 .0735 .0749 .0764 .0778 .0793 .0808 | —1.4
.0823 .0838 .0853 .0869 .0885 .0901 .0918 .0934 .0951 .0968 | —1.3
.0985 .1003 .1020 .1038 .1056 .1075 .1093 .1112 .1131 .1151 | —1.2
1170 .1190 1210 .1230 .1251 .1271 .1292 .1314 .1335 .1357 | —1.1
1379 .1401 1423 .1446 1469 .1492 .1515 .1539 .1562 .1587 | —1.0
1611 .1635 .1660 .1685 .1711 .1736 .1762 .1788 .1814 .1841 | —0.9
1867 .1894 11922 .1949 .1977 .2005 .2033 .2061 .2090 .2119 | —0.8
2148 2177 2206 < .2236 .2266 .2296 .2327 .2358 .2389 242 -0.7
2451  .2483 .2514 .2546  .2578 .2611 .2643 .2676 .2709 .2743 | —0.6
2776 .2810 .2843  .2877 .2912 .2946 .2981 .3015 .3050 .3085 | —0.5
3121 3156 .3192 .3228 .3264 .3300 .3336 .3372 .3409 .3446 | —0.4
3483 .3520 .3557 .3594 .3632 .3669 .3707 .3745 .3783 .3821 | —0.3
3859  .3897  .3936  .3974 4013 4052 .4090 4129 4168 .4207 | —0.2
4247 4286 4325 .4364 .4404 4443 4483 4522 4562 .4602 | —O0.1
4641 4681 4721 4761 4801 4840 .4880 .4920 4960 .5000 | —0.0
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Table 18.3 Cumulative probabilities for the standard normal: ®(z) = P(Z < z)

z 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09
0.0 | .5000 .5040 .5080 .5120 .5160 .5199 .5239 .5279 .5319 .5359
0.1 | .5398 .5438 .5478 .5517 .556567 .5596 .5636 .5675 .5714  .5753
0.2 | .5793 .5832 .5871 .5910 .5948 .5987 .6026 .6064 .6103 .6141
0.3 | .6179 .6217 .6255 .6293 .6331 .6368 .6406 .6443 .6480 .6517
0.4 | .6554 .6591 .6628 .6664 .6700 .6736 .6772 .6808 .6844 .6879
0.5 | .6915 .6950 .6985 .7019 .7054 .7088 .7123 .7157 .7190 .7224
0.6 | .7257 7291 .7324 .7357 .7389 .7422 .7454 .7486 .7517 .7549
0.7 | .7580 .7611 .7642 .7673 .7704 7734 .7764 .7794 .7823 .7852
0.8 | .7881 .7910 .7939 .7967 .7995 .8023 .8051 .8078 .8106 .8133
0.9 | .8159 .8186 .8212 .8238 .8264 .8289 .8315 .8340 .8365 .8389
1.0 | .8413 .8438 .8461 .8485 .8508 .8531 .8554 .8577 .8599  .8621
1.1 | .8643 .8665 .8686 .8708 .8729 .8749 .8770 .8790 .8810 .8830
1.2 | .8849 .8869 .8888 .8907 .8925 .8944 .8962 .8980 .8997 .9015
1.3 | 9032 .9049 .9066 .9082 .9099 .9115 9131 .9147 9162 .9177
1.4 | 9192 9207 .9222 .9236 .9251 .9265 .9279 .9292 .9306 .9319
1.5 | 9332 .9345 .9357 .9370 .9382 .9394 .9406 .9418 .9429 .9441
1.6 | 9452 9463 .9474 9484 .9495 .9505 .9515 .9525 .9535 .9545
1.7 | 9554 9564 .9573 .9582 .9591 .9599 .9608 .9616 .9625 .9633
1.8 | 9641 .9649 9656 .9664 .9671 .9678 .9686 .9693 .9699  .9706
1.9 | 9713 9719 9726 9732 .9738 .9744 9750 .9756 .9761 .9767
2.0 | 9772 9778 9783 9788 .9793 9798 .9803 .9808 .9812 .9817
2.1 | 9821 .9826 .9830 .9834 .9838 .9842 .9846 .9850 .9854  .9857
2.2 | 9861 .9864 .9868 .9871 .9875 .9878 .9881 .9884  .9887  .9890
2.3 | 9893 .9896 .9898 .9901 .9904 .9906 .9909 .9911 .9913 .9916
2.4 | 9918 .9920 .9922 9925 .9927 .9929 .9931 .9932 .9934 .9936
2.5 | 19938 .9940 .9941 9943 .9945 9946 .9948 .9949 .9951  .9952
2.6 | 9953 .9955 9956 .9957 .9959 .9960 .9961 .9962 .9963 .9964
2.7 | 9965 .9966 .9967 .9968 .9969 .9970 .9971 .9972 .9973  .9974
2.8 | 9974 9975 9976  .9977  .9977 .9978 .9979 .9979 .9980 .9981
2.9 | 9981 .9982 .9982 .9983 .9984 .9984 .9985 .9985 .9986 .9986
3.0 | 9987 .9987 .9987 .9988 .9988 .9989 .9989 .9989 .9990  .9990
3.1 | 9990 .9991  .9991  .9991 .9992 .9992 .9992 .9992 .9993 .9993
3.2 | 19993 .9993 .9994 9994 9994 9994 .9994 9995 .9995 .9995
3.3 | 9995  .9995 9995 .9996 .9996 .9996 .9996 .9996 .9996 .9997
3.4 | 9997 .9997 9997  .9997  .9997 .9997 .9997 .9997 .9997  .9998
3.5 | 19998 .9998 .9998 .9998 .9998 .9998 .9998 .9998 .9998  .9998
3.6 | 19998 .9998 .9999 .9999 .9999 .9999 .9999 .9999 .9999  .9999
3.7 1 9999  .9999  .9999  .9999 .9999 .9999 .9999 .9999 .9999  .9999
3.8 | 19999  .9999 .9999 .9999 .9999 .9999 .9999 .9999 .9999  .9999




Tables

Table 18.4 T distribution with v degrees of freedom

Fr(t) = P(T < t)
9

.6 75 .95 .975 .99 1995
v | ta,y to2sp tiop  toswy  to2sw t.o1,v t.005,v
1 0.325 1.000 3.078 6.314 12.706 31.821 63.657
2 0.289 0.816 1.886  2.920 4.303 6.965 9.925
3 0.277 0.765 1.638 2.353 3.182 4.541 5.841
4 0.271  0.741 1.533 2.132 2.776 3.747 4.604
5 0.267 0.727 1.476 2.015 2.571 3.365 4.032
6 0.265 0.718 1.440 1.943 2.447 3.143 3.707
7 0.263 0.711 1.415 1.895 2.365 2.998 3.499
8 0.262 0.706 1.397 1.860 2.306 2.896 3.355
9 0.261 0.703 1.383 1.833 2.262 2.821 3:250
10 | 0.260 0.700 1.372 1.812 2.228 2.764 3.169
11 | 0.260 0.697 1.363 1.796 2.201 2.718 3.106
12 | 0.259 0.695 1.356 1.782 2.179 2.681 3.055
13 | 0.259 0.694 1.350 1.771 2.160 2.650 3.012
14 | 0.258 0.692 1.345 1.761 2.145 2.624 2.997
15 0.258 0.691 1.341 1.753 2.131 2.602 2.947
16 | 0.258 0.690 1.337 1.746 2.120 2.583 2.921
17 | 0.257 0.689 1.333 1.740 2.110 2.567 2.898
18 | 0.257 0.688 1.330 1.734 2.101 2.5b52 2.878
19 | 0.257 0.688 1.328 1.729 2.093 2.539 2.861
20 | 0.257 0.687 1.325 1.725 2.086 2.528 2.845
21 | 0.257 0.686 1.323 1.721 2.080 2.518 2.831
22 | 0.256 0.686 1.321 1.717 2.074 2.508 2.819
23 | 0.256 0.685 1.319 1.714 2.069 2.500 2.807
24 | 0.256 0.685 1.318 1.711 2.064 2.492 2.797
25 | 0.256 0.684 1.316 1.708 2.060 2.485 2.787
26 | 0.256 0.684 1.315 1.706 2.056 2.479 2.779
27 | 0.256 0.684 1.314 1.703 2.052 2473 2.771
28 | 0.256 0.683 1.313 1.701 2.048 2.467 2.763
29 | 0.256 0.683 1.311 1.699 2.045 2.464 2.756
30 | 0.256 0.683 1.310 1.697 2.042 2.457 2.750
oo | 0.2563 0.674 1.282 1.645 1.96 2.326 2.576

Note: zo =ta,0

291



292

Ezpect the Unezxpected: A First Course in Biostatistics

Table 18.5 x? distribution with v degrees of freedom
Fy2(z) = P(x* < x)

0.5 0.75 0.9 0.95 0.975 0.99 0.995
v X.250,u X?zs,u X.210,V X.205,u X.2025,u X?01,u X?oos,u
1 0.455 1.323 2.706 3.841 5.024 6.635 7.879
2 1.386 2.773 4.605 5.991 7.378 9.21 10.60
3 2.366 4.108 6.251 7.815 9.348 11.345 12.84
4 3.357 5.385 7.779 9.488 11.14 13.277 14.86
5 4.351 6.626 9.236 11.07 12.83 15.086 16.75
6 5.348 7.841 10.65 12.59 14.45 16.81 18.55
7 6.346 9.037 12.02 14.07 16.01 18.48 20.28
8 7.344 10.22 13.36 15.51 17.54 20.09 21.96
9 8.343 11.39 14.68 16.92 19.02 21.67 23.59
10 9.342 12.55 15.99 18.31 20.48 23.21 25.19
11 10.34 13.70 17.28 19.68 21.92 24.73 26.76
12 11.34 14.85 18.55 21.03 23.34 26.22 28.30
13 12.34 15.98 19.81 22.36 24.74 27.69 29.82
14 13.34 17.12 21.06 23.69 26.12 29.14 31.32
15 14.34 18.25 22.31 25.00 27.49 30.58 32.80
16 15.34 19.37 23.54 26.30 28.85 32.00 34.27
17 16.34 20.49 24.77 27.59 30.19 33.41 35.72
18 17.34 21.61 25.99 28.87 31.53 34.81 37.16
19 18.34 22.72 27.20 30.14 32.85 36.19 38.58
20 19.34 23.83 28.41 31.41 34.17 37.57 40.00
21 20.34 24.94 29.62 32.67 35.48 38.93 41.40
22 21.34 26.04 30.81 33.92 36.78 40.29 42.80
23 22.34 27.14 32.01 35.17 38.08 41.64 44.18
24 23.34 28.24 33.20 36.42 39.36 42.98 45.56
25 24.34 29.34 34.38 37.65 40.65 44.31 46.93
26 25.34 30.44 35.56 38.89 41.92 45.64 48.29
27 26.34 31.53 36.74 40.11 43.20 46.96 49.65
28 27.34 32.62 37.92 41.34 44.46 48.28 50.99
29 28.34 33.71 39.09 42.56 45.72 49.59 52.34
30 | 29.34 34.80 40.26 43.77 46.98 50.89 53.67
31 30.34 35.89 41.42 44.99 48.23 52.19 55.00
32 | 31.34 36.97 42.59 46.19 49.48 53.49 56.33
33 | 32.34 38.06 43.75 47.40 50.73 54.78 57.65
34 | 33.34 39.14 44.90 48.60 51.97 56.06 58.96
35 | 34.34 40.22 46.06 49.80 53.20 57.34 60.28
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Index

5-number summary, 89

alternative hypothesis, 142
association, 207

binomial distribution, 57
bins of a histogram, 86
box-and-whisker plot, 89
boxplot, 89

categorical random variable, 84
center of mass of a distribution, 67
central limit theorem, 101, 121, 134,
145, 156, 166, 180
central tendency, 87, 89, 91, 92
chi-squared distribution, 210
complement of an event, 15
conditional probability, 29
conditional relative frequency
distribution, 85
confidence interval for a median, 267
confidence interval for comparison of
two means (large samples), 167
confidence interval for comparison of
two means (paired data), 192
confidence interval for comparison of
two means (Student), 171
confidence interval for comparison of
two means (Welch), 176
confidence interval for comparison of
two proportions, 181
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confidence interval for one mean
(large samples), 124

confidence interval for one mean
(small samples), 129

confidence interval for one
proportion, 134

contingency table, 209, 214

continuous random variable, 65

correlation, 227-229

covariance, 227, 228

cumulative distribution function, 52

diagnostic test, 30, 36

discrete random variable, 51
dispersion, 54, 67, 87, 89, 91, 92
distribution, 52, 66

empirical quantile function, 106

error of the estimate, 260

estimated standard error of an
estimator, 99

Estimating a mean, 259

estimation of the mean response, 231

estimation of the median, 269

estimator for the proportion, 132

event, 4

expected number of observations per
cell, 210

expected value (or expectation) of a
continuous random variable, 67

expected value (or expectation) of a
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discrete random variable, 53
expected value of binomial
distribution, 57

false negative, 30

false negative rate, 31

false positive, 30

false positive rate, 31

fitted line of normal QQ plot, 106
frequency distribution, 84
frequency histogram, 86

genetics of blood types, 8
genetics of hair and eye color, 9
genotype, 7

heterozygous, 7

highly skewed data, 93

histogram skewed to the left (or
right), 87

homozygous, 7

hypothesis testing, 141

illustration of central limit theorem,
101

independent assortment, 41

independent events, 38, 41

independent variables, 208

interquartile range (IQR), 89

joint (relative) frequency distribution,
84

law of independent assortment, 9

least squares line, 232

left-tailed test for comparison of two
means (paired data), 197

left-tailed test for one mean (large
samples), 146

left-tailed test for one mean (small
samples), 152

left-tailed test for one proportion, 157

line of best fit, 231, 232

linear association, 227, 228

linear interpolation, 269

linked genes, 41

logarithmic transformation, 92, 172

maximum error of the estimate, 260

mean of a continuous random
variable, 67

mean of a discrete random variable,
53

mean of the population, 97

multiplication rule, 32

mutually exclusive events, 16

negative predictive value, 31

non-central T distribution, 263

non-centrality parameter, 262, 263

non-linear association, 229

normal distribution, 68

normal populations with equal
variances, 169

normal populations with unequal
variances, 175

normal probability plot, 107

normal quantile-quantile (QQ) plot,
106

normal score, 106

null hypothesis, 141

number of combinations, 55

number of permutations, 55

outlier, 90

p-value, 153

p-value of left-tailed test for
comparison of two means (paired
data), 197

p-value of left-tailed test for one
mean (large samples), 147

p-value of left-tailed test for one
mean (small samples), 152

p-value of left-tailed test for one
proportion, 157

p-value of right-tailed test for
comparison of two means (paired
data), 195

p-value of right-tailed test for one
mean (large samples), 145



Index

p-value of right-tailed test for one
mean (small samples), 149

p-value of right-tailed test for one
proportion, 157

p-value of test for comparison of two
means (Student), 170

p-value of test for comparison of two
means (Welch), 176

p-value of test for comparison of two
means (large samples), 167

p-value of test for comparison of two
proportions, 182

p-value of test of independence, 210

p-value of two-tailed test for one
mean (large samples), 148

p-value of two-tailed test for one
mean (small samples), 153

p-value of two-tailed test for one
proportion, 158

paired observations, 191

partition, 17

phenotype, 7

point estimate, 97

point estimator, 97

pooled sample proportion, 181

pooled standard deviation, 170

pooled variance, 170

population, 97

population geometric mean, 175

population mean, 53, 67

population standard deviation, 54, 67

population variance, 54, 67, 97

positive predictive value, 31

power, 262

power of the test, 263

prevalence, 36

probability, 4

probability density function, 65

probability density histogram, 86

probability mass function, 52

probability mass function of binomial
distribution, 57

properties of normal distribution, 69

Punnett square, 7

quantile function, 106
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quantile of T" distribution, 127
quantile of normal distribution, 69,

106
quantitative

(or numerical) random

variable, 84

R command:

234

R command:
R command:
R command:
R command:
R command:
R command:
R command:
R command:
R command:
R command:
R command:
R command:
R command:
R command:
R command:
R command:
R command:
R command:
R command:
R command:
R command:
R command:
R command:
R command:

R command

abline, 108, 179, 198,

aggregate, 96
as.table, 217
boxplot, 95, 179
chisq.test, 218
cor, 230

cov, 230
dbinom, 59
hist, 95

Im, 233
pbinom, 59
plot, 109, 234
pnorm, 72
ppoints, 109

pt, 131, 264
qnorm, 72
qgnorm, 108, 179, 198
qt, 131
quantile, 95
rbinom, 59
read.table, 94
rnorm, 72

sort, 109
source, 96
summary, 95

: t.test, 131, 179, 198

random experiment, 4

random sample, 97

regression line, 232

relative frequency distribution, 84
relative frequency histogram, 86
residual standard deviation, 233

right-tailed test for comparison of two
means (paired data), 195

right-tailed test for one mean (large
samples), 144

right-tailed test for one mean (small
samples), 149
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right-tailed test for one proportion,
156

sample geometric mean, 93, 175

sample geometric standard deviation,
93

sample mean, 90, 98

sample median, 88

sample proportion, 98

sample quantile, 88, 106

sample quartiles, 88

sample range, 89

sample size, 260

sample size calculation, 260, 263

sample space, 4

sample standard deviation, 92, 98

sample variance, 91, 98

sampling distribution, 97

sampling without replacement, 39

scatter plot, 226-229, 231, 233

sensitivity, 30

sign test, 268, 269

significance level of a test, 146

skewness of a histogram, 87

specificity, 31

standard deviation of a continuous
random variable, 67

standard deviation of a discrete
random variable, 54

standard error of an estimator, 99

standardization theorem, 70

statistic, 97

Student’s distribution, 126

Student’s two sample test, 170
studentization, 126

T distribution, 126

test of homogeneity, 215

test of indepedence, 208

test statistic for one mean: large
samples, 145

total probability rule, 35

tree diagram, 7

two-tailed test for one mean (large
samples), 147

two-tailed test for one mean (small
samples), 153

two-tailed test for one proportion, 158

type I error in hypothesis testing, 142

type II error in hypothesis testing,
142

unbiased estimator, 99

validity of the normality assumption,
104

variance of a continuous random
variable, 67

variance of a discrete random
variable, 54

variance of binomial distribution, 57

Venn diagram, 15

Welch’s number of degrees of
freedom, 176



