MAT 13/1E Final Exam

1. Let U= {(z —y,y,x —y) | x, y € R}. Which one of the following statements is true?

U is not a subspace of R?.
U is a subspace of R? with dim U = 3.

5 U is a subspace of R?* and {(—1,1,—1),(1,0,1)} is a basis for U.
U is a line in R? with direction vector (1,1, 1).
U is a subspace of R? and {(1,0,—1),(—1,0,1)} is a basis for U.
U is a plane in R? with normal vector (—1,2, —1).
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2. Only two of the following statements are true. Find which ones are true.
I. {3,5sin”x,7cos?z} is linearly dependent in the function space F(R).

II. A homogeneous system of linear equations always has a unique solution.
III. If A and B are two 3 x 3 invertible matrices, then (AB)™! = A~!B~1

IV. Ifu, v € R? are any non-zero vectors such that u—v = 2u, then dim(span{u, v}) = 1.
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3. Let A be an n x n matrix with n > 2. Which of the following statements are true?

I. Ifrank(A) = 2, then there are two free variables in the general solution of the system
Ax=0

II. If rank(A) = 1, then there are (n — 1) free variables in the general solution of the
system Ax = 0.

III. If A is invertible, then the system Ax = 0 has a unique solution.

IV. TIfrank(A) < n, then the system Ax = 0 is inconsistent.
A| Ounly L T . W para~ekers = Clumns - vank A

B| Only II =nN-1 N EFEause
C| Only I and IIL
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Question 4. What is the polar form of the complex number ”ﬁ“’ (See page 2 for a table
of values of trigonometric functions.)

(

L3 | 2,1

A) V2(cos(77/12) + isin(77/12))
B| V2(cos(57/12) +isin(5r/12))
C| V2(cos(—m/12) + isin(—7/12)) ™
D| v2(cos(m/12) + isin(r/12)) 2= =
E| v2(cos(—57/12) + isin(—57/12)) T -
F| V2(cos(117/12) + isin(117/12)) vog = 2@31
o, = i
“+ - Then -
11 0
o=l e” 2.2’
2—L \f? Q%”‘{’L
(-3 )ma
2 3 4
== C
N2 vt
"E‘Trl - \‘7—.—“1
=J2 e ={dze

=J7 (eos ()4 jam ql_“‘ll\)



ot

MAT 1341F Final Exam

5. Let B = _} 8 ] and consider the set U = {A € My (R) | BA = AB}. (Recall that
Mss(R) is the set of 2 x 2 matrices with entries in R.) Which of the following statements is
true? - V-
a L
Set A= \ Cd l
A| U is not a subspace of My(R). c. @
B| U is a subspace of My (R) and dimU = 0.
C| U is a subspace of My»(R) and dimU = 1. B = OB
(DD U is a subspace of Mss(R) and dimU = 2. T o a b T bt o]
E| U is a subspace of My (R) and dim U = 3. = { X{ Cod T e dl]- s
F| U is a subspace of My»(R) and dim U = 4. = B < ’
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6. Let A —1 5 6 |. What is the third row of A=1?
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7. For a non-homogeneous system of 2019 equations in 1341 variables, answer Yes or No

to the following three questions: " S 134l —=
. : . 2 22
e Can the system be inconsistent? Ye s =t L
Voo el

e (Can the system have a unique solution? Me < \

. ¥ . ¢ 5 A - o A r\S
e Can the system have infinitely many solutions?Neg 7 LA e S\ svean

Consisteat

(AD Yes, Yes,Yes
B| Yes, Yes, No WS erasteat PR LS
C| No, Yes, Yes : = & Caluvans — rank B
D YeS, NO, YeS C}-‘\C\ C—C\'\h (; k\'?)q \
E| No, No, Yes = laRl-Fane B
F| Yes, No, No =90 W rane N\ =34

8. Let A be an n x n matrix. Which one of the following statements is equivalent to
“The columns of A are linearly dependent”

A| The rows of A are linearly independent.
B| rank(A)=n.
» det(A) = 0.
The rows of A form a basis for R".
The homogeneous system Ax = 0 has a unique solution.
A is invertible.
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9. Suppose A = |d e f| and det(A) = 3. By using the properties of determinants,
g h i

calculate the determinant of the following matrix:

b+5¢c e+5f h+5di
B=| 2 2f 9

—2a —2d —2g
" CALNE ) « ®x (=) % (1) b e h
SR S PR e L
B| -18 —— " ]
(C -192 ke < ¥ A R e,y o <\ 9
12 Ly Sge s & R,«> R,
? 18 "Lt S €455 haSq [rextn [[LaSe st Sy
64 S o
N C\L\CS& & ¢ . - ¢ 25 N
. ¢
R + SR, —R Q d 9 1Ry =¥y -Tox  ~LoA -—lj R
\ T v . o
-~ R R

= A
2 ocletiB) = (O -y det (A= - 4.3 = (2

10. The set {uy,us,ug} = {(3,1,1),(—-1,2,1),(—1/2,—-2,7/2)} forms an orthogonal basis
for R®. Therefore any vector v € R? can be written as v = ajuy + asug + azug, where
aj,as, a3 € R are the coordinates of v with respect to the ordered basis {u;, uz,us}. Find
the coordinate ay of the vector v.= (1,0, —1).
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\A. . 1—33 Ul U
U = span{(—2,1,3.1), (=5, 3,11, 7). (8. =5, —19, —13),(0,1.7,5). (—17,5,1, =3)} C R*.

Question 11. Let —_— -

(a) [3 points] Find a basis for U consisting of vectors contained in the above spanning

-

set. , ‘ N
We woant o Subset of  he  Sponeang sed

.ouse  Collwan  Space G\ ot

- 2 -5 % o =3 ) 2 =8 i 5
et A= ] O T ~ -2 =5 % © -9
- | PR B \ . A
1 setu \ 3 —3 2 73 ) - { 3 -3 S T3
p \.‘i\ UL \1‘3 T\_AH' ‘\_\ s |
— /""""\ n 5 1
. oy e l
) 2 -5 5 1 row reduction ) (}\ \ —q
l - -0.5 for mistakes © ) -t z \
( - ~t Y o
R YLR,— ¥, Q< 2 < ¢ Ry- 28— Y3 ") Q O\ L‘ A |

y -3 1 % Ro - Ak, =R
[\ 2

N e Raow e ‘Z)"\VQ&S A CRMAAN & X , g L'

e W Ugl € o bauie of WU 18ifthe basis isn’t a subset
" o of the given spanning set

C-—~ = - :
Answer: Y WU, | WU, , W q—E 1 answer (other correct answers are possible)

(b) [2 points] Extend the basis you found in (a) to a basis for R*. .
2= \ \
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u,

~ S k
2R, %, o ©
Answer: ﬂ
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9
Question 12.  Let W = {(w,2.y.2) e R*|w+y—2=0} CR".
(a) [2 points] Find a basis for W.
v < w ~ = .3 = =5+ U
W = NI \ ‘:\ o \ w\—S) S ol tv AX =0 'v; s
“ g ’ Y = S
1 justification t

Basic sol s ace (&, Y, o o) (v o, rvo), (6,90 1)
(r:\lsre‘L:'@) \r:\\',S":\‘t

=) (F:CIS‘:'\\"\':\)
> (1 (0,1, 9,0), (-9, ©) (LY, 0 0 7J S @ Loasis for \VY)
G\ e g
Answer: (e, 4 ©,0) -y, 0,0 0 (v o T, ) 7) 1 answer
(b) [3 points] Use the Gram-Schmidt algorithm to construct an orthogonal basis for 1.
.—\A;,\ = G\ 1
o e ‘ -% o v o) o L e o)
\I?)_ = \—Iz- i Sl ;‘:\ = (-1, L, By~ i Wi ‘Q) LQ*‘rC'Q\
(velity ‘
= 1,2, VL) - C
= (-4, 9y, ©)
— - C‘{ *T‘? —_ —\—.I ‘V\;L ;
Wy = Wy - D3t M R 13T Wa 1 formulas
l‘ w‘“z \ W [\
S (Lo, 0,0 - & - (v, 0,0 0) -1 for a mistake (since it’s
> easy to check the answer)
= Kli‘ 2, "%:’ »

_ - TR
s (o), (oo, ), (B O )

'S G
Gr't\'\b(&\%r\o\\ ba 18 for w

Answer:

(\({‘)‘\D)tf\ (»“\: t’)‘;Q'\ [“
b 3

T o 1))

1 answer

(there are other correct answers) See next page for the rest of question 12...
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o

Question 12: continued... v
(c) [2 points] Find the best approximation to the vector (1.1,1,0) by a vector in WW.

be st approximatnion = Py, Vv
VoW, — Vo, — Vowy —
= W W, o _* wy 1formula
W W W, U Wy W
. oo COG L RY)s LY, D ©)
‘:(\‘\’\)03 (O, )0>_2 (Q.(‘Q)Q\) -+ > ’ ——
(Q.)-\,b)c-\u\vj\‘b,ﬁ\ (-\,:,)\‘*o\u£»\,0,\ <)
o A % J— \
-0.5 per mistake TR AL SO )
o L oo A
\_\zw0>"‘1)‘\'(.‘“’g)~-“x

Pz
Answer: | ( > R0 3) 1 answer
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4 0 -2
Question 13. Let A= |2 5 4
00 5
(a) [3 points] Find the characteristic polynomial of A.
N\ = : A -2NL
= () det \ )
BN N © -
= del S =0 “ 1
ot o st
w3 AN &
b3 e ,\ X
(% -N) \ S - n 1
= (5 - AN -
Ansrer: ) = (5 -3 (4 -1 1 final answer (0.5 for writing the eigenvalues
SWer: | Pa ‘ instead)
(b) [1 point] Using the characteristic polynomial, explain why the eigenvalues of A are
4 and 5.

“The se Qre e e\q‘e\\;o\\'v‘\es e ceama st they

ae  Yhe rootsy ol e daarache S L Py nenol

See next page for the rest of question 13...
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Question 13: continued...
(c) [2 points] Find a basis for the eigenspace £y = {v € R* | Av = 4v}.

¢ © -z
Ey = NN = 4T) = Nuld ( 5 \ o

o O t
) X L
S NI 1 i R \& , |
< N o o -v | 7 - %
* : A R.e> R o B 3 B % ~ ¥ s ¥
O I\ i r ' T R TR, 1
) t+ 0.5 row reducin
0.5 setup Ry-R, — %3 ’
g\ 1 X4¥Y+iz =0 % =g i D) \
_ ; e O ted ' "
L v y=t ST -3,, 0 is @ ba
5 = & t = © 0.5 read solutions for By

Answer: \F (- Ji » L B 7) 0.5

(d) [2 points] Find a basis for the eigenspace E5 = {v € R* | Av = 5v}.

G

-2

Ee ° DNull | A-SL Y = tNowy ({ , S B ]

. 2
> S ) ©

o -z i SN2
- - ] )
. o e e |20 © same as above
- e S % ' > N !
B e T i)
RI L\{\ \ 2 s €
So\™t . o x vyl =V x=-2t - C (O, V. 9) \-1.0,\\73 [Eet
vzs => v =5 ve ] ’ ’
2 =K 2 = t

basys e Eg

Answer: (\ (o0, 9}, (-2, 9, \\"X

(e) [2 points] Find an invertible matrix P and a diagonal matrix D such that P~'AP = D.

L & -1 4 < <

z A |

Answer: P = i i O D= <G 2 C;‘
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2 marks each = 0.5 answer + 1.5 justification
Question 14. Indicate if each of the following statements is (always) true or is (possibly)
false. Put your answers in the boxes indicated and show your work in the spaces below each
(uestion.
e If you indicate that the statement is (possibly) false, you must give an explicit
counterexample with numbers.

e If you indicate that the statement is (always) true, you must give a clear explanation
supported with results from class.

a) If Ais a 3 x 4 matrix whose reduced row echelon form (RREF) has a column of zeros,
then rank(A4) < 3.
0/1.5 for attempting to prove -, i Cc o
the wrong res%tﬁ“ A = g :-/ l ~; s 3 x4
1.5=correct

1 = nearly correct or missing

ils/justificati e wwk LAY = 3
some details/justification Qg ran 3\

0.5 = some relevant idea or correct essence

Answer: | FALSE 05

b) If A=[01 —11], then the dimension of Null(A) is 3.
\%\\ e P\O\s\\c - N\)\\\\\—\., Y SN AN

<\ \N\J\\\"\L\\\ = T colurans ©F A — toak (A)

Answer: | T\ R WUE 0.5

See the next page for the rest of question 14...
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Question 14: continued...

¢) Let z; and 25 be two complex numbers whose imaginary parts are non-zero. Then the
imaginary part of their product z;2, is always non-zero.

St TP 2,22, =1, thea IR =Inla,) =1,

but 2.2, =1" = -1 o Lenlz ) = 0.

Answer: | FRALSE 05

d) Suppose {u, v} is a linearly independent set of vectors in a vector space V. Then for
any non-zero vector w € V., we have dim(span{u,v,w}) = 3.

. 2 i A \ e y

- -5 o - . W e . - — ,:‘A 't»\,, -\;A ) .
T—\’\Q\f\ Qu' v } LS L : LHu WVow \ e~ w T

T T = =
and SPan A ULV, WA —S\DO\N\U.\,K’

i “___-. .
. o— = = = C\\vrwn \ S Do § U =
@ VaN ) ST inn U SPan v VoW 3 \ P ¥ }\ 2

ANSWER: | FOILSE® 05
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Question 15. Let T: R* — R? be the linear transformation defined by

@ r— 2y
T| |y = |2y—2z2
z 2z —x

(a) [2 points] Find the standard matrix of the linear transformation 7'.

A = [ TE. TE T&5 | 1justiication
-4 - <
— V) A - |
-1 ¢ 2
Y S
ANSWER: B %
e g o o 1 answer

AT (b)[3 points] Find a basis for the image of T, and briefly explain why your set is a basis.

= Cottp ) Wse tht wolumn  Spoce o (Xm\"-{\,\ wn + 1 for coming up with a worthwhile
=7 i - s approach 7 WO -1 ©
— é - Q)\ - \ o 5 = k o~ Z (\,:\/ '; \
4 1 - : Y - = N Q) \
O P I B U T S B o
SN COVVW~IWN S \, L é 3

“Thagee's O pwol A Bvery OWean,

-T-m ~\ CA Lans of ALY 1 for execution

ANSWER: § (', ©, ~\y, 12, 00, 09 -y 2y Y 1 answer




