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1. Find parametric equations of the line containing the point (0,2, 1) and which is parallel to
two planes —z +y + 32z =0 and —5x + 3y + 4z = 1. &N

cross (X) the correct answer:
(Alz =5t y=2+11t, z=1+2¢
Blo=5t,y=2+11t, 2=1—2t
[Cle=—5t,y=—2+5t, z=1—10t
@sz,yz—Qt,z:t
Elo=-3t,y=—2411t, 2 =1+2t
[Fle=5-5t,y=13—11t, z =4 — 2t

Solution: A direction vector for this line is

~

2
d=(-1,1,3) x (=5,3,4) = |1
-5

(=5, —11,2).

W = o
=0
I

Hence is correct
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2. Given u = (3,1,—-2), v = (2,0,—1), w = (—1,1,2) find the cosine of the angle between
(v x w) and (u X v).

cross (X) the correct answer:

{8

= [ (5] @ [
I
s =+

N2
V21
1
N
2
V7
Solution: o
ik
vxw=|2 0 —=1|=(1,-3,2).
-1 1 2
iy k
uxv=13 1 =2|=(-1,-1,-2).
2 0 -1
Hence,
(vxw) (uxv) 1
lv xwl|[Juxol| V21

So the correct answer is .
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3. Mark whether each of the following statements is TRUE or FALSE in the respective box.

(each correct answer is 1/4pt)

e [t is possible that a system of linear equations has exactly 3 solutions.

ANSWER: FALSE

e A homogeneous system of linear equations can have infinitely many solutions.

ANSWER: TRUE

e There exists a linear system of five equations such that its coefficient matrix has rank 6.

ANSWER: FALSE

e [f a system has 3 equations and 5 variables, then this system always has infinitely many
solutions.

ANSWER: FALSE

4. If the coefficient matrix A in a homogeneous system in 20 variables of 16 equations is known
to have rank 9, how many parameters are there in the general solution? (1)

cross (X) the correct answer:

[A]11
[B] 10
Cle
D] 21
E|17
[F|4

Solution: Homogeneous system is consistent. So the number of parameters is 20 - 9=11. So

the correct answer is .
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5. Suppose e, f € R and consider the linear system in x, y and z:

20 =2y +ex =f
20 +y+=z =0
T+z =—1

5(a) If (A | b) is the augmented matrix of the system above, find the rank of A and the
rank of (A | b) for all values of e and f. (2)

(justify your answers)

Solution: We have

2 =2 e | f T & U
(Alb)= {2 1 1| 0 | Cewsdigimaion o4
Gauss elz_r;nnatwn 0 1 -1 ‘ 2
00 e—4 | f+6
Hence,
2 ife=4
rank A = Z.fe
3 ife#£4

2 ife=4and f=-6

3 otherwise

rank (A|b) = {
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5(b) Using part (a), find all values of e and f so that this system has
(i) a unique solution (1)

Solution: it has a unique solution <= rank A = rank (A | b) = 3 <= e # 4.

(ii) infinitely many solutions &Y

Solution: it has infinitely many solutions <= rank A = rank (A | b) < 3 <= e = 4 and

f=—6.

(iii) no solutions &Y

Solution: it has no solutions <= rank A < rank (A | b) <= e =4 and f # —6.
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6. Consider the network of streets with intersections A, B, C', D and E below. The arrows
indicate the direction of traffic flow along the one-way streets, and the numbers refer to the
exact number of cars observed to enter or leave A, B, C', D and F during one minute. Each x;
denotes the unknown number of cars which passes along the indicated streets during the same

period.
h

B
/ \ )
A——cC
D

TN

6(a) Write down a system of linear equations which describes the traffic flow together with
all the constrains on the variables z;,i =1,...,6. @D)

90

z3

(Do not perform any operations on your equations: this is done for you in (b). Do not simply copy out the equations implicit in (b). You will not

get any marks if you do this)

Intersection | Flow in = Flow out
A 90 + T1 = T2 + Tg
. B r5 = x1 + 40
1 :
Solution C Ty + Tg = Ty + 60
D To = T3 + 20
E 30 4+ 23 = 24.
Oneway streets give constrains z; > 0, ¢ = 1,...,6. Since each x; is a number of cars, z;

has to be an integer.
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6(b) The reduced row-echelon form of the augmented matrix of the system in part (a) is

1 000 -1 0 | —40
0100 —-111] 50
0010 —-111] 30
0001 -111] 60
0000 O O] O
Give the general solution of this system @D)

(Ignore the constrains from (a) at this point)

Solution: Set x5 = s and zg =t to be parameters. Then

r1=—-40+s
To=50+s—1t
r3=304+s—1
Ty =604+s—1
T5 =S5
Tg =1

6(c) If the road E'D was closed in the middle due to roadwork, find the minimum flow along
the road AC' using your results from (b) (2)

(you must justify all your answers: correct answer without justification is 1pt only)

Solution: E'D is closed <= 23 = 0 <= s —t = —30. Then assuming the constrains x; > 0
we obtain the system of inequalities

p

ry =-—-404+s5s>0<«<= s>40
xy =05H0—-30=20

rz3 =0

ry =60—-30=230

rzs =s>0

(76 =5—302>0<=s2>30

The flow along AC is xg = s + 30 so that xg > 70. The minimum flow along xg is 70.
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7. Mark whether each of the following statements is TRUE or FALSE in the respective box.

(each correct answer is 1/4pt)

e For any two 2 X 2 matrices A and B, we have (AB)? = A?B2.

ANSWER: FALSE

e Multiplying a 3 X 2-matrix A by a 2 X 3-matrix B one gets a 2 X 2-matrix AB.

ANSWER: FALSE

e There exist two non-zero matrices A and B such that A 4+ B is the zero-matrix.

ANSWER: TRUE

e For any two matrices A and B we have AB = BA.

ANSWER: FALSE
1 00
8.IfA=1[1 0 0|, and Bis a3 x 5 matrix,
1 1 1
then the second row of the matrix A - B is (1

cross (X) the correct answer:

the same as the first row of B

the sum of the first and the second rows of B

the sum of the first, the second and the third rows of B
[D] the sum of the first and the third rows of B

the same as the second row of B

the sum of the second and the third rows of B

™
Solution: Write B = | r5 | in block form, where r; is the i-th row of B. Then
3
1 0 0 T1 ™
A-B= 1 00 | T = 1
1 1 1 T3 T1 + T2 =+ T3

So the correct answer is [A |
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The last page (use it for computations)



