CHAPTER 5. INTEGRALS

85.1,5.2. AREAS, DISTANCES, AND DEFINITE INTEGRALS

1. Introducing the Definite Integral as the Area of a Region

Lety =f(x) > 0 be a function defined in a closed interval [a, b]. Let R be the region under the
graph of f (x) and above the x-axis in the interval [a, b].

Leth= b—_a1 andletx;=a+1ih,i=0,1,2,...,n. ThenXy=a, Xy, Xo, ..., X, = b, called mesh
n
points, subdivide the interval [a, b] into n subintervals each with length h. Taking an arbitrary

value xi* in each interval [xi-1, Xi], i=1, 2, ..., n, the sum
S(n) =f (x.*)h +f *)h + ... +f (Xo*)h = h(f (x.*) + f (x*) + ... +f(X*)),

called a Riemann Sum, can be reasonably regarded as an approximation of the "area™ of the
region R.

When n approaches infinity, the limit of the Riemann sums, if it exists, is defined to be the area
of the region R. This limit is called the definite integral of f (x) on the interval [a, b] and denoted
byI: f (x)dx, where a is the lower limit, b is the upper limit, f (x) is the integrand, and x is the
variable of integration.

Since a definite integral is a number, the variable of integration can be replaced by any other
symbol. The variable of integration of a definite integral is a dummy variable.

If f (x) <0in [a, b], we can still define the definite integral of function f (x) on interval [a, b] in
the same way, but the area of the region under the x-axis and above the graph of f (x) is defined
to be the negation of the definite integral. If some part of the graph of f (x) is above the x-axis,
and some part of the graph of f (x) is under the x-axis in [a, b], we have to calculate the area of
each part separately and then add them up. The sum is the area between the graph of f (x) and
the x-axis on this interval.

Since the definite integral calculates the area of a region, if we know the area of the region, we
can find the definite integral.

Examples
5.1.1. Find the definite integral J.i JR? —x%dx, R > 0, by the area of a region.
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The graph of the function y = v/R? — x” is the upper half of a circle centered at the origin with
radius R. This definite integral is the area of the half-disk under the upper half of this circle and
above the x-axis. The area of this half-disk is A = 7R*/ 2. Hence

R 7R?
jiR\/Rz—xzdx: .

2

5.1.2. Find | (2x-3)dx.
The graph of the function y = 2x — 3, 0 < x <4, is a line segment joining point (0, —3) and point
(4, 5). This line segment intersects the x-axis at point (1.5, 0).

Y 4
(4, 5)

(1.5, 0)

100,-3)

When 0 <x<1.5,2x-3<0;when1.5<x<4,2x—3>0. The area between the graph of 2x — 3

and the x-axis in interval [0, 1.5] is %x 3xg = %: 2.25, and the area between the graph of 2x — 3

and the x-axis in interval [1.5, 4] is %xng = % = 6.25. Note that the integral is the negation

of the area of a region under the x-axis, i.e, Il45(2x —3)dx=-2.25. Hence,

4 15 4 _ _
jo (2x —3)dx = jo (2x —3)dx + jl_s(zx —3)dx=6.25-2.25 = 4.

5.1.3. Suppose the graph of a functiony = f (x), 0 < x <9, is given in the following figure:
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y=f(x) /T

By calculating the area of the regions between the graph of this function and the x-axis, we have

2 5 9 9
jo f(x)dx=2, L f (x)dx =—3, and L f(x)dx = 5.5. Hence jo f (x)dx = 4.5.

The following example uses the definition of the definite integral to find the area of a curved
region:

5.1.4. Find the area of the region under the graph of the function y = x* and above the x-axis in
interval [0, 1].

This area is given by the definite integral j: x2dx

Subdivide the interval [0, 1] into n subintervals with equally spaced mesh points xo = 0, x; = E
n’
L Xn=1. Thenh= Letx.*-x.—l,izl,z,...,n.

Xp= =,
n n n

2 2 2
j x2dx = Ilmn((ij +(%j ++(%) }:Iim%(lﬁzﬁ...nz):Iim%(%n(n+l)(2n+1)J

_lim 2n°+3n°+n 1
n—>o0 6n° 3

2. Properties of the Definite Integral
(i) j f(x)dx = 0.

(i) I: cdx=c(b—-a).
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(i) [} (10029000 = [ f (0dx [ g(ax.
(v) [ of (dx=c f(xadx.

() ], F00de=—[] 1 (0ax.

vi) [ FOdk+ [ f (ax = [ (x)d.

(vii) Iff (x) >g(x) forall a<x<hb, then J.: f(x)dx > I: g(x)dx.
This property has the following immediate corollaries:

(vii-a) Iff (x)>0foralla<x<b, then | f(x)dx>0.

(vii-b) Ifm<f()<Mforalla<x<b,then mb-a)<| f(x)dx<M(b-a).
Example 5.L5. Find [ (3f(x)-2)dx if [ f(x)dx=—2and [ f(x)dx=3.

[ @3 (x)-2)ix = 3([1“’ Foodx— [ f (x)dx)—zﬁodx -3(3+2)-12=3.

Example 5.16. If | f(x)dx=5, Lm f(x)dx=7,and [ f(x)dx= 10, find jj F(x)dx .
since [ f(x)dx= [ f(x)dx+ LS fdx, [ fOdx= [ (x)ax— [ f (x)ax.

Since f F(x)dx + L”’ f (x)dx = jl“’ f(x)dx, f f(x)dx = jl”’ f(x)dx — L“’ f(x)dx.

5 5 10 10
Hence, L f (x)dx = L f (x)dx—L f (x)dx +L f(x)dx=5-10+7=2

If the function v(t) is the velocity function of a particle moving along the x-axis, then the definite

integral Ibv(t)dt is the displacement of the particle fromt=atot=Dh.
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85.3,5.4. FUNDAMENTAL THEOREM OF CALCULUS

1. Definite Integral with a Variable Upper Limit

b
When the upper and lower limits are given, the definite integral L f (t)dtis a number. This
number changes when the upper limit changes. In other words, a definite integral with a variable

upper limit is a function of the upper limit: | (x) = LX f(t)dt.

Example 5.2.1. Consider function f (x) = 2x. The area of the triangle between the graph of this
function and the x-axis in interval [0, a] is a°. Let a be a variable. We have a function

| (a) = Ioa(Zx)dx = a%
2. Differentiating a Function Defined by a Definite Integral with Variable Limits

Consider function | (x) = LX f (t)dt, where f (x) is continuous on an interval [a, b],a<x <b.

Then I (x + h) — 1 (X) = j“ fodt— [ f (= j“ f(t)dt .

Let M(x, h) = max {f (t); t is between x and x + h} and let m(x, h) = min {f (t); t is between x and
x+h}. Then

M(x, h)h <1 (x + h) =1 (x) <m(x, h)h , and M(x, h) < %( I (x+h)—1(x)) <m(x, h). Whenh
approaches zero, Ihm M(x, h) :Ihirrg m(x, h) =f (x). Hence, Ihm %( I (x+h)—1(x))="1(x), or

d rx
&j f(t)dt = f (x).

Fundamental Theorem of Calculus (Part I). If f (x) is continuous on an interval [a, b] and a < x
< b, the derivative of the function I (x) = LX f(t)dtis f (x).

By the properties of the definite integral and the chain rule, we also have
d ca d ¢x

— | f@@)dt=——| f@)dt=-1(x),

o], fodi=——[ 710 (%)

%f | tdt= [;—UI f (t)dt](:—ij = f(u)y," = f (h(X))'(x) , where u = h(x).
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d ra d ¢neo ' ' )
TS FOAt === [ T F (Dt =~ (W)u =T (H()h'(x) , where u = h(3),

d hx d {eh a _ ' .
& g(x)f(t)dt—d—X(L f(t)dt + J'g(x)f(t)dt)—f(h(x))h(x) F (90T (X).
Examples
522 9 [“e2’gt=e>.

dx Jo
523 4 [Ty _ev.

duu

X

d re ) d pu ) de
5.2.4. — | cos(t?)dt=| —| cos(t°)dt
deO ) (duja ) j(dx

J =e*cos(u?) = e* cos(e®*)..

arctan x i 2
5.2.5. d e sin(t?)dt = — dj b Sin(tz)dt:_SIﬂ((arCta?x) ).
dx ¥ arctanx dx Jo 1+ x

5.2.6. _[2 sin(t?)dt = 2xsin(x*) — 3x*sin(x°) .

3. Finding Definite Integrals by Antiderivatives

Recall that the difference between two antiderivatives of a function is a constant. If F(x) is an
antiderivative of f (x), then function I (x) = IX f(t)dt=F(x)+C. Letx=a. We have C =-F(a).

Hence,
j: f(t)dt = F(x)—F(a)=[F(®)], -

Let x = b, and use x as the dummy variable. We have the second part of the Fundamental
Theorem of Calculus:

Fundamental Theorem of Calculus (Part I1). If f (x) is continuous on an interval [a, b], then
Ib f (x)dx = F(a) — F(b) , where F(x) is an antiderivative of f (x).
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Since f (x) = F'(x), this formula can also be written as_|'b F'(x)dx = F(b) - F(a), called the Net

Change Theorem. l.e., the net change of function F (x) from x =ato x = b, F(b) — F(a), is the
definite integral of its derivative F'(x) fromx =atox =Db.

Examples

5.2.7. From section 4.9, we see that F(x) = arctan x is an antiderivative of the function f (x) =

. Hence

1+ x?

1
x=0

I P dx =[arctan x|

z
01+ x° 4’

5.2.8. Suppose the derivative of function F(x) is F'(x) = 3x? such that F(1) = 3, what is F(3)?

F(3) - F(1) :jf3x2dx =[xT  =26.

3
x=1

Hence, F(3) =26 + F(1) =26 + 3 = 29.

5.2.9. Suppose the derivative of a function f (x) is given in the following figure. Sketch the
graph of this function if f (0) = 0.

YA

By counting the area under the graph of the derivative f '(x), we see that

f(2)=f(0) + jozf'(x)dx:0+2:2,
f@=t@+ [ £(0dx =2+ (-2) =0,
fE) =@+ [ £ (X)dx =0+ (1) =1,
f(6):f(5)+j:f'(x)dx=—1+1=o,

f(@)=1(6)+ [ f'()dx =0+45=45.

63



MAT1320 Notes Chapter 5 Fall 2019

In interval (0, 2), f'(x) > 0 and decreasing, f (X) is increasing and concave down; in interval (2, 4),
f'(x) > 0 and decreasing, f (x) is decreasing and concave down; in interval (4, 5), f'(x) <0 and
increasing, f (X) is decreasing and concave up; in interval (5, 6), f '(x) > 0 and increasing, f (x) is
increasing and concave up; in interval (6, 9), f '(x) > 0 and decreasing, f (x) is increasing and
concave down. Hence, the graph of the function f (x) looks like the following:

Y
A

y=f(x /

N ’
0 1MN2 |3 \4 |5 7 18 19 > X
N / =
A 1
—Y =) T
| [

85.5. THE SUBSTITUTION RULE

1. The Method of Variable Substitution
Suppose we want to find an indefinite integral j f(x)dx.

Step 1. Define an intermediate variable u = g(x).

Step 2. Multiply the integrand by the reciprocal of g'(x) and change dx to du. In other words,

replace dx by '1 du.
9'(x)
Step 3. Convert f‘(x) as a function of u: fl(x) = h(u).
9'(x) 9'(x)

Step 4. Find j h(u)du = H(u) + C.

Step 5. _[ f (x)dx = H(g(x)) + C.

This procedure can be summarized as
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j f(x)dx:j f(x)gtx)du:j h(u)du = H (u) + C = H(g(x)) + C , where u = g(x),

h(u) = f(x) , and H(u) is an antiderivative of h(u).
g'(x)

From these steps we can see two rules of thumb to define the intermediate variable, which are

@ fl(x) should be easy to convert to a function h(u) of u, and
X

(b) the integral J. h(x)du should be easy to integrate.

Otherwise, you may have chosen a wrong function g(x) or this method cannot be used to solve
this question.

Examples
5.3.L. | xyx*~1dx

Letu=g(x) =x*—1. g'(x) = 2x.

R

—Z(x2-1)*2+C.

d —I —d = J.u”zdu: 12 u¥?+C
2)/)\3

5.3.2. j e 2Xdx.

Letu=-2x, u'=-2.

edx=| e®|-=|du=—=| e'du=—=e"+C=-=-e+C.
Jero=]en(GJou=j] ew=Ferio =]

In general, we have I e*dx = %ekx+ C.

] 1 1
Since a* = eN ¥, j a*dx =j edxgy = — e Cc=_= 3*4+C.
Ina Ina
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5

VX +1

Letu=x>+1, U =3%%

533. | dx.

— %I (u1/2 _ufl/Z)du

d
I\/ﬁ "= J.\/x +1 (3Xj '[
1[2 u3? 2u1’2j+c_S\/x3+1(x3+1—3)+c:5\/x3+1(x3—2)+c.

313
2
5.3.4. jde.
X
Letu=Inx,u'=1/x.

2
J' —(Inxx+1) dx:f (u+1)2du:j (u2+2u+1)du:%u3+u2+u+c

=%(Inx)3+(lnx)z+lnx+C.

This question suggests a general form: If we want to find an integral of the form J' Md
where f (In x) is a function of In x, use substitution u =Inx. Thenu' = 1 , and
X

[ = f('”x) j—f(';‘x)xdu=j f (u)du.

5.3.5. j dx .

X
J1+Xx

Letu=1+x. Thenu'=1,andx=u—1.
X 2
I du J‘ (ul/2 71/2)du N TR e
V14X '[ \/_ 3

:@j(“ x)¥? 21+ x)"* +C :2\/1+ Xx(1+x-3)+C :2\/1+ x(x—2)+C.

X+2

536, Fnd | S era
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Note that the derivative of the denominator is 2x + 2 = 2(x + 1). Write the numerator as x + 2 =
(x+1) + 1, and separate the integrand:

X+2 X+1 1
_[2— ‘I +I =50
X°+2X+2 X2 +2X+2 X +2X+2

The first integral is easy to solve by variable substitution. Let u=x?+ 2x + 2. Then

| 2X+1_dX:j 2“1 L du:lj Lau=Lin(x2+2x+2)+C.
X2 +2X+2 X2 +2x+2( 2(x+1) 2° U 2

Note that we don't need the absolute-value sign because x* + 2x + 2 is always positive.

For the second integral, we complete the square in the denominator, and use variable substitution
withu=x+ 1.

J'Z;dx:f ;de:j >——du=arctanu +C =arctan(x +1) +C..
X“+2X+2 (x+1)°+1 u +1

Finally, J. X—+2d :lln(xz+2x+2)+arctan(x+1)+C.
X2 +2X +2 2

5.3.7. Jtanxdx.

Letu=cosx, u'=—sinXx. Then

Itanxdx Iﬂd _J‘ (ﬂj( 1 jdu:—j %du:—ln|cosx|+C.

COS X COS X /\ —SINn X

2. Variable Substitution Used for Definite Integrals

The technique of variable substitution can also be used directly to definite integrals. The
differences are

(a) the limits have to be changed in step 2, and

(b) you don't have to go back to variable x in step 5.
Suppose we want to evaluate definite integral Lb f(x)dx.

Step 1. Define an intermediate variable u = g(x).
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Step 2. Multiply the integrand by the reciprocal of g'(x) and change dx to du. Change the limits
of integration to g(a) and g(b).

as a function of u:

Step 3. Convert — .
9'(x) 9'(x)

f(x) f(x) _
=),

Step 4. If H(u) is an antiderivative of h(u), then [ g((b))
g(a

h(u)du =[H u)]*®

u=g(a)’
This procedure can be summarized as

g((:))h(u)du “[HW]® . where u=g(x), h(u) = —*. and

g(b) 1
f (X) du :J- u=g(a)’ g X)

[ foomx=["" il

H(u) is an antiderivative of h(u).

f(x)
(

Examples

5.3.8. .[:x\/4—3xdx.

Letu=4-3x. Thenu'=-3,andx = %(4—u).

1 ot 1 o 1p1 Ll e
on\/4—3xdx_Lx\/4—3x(_—3)du_—§L§(4—u)\/adu_—§L(4u —u”%)du

:_1{§u3,2_gu5,2}1 9%
9|3 5° | 135

e 2
53.9. | %) 4y
X

Letu=Inx. Thenu'= 1.

X

. 2 2 37!
j de:jlmxdu =J'1(In x)*du =Ilu2du :{u—} _1
1oX o X 0 0 3|, 3

3/2

0 9_X2

5.3.10. dx .

Letu=x/3,u'=1/3.

68



MAT1320 Notes Chapter 5 Fall 2019

3/2 3/2 1/2 R 1/2 T
,—d fid # 3)du = d = .
J‘ X = I T X = J‘ (3)du u u = [arcsin u]u:O 5

Using variable substitution for definite integrals, we have two important formulas for odd and
even functions:

If f () is an odd function, then, using u = —x,

j_aaf(x)dx j f(x)dx+j f (x)dx = j f(x)du+j f (x)dx
=j:f(u)du+jof(x)dx:—jof(u)d(u)+j0f(x)dx:o.

If f (x) is an even function, then, using u = —x,

[* £o0dx=" foodx+ [ f(x)dx = j:%i()du + [ (x)dx
=L?—f (ydu+ [ F(gax= [ fFudu)+ [ F)dx=2[" (.
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CHAPTER 7. TECHNIQUES OF INTEGRATION

87.1. INTEGRATION BY PARTS

The method of integration by parts is used to find the integral of a product of two functions.
This method is powerful but it can only be used to solve a relatively small group of questions.
Use this method only for questions similar to examples that you see in class. Never abuse this
method!

Suppose the integrand is a product of two functions. We denote one factor as function u, and let
the other factor be the derivative of another function v, i.e., v'. Find the derivative of u, i.e., u',
and find an antiderivative of v'. i.e., v. Then use the formula

j uv'dx:uv—j u'vdx.

Because we want to find the derivative of u and an antiderivative of v', u should have a simple
derivative and v' should be easy to integrate.

In some questions, the integrand is regarded as the product of a function u and v' = 1. Then v =X,
and

j udx:xu—j xu'dx .
Examples
7.1.1. jxe”‘dx.

Letu=x,v'=e*. Thenu'=1,v=—e %

[ xedx=—xe"+| e"dx=—xe" —e*+C=—e(x+1)+C.

7.1.2. J X COS Xdx .

Letu=x,v'=cosx. Thenu'=1,v=sinx.
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I X €0S xdx = xsin x—J' sin xdx = xsin x+cosx+C..

7.1.3. '[ &In xadx .

Letu—lnxv—\/_ Thenu' = 1
X

Vzgxalz_
3
J' \/;|nXdX=EX3/2|nX—EI X1/2dX=gX3/2|nx_ﬂX3/2+C_
3 3 3 9

In general, an integral of the type | x*Inxdx, k= —1, can be solved by integration by parts with
g y g y

u=Inxandv =x&

kalnxdx:ixk*llnx—_[ Lxk“j(ljdx:ixmlnx—L x“dx
k+1 k+1 X k+1 k+1

You don't have to memorize this formula, but you should know how to use this method to solve
questions like I dx I xInxdx, J' In x ——dx, or j X2 In xdx .

Sometimes, we may have to use integration by parts more than once.

7.14. j x2e2XdX .

Letu=x°v' =e” Thenu' =2x,v= %ezx.

I xzezxdx_ x 2% I 2x( "jdx:%xze“—j xe?*dx .

In the integral on the right-hand side, use integration by parts again. Letu=x, v' = e®. Then

U=1v=le
2

g™ —j xe2dx = £ x2e? [ L 2 —j Logy )= Iy _Lyer s 1o
2 2 2 4

2 2 2

:%(sz —2x+De* +C.
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The following examples use v' = 1.

7.1.5. Iln xdx.

Letu=Inx, v =1. Thenu':l,v:x.
X

jlnxdx:xlnx—_[ dx = xInx-x+C.

7.1.6. Iarcsinxdx.

1
1—x?

Letu=arcsinx,v'=1. Thenu'=

,V=X.

I arcsin xdx = xarcsin x — I

x/l_x

Note that, with variable substitution t = 1 — x°, t' = —2x,

e B e L
7.0.7. | (Inx)*dx.

2Inx
X

and v = Xx.

Letu=(Inx)?>, andv' = 1. Thenu'=

j (In x)*dx = x(In x)? —ZI Inxdx = x(Inx)* =2xInx +2x+C..

Some questions use integration by parts with variable substitution:

7.1.8. '[ x> cos(x?)dx .

Letu=x% Thenu' = 2x. J‘ x®cos(x?)dx = I x* cos(x )( jdu——j ucosudu .

With integration by parts as in Example 7.1.2, we have

dx = xarcsinXx+y1—-x*> +C .

dt=-Vt+C=-\1-x%2.

Fall 2019

72



MAT1320 Notes Chapter 7
J' x3 cos(x?)dx = %(xzsin(xz) +cos(x?))+ C.
7.1.9. j e ax.

Letu=+/Xx. Thenu'= % I e‘&dx=f e‘&(zx/;)du:zj' ue“du .

By integration by part as in example 7.1.1, we have I e dx = —2e’&(\/§+1) +C
The following question uses integration by parts in a recursive way:

7.1.10. [e"sinxdx.
Use integration by parts with u =sin x, v' =¢*. Thenu' =cos x, v=¢", and

Iexsin xdx = e”sin x —j e* cos xdx .

Fall 2019

In the second integral, use integration by parts again with u = cos x, v' =e*. Then u'=—sin X, v =

e*. Now we have

jexsin xdx = e*sin x—(eX cosx—j e*(-sin x)dx)zex(sin X —COS X) —I e*sin xdx .

Add _[ex sinxdx to both sides of this equation. Note that _[ex sinxdx — _fexsin xdx is a constant

C. Then we have

ZJ e*sinxdx =e*(sinx—cosx) +C .

Finally, _|' e*sinxdx = %ex(sin X—Cc0sx)+C.
Integration by parts used for definite integrals

The formula 'SI uv'dx = uv —j u'vdx.

Examples
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X
cos® x

l4
7.1.11. jo dx .

Letu=xand V' = . Thenu'=1, and v = tan x.

cos’ X

14 X /4 T V4
I” dx=[xtanx]’ng—j: tanxdx=z+[ln|cosx|]’x’=’§=

0 cos®x

1o
7.1.12. J.Ox arctan xdx .

Letu=arctan xand v' = x%. Thenu' =

~ and v = 1x3.
1+X 3

1 1 o1 X8
J' x?arctan xdx =| = x%arctanx | —-= ;
0 3 o 3°014X

Use variable substitution u = 1 + X, u' = 2x.

_[lxzarctanxdx:ﬁ—l u—_ldu::ﬁ—i[uﬂnu]
0 12 6 u 12 6

2
u=1

§7.2. TRIGONOMETRIC INTEGRALS

In this section, we look at three types of questions:
Type 1. | sin" xcos” xdx.

Solving strategy:

(@ Whenm =2k + 1 is odd, (n may be any integer including 0), use u = cos x. Then

I sin®* xcos" xdx = —j sin® x cos" xdu = —_[ (1-u*)*u"du .

SN
(b) When n =2k + 1 is odd, (m may be any integer including 0), use u = cgs x. Then

I sin™ x cos* xdx :I sin™ x cos® xdu :I u™(1-u?)*du.

(c) If both odd, you can use either way.

4

In2
2

7 1
=——-——"(1-1In2).
12 6( )
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(d) If both even, use formulas sin® x = 1 (1 — cos (2x)), cos® x = 1 (1 + cos (2x)), and/or
2 2

Sin X oS X = %sin (2x), and let u = 2x.

(There is a recursive formula to reduce the integral of sin®" x cos®"x to an integral of
sin®™ 2 x cos®" x or an integral of sin®™ x cos®" 2x. This is out of the scope of this course).

Examples
7.2.1 j sin® x cos? xdx .

Let u =cos x. Then u' =—sin X

jsm x cos® xdx = jsm X COS x( ! jdu_—_[ sin® x cos xdu_—j (1-u®)u’du
sin x

=—}u3+1u5+c=—1c053x+1cos5x+c.
3 5 3 5

7.2.2. .[Oﬂlzcosz xdx .

Letu = 2x.

joﬂzcos xdx_—j (1+cos(2x))dx_—j (1+cosu)du_i[u+smu] 0:%.

7.2.3. Ioﬂ/zcos3 xdx .

Let u =sinx. Then u' = cos x.

1

1 2
jdu—j(l sin x)du—J.(l u)du—{u—gu} =3

u=0

l2
I cos® xdx = j cos® X
0 COS X

7l 2 4
7.2.4. Evaluate | = L sin xcos” xdx .

_ zld 2 4 _1 zl4 B 2
| = IO sin“ X cos xdx_8J.0 (1—cos(2x))(L+ cos(2x))“dx

1 ¢nis 2 3
:§Io (1+cos(2x) —cos”(2x) —cos™(2x))dx .
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With u = 2x,

1 ¢xzl2 1 wl2 7l2 7l2
I :—j (1+cosu —cos® u—cos®u)du :—(Z+I cosudu—j cos’ udu—j cos® uduj
16 Jo 2 Jo 0 0

16
1(nx T 2 7z 1
=—|—4+l-———|=—+—.
16(2 4 3) 64 48

. . . . 1 .
This question can be solved in another way. Use the formula sin x cos x = > sin (2x), and cos® x

= % (1 + cos(2x). By substitution u = 2x,

gl 4oqy Lprlt . Lz (02
| = IO sin“ xcos xdx_g'fO sin (2x)(1+cos(2x))dx—E_|'0 (sin“u+sin“ucosu)du

zl zl
=i(J‘ Zsinzudu+.[ 2sinzucosudu).
16\ 0

Let v = 2u.

zl2 ., _1 w2 _1” _1 . 7 V4
IO sin udu—E_[0 (1—cos(2u))du—ZJ.O (1—cosv)dv—z[v—smv]V:0 7

Letv=sinu.

zl2 1 1
I sinucosudu :I vidv==.
0 0 3

1(~ 1 r 1
Hence, | = —| —+= |=—+—.
16(4 3) 64 48

Type 2. I tan™ xsec” xdx .

Note that (tan x)' = sec? x, (sec X)' = tan x sec x, and 1 + tan? x = sec? x. Then tan? x = sec® x — 1.

Solving strategy: Whenm =2k + 1> 1is odd, use u = sec x, U' = tan x sec X:
j tan®*** xsec” xdx :f tan®* xsec"™ xdu :I (u? =1)*u™'du.
When n = 2k > 2, is even, use u = tan x, u' = sec’ x:
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f tan™ xsec’* xdx =j tan™ xsec?* Y xdu =I u™ L+ u?)<du.

If both condition is true, either way can be used; if neither condition is true, simple substitution
does not work, and we have to consider other methods.

Examples
7.2.5. _[ tan® xsec xdx .

Use u=sec X. U'=tan X Sec X.

3 2 2 1 3
jtan xsecxdx=.[ tan xdu:j (u —1)du=§sec x—secx+C.
7.2.6. J'tanzxsec“xdx.
Use u=tan x. u'=sec?x.

2 4 2 2 2 2 1 3 1 5
jtan XSec xdx:j tan” xsec xdu=I u“(l+u )du:gtan x+gtan X+C
Type 3. J' sinmxsin nxdx,j cosmxcosnxdx,j sinmxcosnx dx .

Use formulas:

sinmxsinnx = %(cos(m —n)x—cos(m+n)x),
1
COSMX COSNX = E(cos(m —n)Xx+cos(m+n)x),

sinmxcosnx = %(Sin(m +n)x+sin(m-n)x).
Example

7.2.7. I sin 2xsin 3xdx = %I (cos x —cos(5x))dx = %(sin X — %sin(Sx)) +C.
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7l2 1 2 .
728.L}stnuBGMW=EL (sin(5x) —sin x)dx
7l2
=1{—lcos(5x)+cosx} 1 O—(—1+1j :_Z_
2| 5 o 2 5 5

§7.3. TRIGONOMETRIC SUBSTITUTION

Trigonometric substitution is different from the substitution method in section 7.1. (Thisis a
kind of so-called Substitution of Type Il, whereas the substitution in section 7.1 is of Type I): In
section 7.1, the substitution uses an intermediate variable u = g(x), in substitution of Type I, X is
a variable of a new variable u: x = g(u). Then

j f(x)dx:j f(x)g'(u)du:j f(g(u))g'(u)du:j h(u)du = H (u) +C = H(g(x)) +C.

In step 2, dx is replaced by g'(u)du. Then h(u) =f (g(u))g'(u) and H(u) is an antiderivative of
h(u). Finally, use the inverse g *(x) to go back to variable x. Therefore, g(u) must be a one-to-
one function. If the integral is a definite integral, we have to change the limits from values of x
to values of u.

Some integrals involving a? — x%, a% + x4, or x* — a® may be solved by this method.

(2) Questions involving a* — x* may be solved by substitution x = a sin u, where a > 0, and

Tou<Z

2 2

Then a? — x> = a?(1 — sin? u) = a® cos® u. Note that cos u > 0 in this interval. Hence va® — x*
= acos u.

(b) Questions involving a + x* may be solved by substitution x = a tan u, where a > 0, and

T T
——<u<—.
2 2

Then a? + x* = a%(1 + tan® u) = a® sec’ u. Note that sec u > 0 in this interval. Hence va?+ X
= asec u.
(c) Questions involving x* — a? may be solved by substitution x = a sec u, where a > 0, and

03u<z or 7r3u<3—7z.
2 2

Then x> — a% = a’(sec® u — 1) = a tan> u. Note that tan u > 0 in these intervals. Hence v/x* —a?

=atanu.
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Examples

7.3.1. j:\/az — x%dx.

Let x =asinu, —%gugg. Then x' =a cos u and va?—x? =acos u. Note that cos u> 0 in
this interval. When x =0, u=arcsin0=0; whenx =a,u=arcsinl1= %

2

N R TV L _al _mal | 2 _ma
IO Ja®f—x*dx=a jo COS udu—?jo (1+cos(2u))du—T+I0 cos(2u)du = 1

Note that, with variable substitution v = 2u, J‘Oﬂlzcos(ZU)du = %J': cosvdv = %(sinn —sin0) =0.

1/2

7.3.2. j dx .

Let x = sin u, —%gus%. Then x' = cos uand y1—x? =cosu>0. When x=0, u=arcsin 0 =

0; when x = l,u:arcsin 1: Z.
2 2 6

1/2 2 7165in% U s ., 1 ¢ /6
_[0 ﬁdx=jo oy (cosu)du=j0 sin udu=5jo (1—cos(2u))du
716
Yy Lbiney| =1 73| 0045003
2 2 o 216 4

1
7.3.3. j mdx

2
Let x =2 tan u, —%<u<z X'= . 1 1 COSU_O.

2’ cos’u /x2+4 2\/tan +1 2

I 1 dx:j( 1 j(cosuj( ) :_I cosu 1 ¢
X2/X2 + 4 4tan’u )\ 2 )\ cos’u sin’ u C4sinu
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. ) X/2 X .. .
Sincetanu=x/2,sinu= / = . Note that in interval —%< u <%, sin u and

\/1+(x/2)2 X2 +4

tan u are of the same sign.

J‘ ;dxz_\lxz+4
X2X% + 4 4x

|
7.3.4. Lmdx

+C.

Let x =tan u, ~Z cu<Z. Thenx' =sec®u. Whenx=0,u=arctan0=0; whenx=1,u=

arctan1= 2.
4
2
r 12 de=I /4%(5%2 u)du=J' /4sec4udu:I " cos? udu
0 (1+Xx%) 0 (1+tan“u) 0 sec’u 0
1 pria 1 1 . AR |
=— 1+ cos(2u))du =| =u+=sin(2u = —+=.
S 1) @ecostauniu | JupsinGay | = 2

1
7.3.5. j W/Z__ldx

sinu
cos? u

Let x = sec u, 0<u<50r7r<u<3? Then x' = ~and y/x?—1=tan u. Note that tan u >

0 in these intervals.

- '2_
cosuj(smu jdu:jcosudu:sinu+C= X 1+C.

1
j dx I cos’u
%2~/ X% — sinu J\ cos’u X

Note that some questions involving JaZ—x2, Jx?+a?, or vx2—a? can also be solved by
variable substitution:

Useu=x>—1,u =2x. We have

J.u+1 ( u u+2«/_) X2 -1 (x> -1’2 +C =2 ; (x*+2)+C.

You don't need to use trigonometric substitution for these questions.
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87.4. INTEGRATION OF RATIONAL FUNCTIONS BY PARTIAL FRACTION

Partial Fractions

The method of partial fraction is used to find the integral of proper rational functions. If the
integrand is an improper rational function, use long division to write it as the sum of a
polynomial and a proper rational function.

Letf (x) = w be a proper rational function. Factorize the denominator N(x) into a product of
X

linear factors and irreducible quadratic factors. Recall that a quadratic polynomial ax® + bx + ¢ is
irreducible if b? — 4ac < 0. An irreducible quadratic polynomial cannot be factorized further to
be a product of two linear factors with real coefficients.

If (px — )" is a factor of N(x), construct a sum of partial fractions A + A >
px-q (px-q)

+... +Ln, where A, A, ..., Ap are undetermined constants.

(px-0)
If (ax® + bx + c)" is a factor of N(x), where ax? + bx+ ¢ is an irreducible quadratic polynomial,
construct a sum of partial fractions: Elx +C, '232)( +C, > e M , Where
ax“+bx+c (ax®+bx+c) (ax® +bx +c)"

B1, C1, By, Co, ..., By, C, are undetermined constants. Equate I\I\/II((X)) and the sum of all partial

X

fractions generated by the factors of N(x) to determine the constants. Then the integral of the
rational function is the sum of the integrals of the partial fractions.

Integrating Basic Partial Fractions

Ignoring a constant factor, a partial fraction has the form ! or — x+8B , Where the
(x+b)" (x“+bx+c)"

quadratic polynomial x* + bx + ¢ is irreducible, i.e., b> — 4c < 0.

. 1 . o
To integrate ———, use variable substitution u=x+b. Then
(x+Db)

1 1 1
——dx =1 b|+C,and dx =— +C,n>1.
xop X inixablr I(x+b)" (N—D)(x+b)™
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X+B

To integrate ——————, we first eliminate the linear term in the denominator by completing
(x“+bx+c)"

the square:

Let u= x+g,x2+ bx +c=u?+ %(4c—b2). Since 4c — b® > 0, let %(4c—b2) =k% Then x* +

b

bx+c:u2+k2,andx+B:u—§+B:u+D,WhereD:B— b

— . Use this substitution, the

u N D
(U +k3" U +kH)"’

second type of partial fraction becomes

To integrate use variable substitution v = u® + k*. Then

k2)n’
u 1, _

———du Inu k?’)+C,whenn=1and| ————du==| v'dv =
J Foadu=ghn +k9+ I(u Y 4|

L ynic-- 12 ——+C,wheren> 1.
2(1-n) 2(n=1)(u” +k*)"
To integrate 2—D2 we have j %du:iarctanﬂ+c,whenn:1.

(U +k°)" u®+k k k

When n > 1, use trigonometric substitution, u = k tan v, then u® + k* = k* sec? v, and u' = k sec? v.
The integral becomes

1 sec’v
————du=| ———dv= cos*™ ™V vav .
I (U +k?)" -[ k" sec®v k2nj

The last integral is solved by trigonometric integration, as discussed in Section 7.2. For instance,
.[ cos’ xdx = %j (1+ cos(2x))2 dx = 1(.[ dx + ZI cos(2x)dx +J. cosz(Zx)dx)
1 1 . 1 1.
(x+sm(2x) += I 1+ cos(4x))dxj (x+sm(2x) +—x+—sm(4x)j+c
4 4 2 8
3—12(12x+85in(2x) +sin(4x))+C
Examples

6X

7.4.1. j—x
2% +3x—2

82



MAT1320 Notes Chapter 7 Fall 2019

Use long division. We have 4x> — 6x = (2x — 3)(2x% + 3x — 2) + (7x — 6). Hence,

4x% —6x 7X—6
— " = I A
2x%* +3x—2 2x% +3x-2

Use partial fraction:

X6 __A B _AX+2)+B@x-))
(2x-1)(x+2) 2x-1 x+2  (2x=D(x+2)

Then7x -6 = A(x + 2) + B(2x - 1).

Letx=1/2. -5/2=(5/2)A. A=-1. Letx=-2,-20=-5B,B =4.

dx+4 de
X+2

jmd —j(zx 3)dx — j

:x2—3X—Eln|2x—1|+4ln|x+2|+C.

742 | X+l

x> +2x% +5x
Factorize the denominator: x° + 2x? + 5x = x(x* + 2x + 5).

x+1 _A Bx+C A(x +2x+5)+(Bx+C)x

X(C+2X+5) X X2+2X+5 X(X* +2X+5)

Then A(X* + 2x +5) + (Bx + C)x = x + 1, or

(A+B)X*+ (2A+C)x +5A =x + 1.

Comparing the coefficients on both sides, A+ B=0,2A+C=1,5A=1. ThenA= % ,

B=—l,andC:§.
5 5
X+1
Hence, _[—d :—j = —_[
X(X* +2X+5) x? +2x+5

Since x> +2x+5=(x+1)*+4, letu=x+1. Then3—-x=4—u.

3—X 4—u 4 u
—————dx=2 du = — u
jx2+2x+5 Ju2+4 J.(u2+4 u2+4jd

83



MAT1320 Notes Chapter 7 Fall 2019

= 2arctan%—%ln(u2 +4)+C = 2arctan [%ﬂj—%ln(xz +2x+5)+C.

Finally, _|. 2)(;1“:1”1|X|+Earctan(x—+1)_i|n(x2+2x+5)+c_
X(X°+2x+5) 5 5 2 10
7.4.3. j_
X*(x—2)
—_ _ 2
Let ——— 1 ZAJFEz‘* C _ Axx 2);FB(X 2) +Cx
X (X_Z) X X X—2 X (X—Z)

Then Ax(x — 2) + B(x — 2) + Cx* = 1.

Let x = 2. 4C:1,C:%. Letx=0. -2B=1. BZ—%.

Letx=1. ~-A-B+C=1 A=—B+C—1=—%.

jm =—j [—;—X = jdx_z( In|x|+§+|n|x—2|)+c

3
744, j—x txtl
X(x°+1)
x*+x+1 A Bx+C Dx+E

Let ——5=—+ + .
x(x*+1)% x  x*+1  (x*+1)°

Then A(X* + 1)? + (Bx + C)( + X) + (DX + E)x = x® + x + 1.

Letx=0. Weseethat A=1.

P +23+ 1) +BX* + B2+ CXC+ Cx + DX* + Ex =X+ x + 1,
(L+BX'+Cx®+(2+B+D)X*+(C+ExXx+1=x3+x+1.
ThenB=-1,C=1,2+B+D=1+D=0,D=-1,C+E=1+E=1,E=0.

Hence,
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[—va i L X
x(x? +1)° X x+1 X +1 (x> +1)?

:In|x|——|n(x2+1)+arctanx+ ——+C
2 2(x°+1)

8 7.5. TECHNIQUES OF INTEGRATION

Typical type of questions:

i | @dx. Solved by substitution u = In x.

(i) I x“f (x)dx, where f (x) = In x or arctan x. Use integration by parts. Let
u=f(x)and v =x".

Examples

Jinx

75.1. j

Letu=Inx. Thenu'= 1, and
X

j \/I)r:_de:I \/I)r:_xxdu:j \/adu:gue”2

+C :E(In x)¥?+C .
3
7.5.2. J. xarctan xdx .

Use integration by parts. Letu =arctanx, v'=x. Thenu'= 2

1+X

I xarctan xdx = —arctan X — —J'
2

1+ x°

2
dx :X—arctanx—lj 1- 1 dx
1+ x° 2 2

X 1
=?arctanx—5(x—arctan x)+C.

The following examples use a combination of different methods:

> andvzlx )
2

Fall 2019
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7.5.3. J sec xdx .

First, J.secxdx j —dx Letu=sinx. Thenu'=cos x, and
COS X
L g du= L au.
COS X cos? X 1-u
Use partial fraction, 1 2:3( 1 + 1 j Hence,
1-u 2\1-u 1+u
j———d T R BT el G IR YOS
1+u 2 1—u 2 1-sinx

1+sinX

1-sinx
simplified further. Multiply both top and bottom by 1 + sin x. We have

1, (1+sinx 1+sinx _ (1+sm X)? |1+sm X|
=In - =In =In —In|secx+tanx|.
2 \1l-sinx 1-sinx cos’ X COS X

Hence, J. secxdx =In|secx+tanx|+C.

Because

is non-negative, we don't need the absolute-value sign. This result can be

(This question can also be solved by a trickier, but easier, method. See textbook p.483).

716 2
75.4. '[O tan“ xsec xdx .

6 6 sin? x

I tan xsecxdx:j dx. Useu=sinx, u" =cosXx. Then

0 cos® x

xl 16 5in% X =16 Sin’ X 2 y? .

J' tan® xsec xdx = J' dx:f Z :I ——=du. This integral can be solved
0 cos® x 0 cos” X ° (1-u9)

by partial fraction:

2
J-1/2 uzzduzl _J~1/2 1 du_r/z 1 u+J-1/2 1 2dU+J.l/2 1 Zdu
0 (1—u) 4{ 0 1-u 0 1+u 0 (1-u) 0 (1+u)

1/2
1Ly, 1 =l(m1+2_§)=1_1m3.
+ +
|1u|1u1u 4\ 3 3) 3 4
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8 7.7. APPROXIMATE INTEGRATION

Since the definite integral is defined as the limit of a sequence of Riemann sums, we can use a

Riemann sum as an approximation of the definite integral Lb f (x)dx.

Leth= b;na,andxi:aﬂh,izo, 1,2,...,n.

If Xi* =Xxi—1, 1 =1, 2, ..., n, we have the left sum

L(n) =h (f (xo) +f (x2) + ... +f (Xn-1)).

If xi* =x, 1=1, ..., n, we have the right sum

R(N) =h (f (xo) +f (x2) + ... +f(Xn)).

If f (X) is increasing on [a, b], then the right sum gives an overestimate, and the left sum gives an
underestimate. If f (x) is decreasing on [a, b], then the right sum gives an underestimate, and the

left sum gives an overestimate.

We may also take the average of the left sum and the right sum as a (probably) better
approximation. This is called the trapezoidal rule:

T(n) = % (L(n) + R(n)) = % h (F (xo) + 2f (x2) + 2f (X0) + ... + 2 (Xaa) +  (Xa).

In an interval [x;-1, Xi], the trapezoidal rule uses the area of a trapezoid with the secant line
joining points (xi-1, f (x;—1)) and (x;, f (x;)) as the top side (trapezoid ABCD) as shown in the
following figure:

C C
f(x)
pfF T D
A B . A B -
Xi-1 X; > X Xi1 X; — X
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From this figure, we can see that the trapezoidal rule gives an overestimate when f (x) is concave
up in the interval of integration, and it gives an underestimate when f (x) is concave down in the
interval of integration

If we take the midpoint of each subinterval [Xi-1, Xi], Xi* = %(xi_l + Xj), then we have the

midpoint rule:
M(n) = h (f (xa*) + f (x2*) + ... +(X*)).

In an interval [xi-1, Xi], the midpoint rule uses the area of the rectangle of height f (xi*) (rectangle
ABCD) to approximate the area under the graph of f (x), the area of this rectangle equals the area
of the trapezoid with the tangent line of f (x) at x = x;* as the top side (trapezoid ABEF) as shown
in the following figure:

f(x) E / E
D C D C
F F
f(x)
A B . A B R
Xi-1 X% X > X Xi-1 Xi* X > X

From this figure, we can see that the midpoint Rule gives an underestimate when f (x) is concave
up in the interval of integration, and it gives an overestimate when f (x) is concave down in the
interval of integration.

b
There is another more accurate formula to approximate a definite integral L f (x)dx, called the

Simpson's rule. Let n =2m be an even number, and let h = E. Use mesh points Xo = a, x; =a
n

+h,x;=a+2h, ..., x, =a+ nh =D to subdivide the interval of integration [a, b] into n
subintervals. The Simpson's rule uses the sum

s(n) = %(T(m) + 2M(m))

= %(f(xo) +4F(x)+2F(X,) +... +4T(X, ) +2F(X,,) +... +4 (X, ) + F(X.))

to be an approximation of definite integral _[: f(x)dx.
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Example 7.1.1. Suppose we want to estimate Izidx withn=6. Thenh = 4_g2 = %
X
Themeshpointsarex():Z,xlz2+l=Z,x2:2+z=§,x3:2+§=3,x4:2+ﬂ=E X5 =
3 3 3 3 3 3 3,
2—|—§=E_,X6:2+§=4-
3 3 3
Hence,
R(6):1 i+i+i+i+i+i ~ 0.65321
3LX, X, X3 X, X5 Xg

o= L[ Lyl L 1 ) 073654
3 XO Xl X2 X3 X4 X5

o=, 2,2,2,2,2 1) (5ogg
6LX, X, X X5 X, X5 Xg

14,242, 4, 1) 069317

S(6) =
Xo Xi X, Xy X, Xg o Xg

|-

To use the midpoint rule, we have to find x;* = %(xi_l + x),i=1,2,3,4,5,6. Then

* 1( 7] 13 1(7 8) 5 1(8 9} 17 1(9 le 19
XF=2| 24— |==, X, =2 -+ = [==, X =2 o+ = =0, XK= o+ = | ==
2 3 6 2\3 3 6 2\3 3 6 2\3 3 6

« 1(10 11) 21 1(11 12) 23
X —t—= == ==|=+=|=—

== , X *= .
* 203 3) 6% 23 3) 6

M(6):l i+ ! + L + L + 1 + 1 ~ 0.69228.
ULX* X* X * XK XK XK

When f (x) is monotonic on [a, b], | R(n) — L(n) | gives an error bound of the estimation. Since
|R(n) —L(n) |=h|f(b)-f(a)]|, wecan usef (b)—f (a) to find appropriate value of h that
guarantees to meet the error requirement.
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Example 7.1.1. (continued) Since function f (x) = 1 is increasing in interval [2, 4], if we want to
X

find an approximation of I:ldx using the left or the right sum with an error less than 1073, we
X

1/4-1/2| ]0.25]

= =250,
0.001 | |0.001]

should have h <
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CHAPTER 4. APPLICATIONS OF DERIVATIVES

84.1-4.3,4.5. USE DERIVATIVES TO STUDY PROPERTIES OF FUNCTIONS

1. Critical Numbers of a Function
The Mean Value Theorem

If f (x) is defined and continuous on [a, b], and it is differentiable in (a, b), then there exists a
f(b)-f(a)

value c in (a, b) such that f'(c) =

In other words, the tangent line at x = c is parallel to the secant line joining points (a, f (a)) and

(b, f (b)).
Roll's Theorem

Suppose f (x) is defined and continuous on a closed interval [a, b], it is differentiable in (a, b),
and f (@) =f (b). Thenthere is cin (a, b) where f'(c) = 0.

Critical Number

A value x = a is a critical number of a function y = f (x) if (i) a is in the domain of f (x), and
(i) f'(@) =0or f'(a) does not exist.

Local Maximum and Local Minimum

Let x = ¢ be a critical number of function f (x) in an interval (a, b), a<c <b. If f (x) attains a
local maximum or a local minimum at x = ¢, then ¢ must be a critical number of f (x).

On the other hand, at a critical number ¢ of function f (x), this function does not have to attain a
local maximum or a local minimum.

We may use either the first derivative test or the second derivative test to determine whether this
function attains a local maximum, or a local minimum, or neither, at a critical number x = c.

First Derivative Test:
Let ¢ be a critical number of f (x).

If there exists an interval (a, b), a<c <b, such that f '(x) <Owhena<x<c,and f'(x) >0 when
€ <X <b, then f (x) attains a local minimum at x = c.
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If there exists an interval (a, b), a <c <b, such that f '(x) >0 when a<x <c, and f '(x) <0 when
€ <X <D, then f (x) attains a local maximum at x = c.

Otherwise, this function does not attain a local maximum or local minimum at this critical
number.

Second Derivative Test:

Let ¢ be a critical number of f (x). Suppose f "(c) exists.

If f "(c) >0, then f (x) attains a local minimum at x = c.

If f "(c) <0, then f (x) attains a local maximum at x = c.

If f "(c) = 0, this method fails.

2. First Derivative Analysis

Purpose: Use the first derivative of a function f (x) to determine the intervals where this function
is increasing, and the intervals where this function is decreasing. Find the local / global
maximum / minimum of this function, if any. Find the global maximum and the global
minimum of this function in its entire domain.

Steps:

(1) Find the first derivative f '(x).

(2) Find the critical numbers.

(3) The critical numbers subdivide the domain of the function into a number of subintervals.
Take a particular value in each of these subintervals, and plug it into the first derivative of the

function to determine the sign of the first derivative in this subinterval.

(4) Use the sign of the derivative in each of these subintervals to determine the intervals where
the function is increasing or decreasing.

(5) Use the first derivative test to find the values of x where this function attains a local
maximum or a local minimum, if any.

(6) Find the values of the function on the ends of intervals of its domain, or study the behaviour
of the function when the variable approaches an open end of a domain interval, to find the global
extrema.

3. Second Derivative Analysis
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Purpose: Use the second derivative to find interval(s) where the graph of the function is concave
up or concave down, and inflection points.

Steps:
(1) Find the second derivative f "(x).

(2) Find values of x that are (a) in the domain of f (x), and (b) f "(x) = 0 or f "(x) does not exist.
(Note that, these numbers are NOT critical numbers! No name is assigned to these numbers.)

(3) The numbers found in step 2 subdivide the domain of the function into a number of
subintervals. Take a particular value in each of these subintervals, and plug it into the second
derivative of the function to determine the sign of the second derivative in this subinterval.

(4) Use the sign of the second derivative in each of these subintervals to determine the intervals
where the graph of the function is concave up or concave down.

(5) Find all inflection points, if any.

4. Graph Sketching

Using the properties obtained by the first and second derivative analysis, combined with the
information about the horizontal / vertical asymptotes, and the coordinates of some particular
points, we can sketch the graph of the function.

Examples

4.1.1. Afunctiony = f (x) defined and continuous for all x = 0 has the following properties:

<0, —3<x<0orx>0

=0, X=-3
i) f'(x .
0 (x) >0, X< -3
not defined, x=0
<0, -5<x<0
=0, X=-5
i) f"(x .
(i) (x) >0, X<-50rx>0
not defined, x=0

(iii) 1ir?Of(x):XIirpwf(x)=O;
(iv) Iiry_ f(x) =—o0, Iirp f(x)=00.
W) f5=1 f(-3)=2, f(1)=1

The domain of this function consists of two intervals (—o, 0) and (0, «).
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According to the conditions (i) and (ii), construct the following diagrams:

y' + - -
y" + — +
y . 5 T AN

Function f (x) is increasing when x < 3, and it is decreasing when —3 <x<0orx>0. The
function attains a local maximum at x =—3. By condition (iv), this function does not have the
global maximum or global minimum.

The graph of the function f (x) is concave up when x <—5 or x > 0, and it is concave down when
-5 <x<0. It has an inflection point at x = —5.

The shape of the graph in each interval looks like the following:

0

NN

Condition (iii) tells us that x = 0 is a vertical asymptote, and condition (iv) tells us thaty =0 is a
horizontal asymptote. By the particular values given in condition (v), we have three points on
the graph: (=5, 1), (=3, 2) and (1, 1). The graph of this function looks like the following:

v

& 1)

lection point HAY =0

VA X =

4.1.2. y=3x"-13%> + 15x* defined on [-1, 3].
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First derivative analysis:

y' = 12x3 — 39x% + 30x = 3x(4x? — 13x + 10).

13+169-160 13+3
8 8

5
Lety'=0. x= =—, 2.
y 4

Critical numbers: x =0, % , 2. Construct a diagram as follows:

y' - 0 + - 2 +

QL |

From the diagram, we see that y' < 0 when x <0 or %< x<2,andy'>0when0<x< % orx>2.

This function increases in intervals (0, 5 / 4) and (2, ), and it decreases in intervals (—oo, 0) and
(5/4, 2). Function y attains two local minima at x =0 and x = 2, and it attains a local maximum

atx=2.
4

y(0)=0,y(2) =4,y(5/4)=1375/256 ~ 5.4,

Since y(—1) =31, y(3) = 27. This function attains its absolution maximum y(—1) =27, and global
minimum y(0) = 0.

Second derivative analysis:

y" = 36x% — 78x + 30.

++/169 — +
Lety"=0. x= 13+169-120 :13_7 :l, §. Construct a diagram as follows:
12 12 23
1 5
y * 2 - 3 +

Yoo /77N NS

From the diagram, we see that y" < 0 when % <x< % and y" > 0 when x < % or x > §
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The graph of this function y has inflection points at x = % and x = % y[%j = i’—; =23,y

(2) = % ~ 4.6, The graph of this function is concave up in intervals (—oo, 1 / 2) and (5 / 3, =),
and it is concave down in interval (1/2,5/ 3). It has inflection pointsatx=1/2,andx =5/ 3.
Asymptotes: No asymptotes.

Putting together: Construct the following diagram, and we know the shape of the graph in each
of the subintervals:

0 2

Find some particular values of this function:

1) 37 5) 1375 5) 125
~1)=31,y(0)=0,y| = |=2= x23,y| = |=="" ~54,y| = |==== ~ 4.6, y(2) = 4,
y(-1) y(0) y(z) 16 y(LJ 256 y(gj T y(2)
y(3) = 27.

ebo| —
Q|
ol | h

The graph of this function looks like the following:

LAY
— > X
413. f(x)= ox . The domain of this function is (-0, 1) and (1, «).
(x-1)°

First derivative analysis:

. B(x+1)
T
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Lety'=0. Then x=—1. This function has a unique critical number x = —1. Construct the
following diagram:

yooN. 7 TN

This function increases in interval (—1, 1) and it decreases in intervals (—oo, —1) and (1, ). It

attains a local minimum at x=—1, y(-1)= —g .

When x approaches 1* or 17, y approaches infinity, this function does not have a global
maximum. When x approaches infinity or negative infinity, y approaches 0. Hence, the local
minimum is the global minimum.

Second derivative analysis:

"= % . Lety" =0. x=-2. Construct the following diagram:
yn _ + +

The graph of this function is concave up in (—1, 2), and (1, =), and it is concave down in
(-0, —=2). It has an inflection point at X = =2, y(-2) =—4/ 3.

Asymptotes: Since lim f(x)=1im f(x) =0,y =0 is a horizontal asymptote. Since

lim f (x) =lim f(x) =0, x = 1 is a vertical asymptote.
x—1" x—1*

Putting together: Construct the following diagram to determine the shape of the graph in each
subinterval:

\ -2 \'1 / 1 \
Find some particular values of this function:

X -2 -1 0 3 7
y -41/3 -3/2 0 9/2 7/6
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The graph of this function looks like the following:

Y
Y \
(3,972
_I_ -
27 x=1
(7,716)
1 -
-8 -6 2 4 6 "2 X
4.1.4. y=x%"
This function is defined for all real numbers.
First derivative analysis:
y' = 2xe* + x%e* = x(2 + x)e”.
Lety' = 0. Then we have critical numbers x = 0 and x = —2.
Construct the following diagram:
y' * - *

. —e
—2 0
This function increases in intervals (—oo, —2) and (0, ), and it decreases in interval (=2, 0). It
attains a local maximum at x = -2, y(-2) = 4e %~ 0.54, and a local minimum at x = 0, y(0) = 0.
When x approaches infinity, this function approaches infinity. This function does not have a
global maximum. Sincey > 0 for all x, the local minimum y(0) = 0 is the global minimum.
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Second derivative analysis:

y' = (2 + 2x)e + (2x + xXA)e* = (2 + 4x + xP)e*.

Lety"=0. Wehavex=x; =-2+ V2~ —0.59, X=X = -2 — J2 ~—3.41. Construct the
following diagram:
yll —
4'

NN N

The graph of this function is concave up in (—, X»), and (X1, «), and it is concave down in
(X2, X1). It has inflection points at x = x; and X = Xz, Y(x1) = 0.19, and y(x,) ~ 0.38.

Asymptotes: Since lim y =0,y =0 is a horizontal asymptote. It does not have a vertical
X—>—00

asymptote.
Putting together: Construct the following diagram to determine the shape of the graph in each

subinterval:

RIS

Find some particular values of this function:

X X ~3.41 -2 X1 ~0.59 0
y ~0.19 ~ 0.54 ~ 0.38 0
The graph of this function looks like the following:
Y A
1.8
1 B
1.4
1.2
1
0.8
0.5
0.4
0.
5 4 3 2 1 - > X
K 0.2
-0.4
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1/5
X

X+1

4.15. y=

This function is defined for all x = —1.
First derivative analysis:

y = 1-4x
5x*®(x+1)%

Lety'=0. Thenx =1/4. The derivative y' does not exist when x =0 or x=—1. Since X =—1 is
not in the domain of this function, this function has two critical numbers x =1/4, and x=—1.

Construct the following diagram:

y /v -1 /v 8/174 \

From this diagram, we see thaty' >0 whenx<-1,-1<x<0,0r0<x<1/4;y <0whenx>
1 /4. This function increases in intervals (—oo, —1), (-1, 0), and (0, 1 / 4), and it decreases in
interval (1 /4, ). It attains a local maximum at x=1/4. y(1/4) = 0.61. Since y" approaches
infinity when x approaches 0, y has a vertical tangent line at x = 0.

Second derivative analysis:

_ 2(18x° -9x-2)
25x°°(x+1)°*

Lety"=0.x=2/3,—-1/6. The second derivative y" does not exist when x =—1, and x = 0.
Construct the following diagram:

y" - +

N TR

The graph of this function is concave up in intervals (—oo, —1), (=1 /6, 0), and (2 / 3, ). Itis
concave down in intervals (—1, —1 / 6) and (0, 2 / 3). It has inflection points at x=—1/6, X =0,
andx=2/3. y(-1/6)~—-0.84,y(0) =0, y(2/3) ~ 0.55.

Asymptotes:
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Since lim y=Ilimy=0,y=0is a horizontal asymptote. Since Iin}y:oo, Iirr;y:—oo,x:—l

X—>—0

is a vertical asymptote.

The graph of this function looks like the following:
AY

" (0.25,0.61)

T o
(0.67, 0.55)

I+ J

1

1]

§84.4., INDETERMINATE FORMS AND L'HOPITAL'S RULES

An indeterminate form is a limit Iimm , Where limf (x) =0 and lim g(x) = 0, symbolically

x->a (X) x—a X

called a % form, or limf (x) = +oo and lim g(x) = o0, symbolically called an “ form.
x—a x—a 0

lim f '(x)
L'Hopital's Rule: If IimM is an indeterminate, then lim 1o _ 28—
=2 g(x) =2 g(x)  limg'(x)

1. Use the Rule Directly

Examples

. Xsinx . SINX+XCOSX ,. COSX+COSX—XSinX
42.1. lim =lim——————=Iim =
x>0]1—Ccosx x>0 sin X x>0 COS X

2.

. _X=sinx . 1-cosx ,. sinx ,. cosx 1
4.2.2. lim———=Iim —=lim—=lim—==.
x—0 X x>0 3X x=0 BX x>0 6 6
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. Xsinx . SINX+XCOSX ,. COSX+COSX—XSinxX
4.2.3. lim =lim—————— =1Iim =2.

x>0]1—COSX *x-0 sin x x—0 COS X

k
4.2.4. Consider the limit Ilm , Where k is any real number. If k <0, this limit is obviously

X—00 e
0 Xk k-1
zero. Ifk>0, thisisan — form. Use L'Hopital's rule lim— =lim
o0 X—o @ X—oo @
k

. . X
exponent of x becomes non-positive. Then lim—- =0 for all real number k.

X—>00 e

repeatedly until the

4.2.5. Consider the limit lim—— Inx ,where k>0. Thenitisan % form. Using L'Hopital's rule,
X—>00 X (e8]

In x 1/x 1

we have lim—-=Ilim T =lim—-=0.
x>0 X X—>00 kX x—0 kKX

2. Product

The limit lim f(x)g(x), where lim f(x) =0and limg(x) = o, is, symbolically, a 0 x oo form.

To find this limit, write Iim f(x)g(x) =1lim f(x) to convert it to a 9 form, or write
x>a1/g(x) 0
I|m f(x)g(x)_llm 9(x) to convert it to an > form.
—al/ f(x) ©

Examples

4.2.6. Consider 0 x oo form lim (7 —X) tang.

lim (7 — x) tan )2( = I|m+7r—_))((= Iirn+1_—1= "m+25in2(§j:2
x—or* X—>7 cot| X X7 _ 1 esc? l X7 2
2 2 2

4.2.7. Consider 0 x oo form lim x*Inx, where k > 0.

x—0"

In x 1/x ] 1 1.
lim x* Inx_Ilm—k_I ———=Ilim —=——limx* =0.
x—0" x—0" X~ T

x—0" —kX x—0" —kX~ k x—ot

3. Difference
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The limit lim(f (x) —g(x)), where lim f (x) = and limg(x)= o, is, symbolically, an o — oo

form. To find the limit, we may first convert the difference into a quotient, then use L'Hopital's
rule.

Examples
. 1 1
428. lim| —-=1.
x>0\ sinx X
. 1 1 . X=sinx . 1-cosx . sin X
lim| ——-=|=lim—— =lim————=1[im —=0.
-0 sinX X /) *»0 XSINX  *»0SiNX+ XCOSX *0COSX + COS X — XSin X

4.29. lim (ztanx—2xsecx).

x—(712)*

. . rsinx  2X . SN X —2X . 7TCOSX —2
lim (ztanx—2xsecx)= lim - = lim —/—/= |lim ———=2.
x—(z/2)" x>(z/2)"\_ COSX COSX ) x>(z/2)'  COSX x—>(z/2)"  —sin X
4, Power

The limit lim f (x)**, where lim f (x) = o and limg(x) = 0 (the «° form), or lim f (x) = 1 and

limg(x) = oo (the 1” form). To find the limit, we take the logarithm of the function and find the

limit limIn f(x)°® =lim g(x)In( f (x)) = L (if it exists) by L'Hopital's rule, then lim f (x)*® = e".

X—a X

Examples

X—0 X

4.2.10. Iim(1+§j .

This is a 1” form. Take the logarithm: In(1+ gj = xln(1+ E) . Use the L'Hopital's rule:

X X
a In(1+aj (_ azj/(Haj a
Iimxln(1+—jzlim XogimrA XA X jim 2 —a.
X—>00 X X—>00 1/ x X—>00 -1/ x X—0 1+ E

X—0

Then Iim(1+§j =e?,

103



MAT1320 Notes Chapter 4 Fall 2019

4.2.11. lim(2 - x)®=/2)

x—1"

This is a 1” form. In (2 — X)) = tan 22 > XIn 2-x).

lim In(2 — x)*"='2 = Ilmtan( )In(Z X) = lim 12 =X _ i, _—1/2=%)
ot oL 2 x—-1 TX x=>1" T X
cot| —- ——sin”
(ZJ 2 (2)
, X
smz(”j
_2lim—\2)_2
T x> 2—X T
Then lim(2 — x)™™/2 = g?/7
x—1"
4.2.12. lim(e* + x*)"*.
X 2
This is a oo form. In (" + x%)"* = In(e"+x7)
X
X 2 X X 2 X x
fimNE XD _ i G720/ +XT) _ € 42Xy Ie2xe "
X X X 1 xoe @ 4 X5 xon 4 X

Then lim(e” + x Y=g

84.7. OPTIMIZATION PROBLEMS

An optimization problem is to find the global maximum or minimum of a function.
Steps to solve an applied optimization problem:
(i) Identify the quantity to be optimized. If not given, define a symbol to represent this quantity.

(if) Express this quantity as a function of one or more variables. If not given, define a symbol to
represent each of the variables.

(iii) If the number of variables is more than one, use conditions given in the question to
eliminate extra variables so that the function, called the objective function, is a one-variable
function.
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(iv) Find the domain of the objective function. Note that, the domain is determined by the
question, which is usually NOT the natural domain.

(v) Use calculus to find the global maximum of the objective function.
Examples

4.3.1. An open box is made by cutting four square corners of a square cardboard of dimensions
3 by 3 meters. Find the size of the square corners to be cut to maximize the volume of the box.

Let x be the side length of the corner squares. Then the volume of the box is

V= (38— 2x)% = 9x — 12x% + 4x°,

The domain of this functionis 0 < x <

N w

8+464-48 8

LetV'=9—24x+12x° =0, i.e., 3—-8x+4x*=0. Thenx = . _8+4

£4 31
8 2'2°

By the first derivative test, V attains a local maximum at x = % .V (%) = 2. Since V(0)

=V G) =0, this local maximum is also a global maximum.

4.3.2. A farmer wants to use fence to enclose a rectangular region of area 800m? against a wall.
Find the dimensions of the region that minimizes the total length of fence.

Let x be the length of the side parallel to the wall and y be the length of the side perpendicular to
the wall. Then the total length of fence is L = x + 2y. Since the area of the region is A = xy = 800,

= 800 and L = @+ 2y . The domain of this functionis 0 <y <o,

y y

X

LetL'= —@+ 2=0. Theny® =400,y =20, and x = 40. By the first derivative test, we see
y

that function L attains a local minimum at x = 40. Since L approaches 0 when y approaches 0 or
infinity, this local minimum is also a global minimum.

4.3.3. A company wants to make a can of the shape of a cylinder. The material to make the top
and the bottom costs 0.004 cent per cm?, and the material to make the lateral surface costs 0.03

cent per cm?. The total cost the company to spend for each can is 6z cents. Find the radius and
the height of the can that maximize the capacity.

Let R be the radius and let H be the height of the can. Then the capacity of the can is V = zR°H.
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The area of the top and the bottom is A; = 22R?, and the area of the lateral surface is A; = 22RH.
The total cost of the can is C = 0.04A; + 0.03A; = 0.08zR? + 0.06zRH = 67. Hence, 0.08r” +
0.06RH = 6. Solve this equation for H.

2
. _6-008R*
0.06R
_ 2
Thenv = 2 =0087R" 1 00,r 2 4R0.
0.06 3

_ 2
SinceR>0,and H = %> 0,i.e.,0.08R><6,0rR < /% = «/ﬁ = 5J§, the domain of

the objective function is0 <R < 5\/5.

LetV'=1007—47R%>=0. R= @=@:5cm. Then H=8-008x25_ 4 _40 .,
4 0.06x5 03 3

cm.

Since V' > 0 when R <5, and V' < 0 when R > 5, function V(R) attains a local maximum at R = 5.
Since IRirr(!V(R) = RIirt;nﬁv (R) =0, this local maximum is a global maximum.

4.3.4. Find the point on the curve y? = 2x that is closest to the point (1, 4).
Let this point be P = (X, y).

The distance between P and (1, 4) is

d=(x-1)2+(y—4)*.

Since x = y*/ 2,

d= \/[y?— j +(y-4)>.

To simplify out calculation, instead of finding the minimum value of d, we find the optimal value
of

2
D_d2_ y2 +( 42_y4 2 1 2 8 _y4
=d5= 5 y—4) _T—y +1+y°— y+16_7—8y+l7.

The domain of this function D(y) is —oo <y < o0,
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2

LetD'=y*—~8=0. Theny=2,and x = y7: 2. At this point, D(2, 2) =5.

Since D'<0wheny<2,and D' >0 wheny > 2, function D(y) attains a local minimum aty = 2.

Since lim D(y) =Ilim D(y) = o, this local minimum is a global minimum.
y—>—0 y—x©

The shortest distance from (2, 2) to the parabola y*> - 2x = 0 is d = J5.

4.3.5. Aright circular cylinder is inscribed in a cone with height h and base radius r. Find the
maximum volume of the cylinder.

Let x be the radius of the cylinder, and let y be the height of the cylinder. Let V be the volume of
the cylinder.

A vertical cross section from the top of the cone is shown in the following figure:

h
y

X T

. o - . y h _h
The volume of the cylinder is V = zx°y. By similar triangles, —— =—. Hence,y = —(r—x),

r-x r r
2 r_X ”h 2 3 - - - -

and V = zhx® —— =—(rx" —x°) . The domain of this function V(x) isO <x <.

r
Let V' = ﬂ—h(er—3x2):0. Then x = gr,y: 1h, and V = - 217,

r 3 3 27

Since V' > 0 when x < % r,and V' < 0 when x > % r, V(x) attains a local maximum at x = % r.

Since V(0) = V(r) = 0, this local maximum is also a global maximum,

4.3.6. A rectangular poster is of area 6912 cm®. Side margins are 8 cm and the top and bottom
margins are 6 cm. Find the dimensions of the poster that give the maximum printing area.

Solution. Let h be the height and let w be the width of the poster. Then the printing area of the
poster is A = (h—12)(w — 16).
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Since wh = 6912, A = hw — 16h — 12w + 192 = 6912 — 16h — 12w + 192 = 7104 — 166912
w
. 6912 — -
12w, w > 16. Since h=——2>12, w <576. Therefore, the objective function is
W
A=7104 — w— 12w, 16 <w < 576.
w
LetA'= w—lz = 0. We have w? = %: 9216. Thenw=96,h=72,and A =
W

4800 cm?. Since A" > 0 when w < 96, and A" < 0 when w > 96, function A(w) attains a local
maximum at w = 96. Since A(16) = A(576) = 0 this local maximum is a global maximum.

84.8. NEWTON'S METHOD

Newton's method is used to find a root of an equation f (x) = 0, using an initial approximation of
the root.

By the linearization of the function y = f (X) near a point Xo, when X is close to X,

f (X) = f'(Xo)(X — Xo) + f (Xo). Suppose x* is a root of the equation f (x) =0, i.e., f(x*) =0, and Xo
IS an approximation of x*. Substituting x* for x in the linearization, f '(xo)(x* — xo) + f (Xo) = 0.

f (%)
(%)

Hence, x* = X; = Xg — . Then x; is a better approximation of x*.

This formula can also be illustrated by the following figure:

f (%)

v

x* X1 Xo

Since f '(xo) Is the slope of the tangent line at xo, we see that the distance between xo and x; is
F (%)
(%)

equation. The procedure can stop when (a) a number of iteration has been performed, or (b) f (x,)

is small enough, or (C) | X,— Xn-1 | is small enough.

. Repeatedly using this method, we can find an accurate approximation of a root of this

Examples
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4.4.1. Find an approximation of J2 accurate up to the second place after the decimal point.

This question is equivalent to find a root of the equation xX* = 2. Then f (x) = x* — 2, and f (x) =
2X.

L . Xx2-2
The iteration formula is Xn+1 = Xn — ”2 .
Xn
Let Xo = 2. Then
2 —_—
X1 = 2—2 2 =1.5;
2x2
2 J—
Xo=15- 15 -2 ~ 1.41667;
x1.5
2 J—
X3 = 1.41667 _141667" -2 ~ 1.41422.
2x1.41667

Since the second place after the decimal point in X, and X3 are the same. Stop at xs.

4.4.2. Find a root of the equation 4In x = x + 1, with X, = 2 by Euler's method. Stop when the
difference between two consecutive approximations is less than 0.001.

We have f (x) = 4In x —x -1, and f '(x) :i—l. The iteration formula is
X
o = o — 4Inx, —x, —1
T T x -1
Xo = 2.
xo=2-2N2=2-1 5 o074
0.25x2-1

X, = 2.2741— 4In2.2741-2.2741-1 ~ 2.2576:

0.25x2.2741-1

Xs = 2.5763— 4In2.5763-2.5763 -1 ~ 22581

0.25x2.5763-1

Since | X3 — X2 | ~# 0.0005 < 0.001. Let x3 be the approximation.

4.4.3. Use Euler's method to find an approximation of a root of the equation x> —x + 1 =0
starting with xo = —1. Stop when the value of f (x) = x> — x + 1 < 0.0001.
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3
X" =X, +1

The iteration formula Is Xn+1 = Xn— >
3x," -1

Xo=-1,f(Xo) =1;

— 3 p— —_—
g =1- (2 Dl 5.8 (x) = ~0.875:
3(—1)2-1
— 3 — pa—
xp = 1.5 — 1) =( 21'5) L 13478, F (xp) = ~0.1001;
3(-1.5)2 -1
a— 3 — p—
xo=—1.3478 — 13478 ~CL3AT®) +1 ) 3555 £ (%) =~0.00206;
3(-1.3478)2 -1
p— 3 p— p—
xs= 13250 — (13292 —(FL1.3252)+1 ) 15 ¢ () = ~0.00008.

3(-1.3252)° -1

We have a very accurate root x = 1.3247 of this equation.
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