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CHAPTER 1. FUNCTIONS AND MODELS

81.1. FOURWAYS TO REPRESENT A FUNCTION

1. Definition of Functions

A function is defined by three parts: A domain D, which is a subset of real numbers usually
consisting of one or more intervals, a range R, which is also a subset of real numbers usually
consisting of one or more intervals, and a relation f that assigns a unique number in R to each
number in D, and every number in R is assigned to at least one number in D. If a function f has
domain D and range R, we also say f is a function from D to R.

If we use x to represent an arbitrary value in D, and use y to denote the value in R that is assigned
to x, then we write y = f (x), where x is called the independent variable, and y is called the
dependent variable.

If y =1 (x), we call y the image of x, and x a pre-image of y. Then, according to the definition of
the function, every x in D has a unique image in R, but a value y in R may have one or more pre-
images in D.

In many cases, a function is defined by an expression or a number of expressions. The natural
domain of a function is the set of all values of x such that the expression(s) is defined. If the
domain is not otherwise specified, the "domain™ of a function means the "natural domain".

Examples
1.1.1. h=65+12t—-5t*, 0 <t<86.
The independent variable is t, and the dependent variable is h. The domain of this function is

specified to be the set of real numbers in interval [0, 6], although the natural domain of this
function is the set of all real numbers.

V4 - x?

X2+ X

112, y=

Since we must have x? + x = 0, and 4 — x* > 0, the (natural) domain of this function consists of
three intervals [-2, —1), (—1, 0), and (0, 2].
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2. Graphs of Equations and Functions

Let F(x, y) = G(x, y) be an equation of two variables x and y. A pair of values (Xo, Yo) Is @
solution to this equation if F(Xo, Yo) = G(Xo, Yo). With the Cartesian coordinate system on a plane,
every solution (Xo, Yo) of this equation corresponds to a point on the plane. The points of all
solutions to this equation usually form a curve, called the graph of the equation. For example,
we know that the graph of the equation x* + y* = 1 is the unit circle.

If a function y = f (x) is given, every pair of x and y = f (x) corresponds to a point (X, y) on the
plane. All these points usually form a curve, called the graph of the function.

A curve is the graph of a function if every vertical line intersects the curve at at most one point.
This is called the vertical line test.

Intersection of the Graphs of Two Functions

The intersections of the graphs of two functions y = f (x) and y = g(x) can be found by solving the
equation f (x) = g(x).

The x coordinates of intersections of the graph of y = f (x) and the x-axis are x-intercepts, and the
y coordinate of the intersection of the graph of y = f (x) and the y-axis is the y-intercept. A
function may have any number of x-intercepts, but exactly one y-intercept if x = 0 is in the
domain of this function, or no y-intercept if x = 0 is not in the domain of this function. The x-
intercepts are found by solving the equation f (x) = 0, and the y-intercept is yo = f (0).

3. Properties of Functions

Let y = f (x) be a function defined in an interval (a, b).
Monotonicity

If, in interval (a, b), x1 > xo implies f (x1) > f (x2), i.e., a bigger x corresponds to a bigger y, and a
smaller x corresponds to a smaller y, then f (x) is increasing in (a, b). If, in (a, b), x; > X, implies
f (x1) <f(xp), i.e., a bigger x corresponds to a smaller y, and a smaller x corresponds to a biggery,
then f (x) is decreasing in (a, b).

Local and Global Extrema

If there exists an interval (a, b) in the domain of a function y = f (x) and a < xo < b such that f (xo)
> f (x) for every value x in (a, b), then this function attains a local maximum f (xo) (also called a
relative maximum) at x = Xxo; if f (xo) < f (X) for every value x in (a, b), then this function attains a
local minimum f (xo) (also called a relative minimum) at x = X.

If, for every x in the domain of this function f (xo) > f (x), then this function attains a global
maximum f (Xo) (also called an absolute maximum) at x = xo. If, for every x in the domain of this

2
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function f (xo) < f (x), then this function attains an global minimum f (xo) (also called an absolute
minimum) at X = Xo.

Concavity and Inflection Points

If, in an interval (a, b), this function increases faster and faster, or decreases slower and slower,
we say that (the graph of) this function is concave up in (a, b). If, in (a, b), this function
increases slower and slower, or decreases faster and faster, we say that (the graph of) this
function is concave down in (a, b). The graph is concave up if it looks like a part of a cup. The
graph is concave down if it looks like a part of a cap.

If interval (a, b) is in the domain of a function f (x), and a < xo < b, such that the graph of f (x) is
concave up when a < x < Xg and it is concave down when Xy < X < b, or the graph of f (x) is
concave down when a < x < Xg and it is concave up when xo < X < b, then we say that f (x) has an
inflection point (o, f (Xo)) at X = Xo.

With different monotonicity and different concavity, the shapes of the graph of a function are
summarized in the following table:

increasing decreasing

concave up

N

Even/odd Functions and Their Graphs

If a function y = f () satisfies the property f (—x) = f (x), then f (x) is an even function; if f (—x) =
—f (x), then it is an odd function. For example, y = X" is an even function if n is an even number,
and it is an odd function if n is an odd number. Functiony = sin x is an odd function, and
function y = cos x is an even function.

The graph of an even function is symmetric with respect to the y-axis; the graph of an odd
function is symmetric with respect to the origin.

81.2. MATHEMATICAL MODELS - A CATALOG OF FUNCTIONS

1. Linear Functions
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Linear Functions and Their Graphs
A linear function has the form y = mx + b, where m and b are constants.

Let x; and x, be two different values of x. Then y(x1) = mx; + b, and y(xz) = mx, + b. The rate of

y(Xz) — y(Xl) — (mx2 + b) — (mxl + b)
X, =% X, =%

linear function. The rate of change of a linear function is a constant, i.e., independent of x.

change of this function =m is called the slope of this
The x-intercept of y = mx + b is xo =—b / m, and its y-intercept is b.
The graph of a linear function is a straight line, but not all straight lines are graphs of functions.

The equation of a straight line is a linear equation of the form ax + by = c¢. If b # 0, this equation
can be written as a functiony = _a X +%. The slope of this function is m = —%. If b =0, the

equation has the form ax = b. The graph of this equation is a vertical line, which is not the graph
of a function.

Lines with different signs of the slope and the intercept are illustrated in the following figure:

AY
m>0,b>0
m<0,b<0
m>0,b<0
0 > X
m<0,b>0

Two lines with slopes m; and m,, respectively, are parallel if m; = m,.

Two lines with slopes m; and my, respectively, are perpendicular if mym, =—1.

Finding the Equation of a Line

The equation of a line with slope m passing through a point (X, yo) has the formy = mx + b.

Then yo = mxo + b, b =yo— mxo. The equation of the line isy = mx — mxg + yo or
y =m(X —Xo) + Yo. This is called the slope-point form of the equation of a line.
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If (x1, y1) and (xy, y2) are two different points on the graph of a linear function, then x; # x», the

slope of this line ism = u, and the equation of this lineis y = u(x— X,)+Yy,. Thisis

X, =% X, =%
called the two-point form of the equation of a line.

Examples
1.2.1. Find the equation of a line passing through two points (-5, 4) and (4, -2).

The slope m = —2-4 __ 2
4-(5 3

The equation of the line has the formy = —% x + b. Use the coordinates of a point:

4:—g x (=5) + b. b:4—E:g. Theequationisy:—gx+ g,or3y2—2x+2,0r
3 3 3 3 3

2x + 3y = 2.

1.2.2. Find the equations of two lines going through a point (2, —4) parallel and perpendicular,
respectively, to the line L with equation x + 2y = 5.

The slope of Lism = —% . The equation of the line parallel to this line has the form

y= —%X +b. Since -4 =—-1+Db, b=-3. The equation of the line parallel to L isy = —% X—3,

or X + 2y =—6.

The slope of the line perpendicular to L is —% = —% = 2. The equation of this line has the

formy=2x+b. Then —4=4+b. b=-8. The equation of the line perpendicular to L is
y=2x—-8,0r2x—-y=8.

2. Quadratic Functions
Quadratic Polynomial, Roots, and Factorization

The general form of a quadratic polynomial is ax* + bx + ¢, a # 0.

The roots of the quadratic equation ax? + bx + ¢ = 0 can be found by the quadratic formula:

_ —b++b®-4ac

2a

X
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Let D = b® — 4ac.

, and

~b++/D -b-+JD
22 T 2

If D > 0, this quadratic equation has two real roots x, = 5
a

ax® + bx + ¢ = a(x — X1) (X — X2).

: : . -b .
If D =0, this quadratic equation has only one root X, = 2a (we also say two identical roots
a

X1 = Xp = ;—Z), and ax? + bx + ¢ = a(x — Xo)>.

If D <0, this quadratic equation does not have (real) roots. It cannot be factorized into a product
of two linear factors with real coefficients. In this case, it is said to be irreducible.

Examples

1.2.3. Q(x) = 3x* — 4x — 4.

Let Q(x) =0. The roots of this equation are x =2, —% .

QW) = 3(x—2)(x+§j ~ (x—2)(3x + 2).

Quadratic Functions and Their Graphs

The graph of a quadratic function y = ax? + bx + ¢ is a parabola. If a > 0, the parabola opens

upwards; if a < 0, the parabola opens downwards. The vertex of the parabola is at (o, Yo), where

oD 4ac b’
A

y-intercept is c.

. The x-intercepts are the roots of the equation ax? + bx + ¢ = 0, and the

The following figure illustrates some typical cases of a parabola:
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a>0\D<0,c>0,x<0 4Y

a>0,D=0,c>0,%x<0

a<0,0D>0,¢>0,%x>0

\
/—\<ODOC<O,XO>O

a<0,D<0,0x0,%x>0

a>0,D>0,c<0,%x<0

U

3. Power Functions

Power functions have the form y = x¥, k = 0. The following are the graphs of some typical cases
of power functions:

.
1
R
B — 12
; y =X
N e 03 1 15
05 1
4
3 3 — 12
E y = X
v 2 v o2
1
1
I 3 . ‘
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4. Polynomial Functions

Polynomial Functions

Function y = ¢ X" + CpaX™ L + ... + c1X + Co, @y # 0, is @ polynomial function of degree n. The
term c,x" is called the leading term, and c, is the leading coefficient.

The natural domain of a polynomial function is the set of all real numbers.

The y-intercept of this polynomial function is y(0) = co. The x-intercepts are the roots of the
equation P(x) = 0, which are also called the zeros of the polynomial P(x). A polynomial of
degree n may have at most n x-intercepts.

5. Rational Functions

M (x)

Rational functions have the form f (x) = m , Where M(x) and N(x) are polynomials. Itisa

proper rational function if the degree of M(x) is less than the degree of N(x). Otherwise, itis an

M (x)

improper rational function. Ify = is an improper rational function, using long division to

divide M(x) by N(x), we have M(x) = N(X)Q(X) + R(x), where Q(X) is the quotient and R(X) is the

remainder. Then M(x) =Q(X) +ﬂ , Where R() is a proper rational function.
N (x) N (x) N (x)
. . . M (x) .
The natural domain of a rational function f (x) = N0 is the set of all real numbers except the

zeros of the polynomial N(x). If M (Xo) = 0 but N(xo) # 0, then f (xo) = 0, and X is an x-intercept.
Remainder Theorem: P(a) is the remainder of dividing P(x) by x — a.
In other words, P(x) = (x —a)Q(x) + P(a), where Q(x) is the quotient of P(x) divided by (x — a).

Corollary: If P(a) =0, then x — a is a factor of P(x).
6. Algebraic Functions

A function that involves arithmetic operations and/or roots is an algebraic function. Polynomials

and rational functions are algebraic functions. As examples of algebraic functions involving
1/3

radicals,y = Vx> +1 and y = NI are algebraic functions.
X7+
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7. Transcendental Functions

A function that is not an algebraic function is a transcendental function. Trigonometric
functions, exponential functions, and logarithmic functions are transcendental functions.

8 1.3. NEW FUNCTIONS FROM OLD FUNCTIONS

1. Transformations

Lety =f (x) be a function.
Shift Operations

y =f(x +a) is a new function called a horizontal shift of f (x). The graph of a horizontal shift
can be obtained by shifting the graph of f (x) to the left by a units if a > 0, or to the right by

| a|units if a < 0. More precisely, if (Xo, Yo) is a point on the graph of y = f (x), then

(X0 — @, Yo) is a point on the graph of y = f (x + a).

y =f (X) + b is a new function called a vertical shift of f (x). The graph of a vertical shift can be
obtained by shifting the graph of f (x) up by b units if b > 0, or down by | b | units if b < 0. More
precisely, if (Xo, Yo) is a point on the graph of y = f (x), then (o, Yo + b) is a point on the graph of
y=f(x)+h.

Stretch / Shrink Operations

Letk>1.

y=f (Ej is a new function called a horizontal stretch of f (x) by a factor k. The graph of a

horizontal stretch can be obtained by stretching the graph of f (x) horizontally by a factor k.
More precisely, if (Xo, Yo) is a point on the graph of y = f (x), then (kxo, Yo) is a point on the graph

X
ofy=f|—]|.
g (k)

y = f (kx) is a new function called a horizontal shrink of f (x) by a factor k. The graph of a
horizontal shrink can be obtained by compressing the graph of f (x) horizontally by a factor k.
More precisely, if (Xo, Yo) is a point on the graph of y = f (x), then (% yoj is a point on the

graph of y = f (kx).
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y = kf (x) is a new function called a vertical stretch of f (x) by a factor k. The graph of a vertical
stretch can be obtained by stretching the graph of f (x) vertically by a factor k. More precisely, if
(Xo, Yo) is a point on the graph of y = f (x), then (Xo, Kyo) is a point on the graph of y = kf (x).

y= %f (x) is a new function called a vertical shrink of f (x) by a factor k. The graph of a vertical

shrink can be obtained by compressing the graph of f (x) vertically by a factor k. More precisely,

if (Xo, Yo) is a point on the graph of y = f (x), then [xo, %) is a point on the graph of y = f (kx).

Reflection Operations

y = f (—x) is a new function called the horizontal reflection of f (x). The graph of a horizontal
reflection can be obtained by reflecting the graph of y = f (x) about the y-axis. More precisely, if
(Xo, Yo) is a point on the graph of y = f (x), then (=X, Yo) is a point on the graph of y = f (—X).

y =—f (x) is a new function called the vertical reflection of f (x). The graph of a vertical
reflection can be obtained by reflecting the graph of y = f (x) about the x-axis. More precisely,
if (Xo, Yo) is a point on the graph of y = f (x), then (Xo, —Yo) is a point on the graph of y = —f (x).
y = —f (—x) is a new function called the reflection of f (x) about the origin. The graph of a
reflection about the origin can be obtained by rotating the graph of y = f (x) about the origin for
an angle zradians (180 degrees). More precisely, if (Xo, Yo) is a point on the graph of y = f (x),
then (—Xo, —Yo) is a point on the graph of y = —f (—x).

The following figures illustrate the transformations:
A Y

y=f (x)

y=f (x+2)\\
\ y .
-~

y=f (x)=

10
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=2f () 1
y=f(x)  y=f(2x)
y=f (x/2)

Chapter 1

x

4

=0t

.

Y

y=(1/2)f (x)
W

_/

y=—F ()

y=f (%)

N

Example 1.3.1. Suppose the graph of a function y = f (x) is given, we can find the graph of the

Fall 2019

functiony =—f (2x + 1) — 1 by a sequence of transformation operations. Since —f (2x+1)—1=

—f EZ(H%D_L We use the sequence f (x) -> f (2x) -> f EQ(XJF%D_>_ f [2(X+%D'>

et

11
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A
Y f(2 xX+—
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2

f(2) A4
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@)

X

)
N\ (o2

2. Function Arithmetic

Let f (x) and g(x) be two functions. Then
(f+9)() =f(x) +g(x),

(f+9)(x) =f(x) +9(x),

(f=9)() = (x) —g(x),

(fa)(x) = (f () (9(x)),

(f/9)(x) =1 (x) /9(x), 9(x) = 0.
3. Composition

Let g(x) be a function from A to B, and let f (x) be a function from B to C. The function
f (g(x)) is a function from A to C, called the composition of f (x) and g(x), dented by (f - g)(x).
To make the composition (f - g)(x) explicit, we may use an intermediate variable u, and write y

=f(u)and u=g(x). Theny =1 (u) =f(g(x)) = (f - g)(x).

Examples

12
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1.3.2. f(x) =x°. g(x) = x + 1.

(o @) =f (@) = (x+1)% (g ) =g(f (x)) =x*+ L.
(Fo )00 =F(F(0) =x", (9> 9)(X) = 9(g(x)) =x +2.

1.3.3. f(x) = Vx+1.9(x) =%

(f- 9K = (90 = VXC+1, (- 1)) =g(f () = (x + 1)*2
(F- 100 =1 (F ()= VWx+1+1, (@- ) = 9(g(9) = () =

1.3.4. The following table gives some values of functions y = f (x), y = g(x), and their
compositions:

[EY
N
w
s

X

f (x)

9(x)

(fo 9)(x)
9- HKX)
(fo HKX)

@- 9

Decompose a Function into a Composition of Two Functions

NWEFELER~OWDN
W hADNMNDNDNPFPW
P P, A~ OODND
AN ORFL B~

A complex function may be decomposed into the composition of two functions. This is done, in
particular, when the last operation of finding y from a given x is not any one of the arithmetic
operations.

Examples

1.35. y=(3x+2)" Letu=3x+2. Theny=u".

1.36. y=+/x>+1. Letu=x*+1. Theny=+/u .

Although we may have different ways to write a function as a composition of two functions, we
will always leave out the "last operation™ to define the intermediate variable u so that y is
obtained by u with only one operation.

§81.4. EXPONENTIAL FUNCTIONS

13
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1. Definition and Graph

Exponential functions have the general form y = Ca*, where C, k, and a are constants, C # 0,
k#0,a>0,and a= 1. The number a is call the base of this function.

The graph of the general exponential function y = Ca* can be obtained from the graph of the
function y = a* by vertical/horizontal stretch / shrink and / or reflection.

The graph of y = a" is illustrated in the following figure:

AY
a<l a>1

2. Properties

From the graph, we can "read" a number of important properties of function y = a*:
(a) Domain: —o0 <X < o0,
(b) Range: y>0.

(c) Monotonicity: When a > 1, the function is increasing; when a < 1, this function is
decreasing.

(d) Concavity: Always concave up.

(e) T(0)=1.
3. The Natural Exponential Function

If an irrational number e = 2.71828... is used as the base of the exponential function, then this
exponential function is called the natural exponential function.

APP. D. TRIGONOMETRIC FUNCTIONS

14
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1. Definitions

An angle is put in the Cartesian plane such that the vertex is at the origin, and one side, called the
initial side, is in the direction of the x-axis. This is called the standard position of the angle.

The other side, called the terminal side, is in the direction of a radius of a circle C centered at the
origin.

We may assume that the terminal side is obtained by rotating the initial side counterclockwise
around the origin. When the terminal side rotates round the origin, the intersection of the
terminal side and circle C rotates around the origin along an arc of the circle. We use the ratio of
the length of this arc and the radius of C to be the measurement of the angle, called the radians.
Obviously, the measurement is independent of the radius of circle C.

The terminal side may also be obtained by rotate the initial side clockwise around the origin, and
it is measured by the ratio of the length of a different arc and the radius of C. The measurement
of this angle is the negation of the ratio.

Since the terminal side may rotate around the origin by a number of full revolution to reach the
final position, if x is a measurement of an angle, then x + 2nz, where n is an integer, are also
measurements of this angle.

In mathematics, angles are always measured by radians.

Let A be an angle in standard position. Let the intersection of the terminal side and the unit
circle be (xo, o). The trigonometric functions are defined as follows:

sin A =yp; cos A =X, tan A = ﬁ;cotA: ﬁ;secA: i;cscA: i.
XO yO XO yO

In right triangle, let the length of the hypotenuse be c. the length of the adjacent side of an angle
A be b, and let the length of the opposite side of angle A be a. Then

sinA:E;cosA: E;tanA:E;cotA:E;secA:E;cscA:E.
C c b a b a

2. Graphs and Properties

The following are graphs of trigonometric functions:

y =sin x

15
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Note that sin x, tan x, cot x, and csc x are odd functions, and cos x and sec x are even functions.

Trigonometric functions are periodic. Functions sin x, cos X, sec X, and csc x have (minimum)

period 27, and tan x and cot x have (minimum) period 7.

3. Ildentities

The relations among the trigonometric functions are given by a number of identities. The
following are some most important ones:

sin®x + cos® x = 1,

tanx =sinx/cos x =1/ cot X,
cotx=cos x/sinx=1/tanx,
sec x =1/ cos X,
cscx=1/sinx,

1 + tan? x = sec? x,

1 + cot? x = csc? X,

sin (2x) = 2 sin x cos X,

17
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cos (2x) = cos? x —sin® x = 2 cos? x — 1 = 1 — 2 sin® x,

sin’x = % (1 - cos (2x)),

cos® x = % (1 + cos (2x)).

8 1.5. INVERSE FUNCTIONS AND LOGARITHMS

1. The Inverse of a Function

Lety =f (x) be a function from A to B. If everyy in the B has exactly one pre-image x in A, this
function is said to be a one-to-one (1-1) function. The graph of a function is the graph of a one-
to-one function if and only if every horizontal line intersects the graph at at most one point.
This is called the horizontal line test.

If y = (x) is a one-to-one function from A to B, we can find the unique x from every given y in B.
This defines a new function from B to A. This is called the inverse of f, denoted by f .

By definition, the domain of f ' is the range of f, and the range of f ' is the domain of f . We
also have the relations f *(f (x)) = x for all x in the domain of f and f (f "*(y)) = y for every y in
the range of f .

If f and g are one-to-one functions, then the composition f - g) is a one-to-one function, and
(f-0'=g'-f

To find the inverse of a function, solve this function as an equation for x, and interchange x and y.
Examples

16.1. y=3x+1.

X = %(y 1). The inverseisy = %(x -1).

162 y= X1
X+3
Xy +3y=2x—1, (V—Z)X=—3y—1’xz_3y—+21- The inverse iSy=_3X+21.
y-— X —

18
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1.6.3. y= /x> +1.

X“=y"—1,x= J_n/y2 —1. This function does not have an inverse.

If (a, b) is a point on the graph of y = f (x), i.e., b = f (@), since a = f '(b), (b, a) is a point on the
graph of y = f'(x). Hence, the graph of y = f (x) and the graph of y = f ~(x) are symmetric with
respect to the line y = x.

2. The Logarithm

If a° = ¢, where a > 0, and a = 1, then b is the logarithm of ¢ with base a, denoted by b = log, c.
Since ¢ = a° > 0, only positive numbers have the logarithm.

If e is used as the base, the logarithmic is called the natural logarithm. We use symbol In x to
denote loge x.

Properties of Logarithm

(@) loga1=0. (Inparticular, In 1 =0).
(b) logaa=1. (In particular, Ine =1).
Assume x>0,y > 0.

(c) loga (xy) =10ga X + 10gay.

(d) loga (x/y) =loga X — loga y.

(e) loga X =k loga x.

(f) a“>*=x. (In particular, e"™* =x).

(9) log, x= :Ogb X . (The base changing formula)
Y b
In particular, when b = e, log, x = In_x
Ina

With the properties of the logarithm, we can solve equations with exponents and/or logarithm.
Examples

1.6.5. Solve log, (x + 1) —log, (2x — 3) = 2.
19
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log, XL —2 X* 4 g 10=x+1,7x=13,x= 2 Sincex+1= 2+1>0, and
2x—-3 2x—-3 7 7
2 x g -3= % >0. x= gisaroot of this equation.

1.6.6. logox + logy(x +1) = 1.

logy x(x + 1) = 1, x(x + 1) = 2, x¥* + x— 2 = 0. Solving this equation, we have x = 1, and x = —2.
We see that x = 1 is a root if this equation. However, since, when x = -2, log, x and log, (x + 1)
are not defined, x= —2 is not a root of this equation.

1.6.7. Solve 22 *1 =31

Taking the natural logarithm on both sides of the equation, we have (2x+ 1) In2 =(x—1) In 3.
Then(2In2)x+In2=(In3)x-1In3,(2In2—-1In3)x=-In2 - In3.

3 In2+1In3 N
2In2—In3 "

6.23.

1.6.8. Solve e - 2e*—3 =0.
Lett=¢* Thent?-2t—3=0,t=-1,3. Sincet=¢€*>0,t=3,and x=In 3.
1.6.9. Solve (In x)* = In (x?).

Since In (x*) = 2 Inx. Lett=Inx. This equation becomes t* = 2t. The roots of this equation are t
=0andt=2.Whent=Inx=0,x=1. Whent=Inx=2, x = €%

3. The Logarithmic Function

The logarithmic function is y = loga x, where a > 0 and a = 1, called the base. Since x = &’, the
logarithmic function is the inverse of the exponential function y = a*.

The graph of the logarithmic function is illustrated in the following figure:

Ya

a<lil

0, 1)

a>1 20
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4. Properties of the Logarithmic Function

From the graph, we can find a number of important properties of the logarithmic function:
(@) Domain: x>0.
(b) Range: —oo <y < oo,

(c) Monotonicity: When a > 1, the function is increasing; when a < 1, this function is
decreasing.

(d) Concavity: When a < 1, the graph is concave up; when a > 1, the graph is concave down.
(e) f(1)=0.

Since a=e"? a* = el"®* e can always express a general exponential function y = a* as a
natural exponential function y = e" @ By the base-changing formula, we can express a general

logarithmic function y = log, x as a natural logarithmic function y = (I_j Inx with a constant
na

coefficient.
5. Inverse Trigonometric Functions

Since trigonometric functions are not one-to-one functions, they do not have inverses. However,
we can define restricted trigonometric functions, i.e., trigonometric function with restricted
domain so that these trigonometric functions with specified domain are one-to-one functions, and
they have inverses.

Consider the following restricted trigonometric function with specified domain:

y=sinx, —

NN
IA
=<
IA

NN

y=cosx,0<x<m

y=tanx, -~ <x< L,
2 2

21
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y:secx,O£x<%or37”£x<27z.

These functions are one-to-one functions. The inverse of these functions are the following:

y = arcsin X = sin * x with domain [~1, 1] and range — =<y <

NN
NN

y =arccos x = cos * x with domain [-1, 1] and range 0 <y < .

y = arctan x = tan - x with domain (—o0, ) and range —% <Xx< %

y = arcsec X = sec - X with domain (—o0, —1), (1, ) and range 0 < X < % or 3?” <X<2r.

Examples

1.6.10. sin (arcsin x) =x is true forall x, -1 <x < 1.
arcsin(sin x) = x is true only if—% <x< %

Similarly, cos(arccos x) = x is true for all x, -1 <x < 1.
arccos(cos x) istrue only if 0 <x < .

1.6.11. Simplify sin(arctan x).

tanu=x, -~ <x< 2. 1+tanu=1/cosu=1/(L—sin*u). 1—sinu=
2 2 1+x

1 X
1+ x> 1+x°

X
J1ex2

The following diagram illustrates this result:

sinfu=1-—

. Since sin u and tan u have the same sign in this range,

sinu=

1+x

5

Fall 2019
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1.6.12. Simplify sin (arcsec Xx).

2
4 3r : 1 x-1 .. . .
secu=x,0<x< = or z<x< ==, cosx=1/x. sin®u=1-—==—=_ Since, in this range
2 2 X X
: o VX% -1
of u. sin u and sec u have the same sign, sin u = .
X

The following diagram illustrates this result:

23



CHAPTER 2. LIMITS AND DERIVATIVES

8822, 2.3,25,2.6. LiMITS AND CONTINUITY

1. Limits

Definition
Lety =f (x) be a function. If there exists a number L such that | f (x) — L | can be arbitrarily small

whenever x is close enough to a value a, then we say that f (x) approaches a limit L when x
approaches a, denoted by lim f (x) = L.

Intuitively, lim f (x) =L if f (x) becomes closer and closer to L when x becomes closer and
X—a
closer to a.

If f (X) = c is a constant, then lim f (x) = ¢ for any number a. If f (x) =X, then lim f (x) = a for

X—a X

any number a.
Limit Laws

Suppose lim f (x) = Ly and limg(x) =L, Then
(i) lim(f(x)%g(x)) =L, £L,.

(i) lim(f(x)g(x)) = L,L,.

(iii) im(f()/9(x) =L, /L,,if L, #0.

(iv) Tim(f (x))* = L;", if the powers are defined.

If the limit laws cannot be used directly, we may have to make some transformations of the
expression to find the limit.

Examples

24
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2
211 timX X2y DX2) g, x+l 3 1
x->2  x°—8 x=>2 (X =2)(X“+2X+4) x>2x°+2x+4 12 4

171 1 . 1(2+h-2 1 h . 1 1
21.2. lim=| =——— |=lim= =lim= =lim ==,
h>0h\2 2+h h->0h| 2(2+h) h—>oh{2(2+h)) h>02(2+h) 4

Iim\/t+3—2:“m(\/t+3—2)(\/t+3+2)_“m t-1 i 1 1.

2.1.3. = =lim——==
1 t-1 1 (t-1D)(Wt+3+2) (-1 (Wt+3+2) 1 Jt+3+2 4

One-Side Limits

If there exists a number L such that | f (X) — L | can be arbitrarily small whenever x < a and it is
close enough to a, then we say that f (x) has a left limit L when x approaches a , denoted by

lim f(x)=L.

X—a~

If there exist a number L such that | f (x) — L | can be arbitrarily small whenever x > a and it is
close enough to a, then we say that f (x) has a right limit L when x approaches a*, denoted by
lim f(x)=L.

x—a*

Intuitively, lim f(x) =L if f (x) becomes closer and closer to L whenever x becomes closer and
X—a

closer to a from the left-hand side; lim f(x) =L if f (x) becomes closer and closer to L when x

becomes closer and closer to a from the right-hand side.

Limit lim f(x) exists if and only if both limits lim f(x)and lim f(x) exist and they are equal.

Examples

3-Xx, x>0,
2.1.4. Letf(x) =

X—2,x<0.
Then Iirgl f(x)=3, Iirp f(x)=-2.

X2 —3x+2

2.15. Letf(x) = x—1]

Then lim f (x) = Iimw

x—1"

= Iirg(x—Z) =-1,and
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wz_nm(x_z):l.
1-x

x—1

lim f (x) =lim

x—1" x—1"
Limit at Infinity and Infinity as the Limit

Lety =f (x) be a function. If there exists a number L such that | f (x) — L | can be arbitrarily small
whenever x is big enough, then we say that f (x) approaches a limit L when x approaches infinity,
denoted by lim f (x)=L. Similarly, if there exists a number L such that | f (xX) — L | can be

arbitrarily small whenever x is small enough, then we say that f (x) approaches a limit L when x
approaches negative infinity, denoted by lim f(x) = L.

Intuitively, lim f (x) =L if f (xX) becomes closer and closer to L when x becomes bigger and
bigger without an upper bound; lim f(x)=L if f (x) becomes closer and closer to L when x
becomes smaller and smaller without a lower bound.

If lim f(x) =L, the graph of f (x) becomes closer and closer to the line y = L when x becomes
bigger and bigger; if Iirp f (x) = L, the graph of f (x) becomes closer and closer to the liney =L
when x becomes smaller and smaller. In either case, the line y = L is said to be a horizontal
asymptote of (the graph of) f (x).

If function y = f (x) can be greater than any number whenever x is close enough to a value a, then
f (x) approaches infinity when x approaches a, denoted by lim f (x) =oo. If functiony = f (x)

can be smaller than any number whenever x is close enough to a value a, then f (x) approaches
negative infinity when x approaches a, denoted by lim f (x) = —o0.
X—a

Intuitively, lim f (x) =0 if f (X) becomes bigger and bigger without an upper bound when x
becomes closer and closer to a; lim f (x) = —o if f (x) becomes smaller and smaller without a

lower bound when x becomes closer and closer to a.

Note that, infinity and negative infinity are NOT numbers. Therefore, if the limit of f (x) when x
approaches a is infinity or negative infinity, the limit DOES NOT exist.

In a similar way, we can define infinity and negative infinity as one-side limit:

lim f(x) =c0, lim f(x)=o0, lim f(x) =0, or lim f(x) = —oo.

X—a~

Then lim f (x) =co if and only if lim f(x) =ccand lim f(x)=o0; lim f (x) = —oif and only if

lim f(x) =—c and lim f(x)=-co.

X—a~
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The following figure illustrates these four cases:

lim £(x)= oo

x—a

lim £ (x)= o0

X—d

In any of these cases, x = a is said to be a vertical asymptote of (the graph of) f (x).
Remarks

(a) A function may have at most two horizontal asymptotes, but it may have any number, even
infinitely many, of vertical asymptotes.

(b) A horizontal asymptote may have any number, even infinitely many, of intersections with
the graph of the function, but a vertical asymptote will never intersect with the graph of the
function.

(c) Asymptotes are lines. We may say x = 2 is a vertical asymptote, or y =—1 is a horizontal
asymptote, but 2 and —1 are numbers, NOT asymptotes.

Examples
2
2.1.6. Consider functiony = 22x—+1
X°—X-2
2 2
Since IimM = lim 2+l | 2,y =2 is ahorizontal asymptote.

xow X2~ X—2  xomm P X -2

. o 2x%+1 . 2x%+1 . 2x%+1 . 2x%+1
Since lim ———=—o,lim ——=—w, lim ——=wand lim ——=o,
x—>-1" X —=X—-2 x—»2 X°—=X—-2 x>-1" X°—=X—-2 x—=2" X —X—=2

x =—1 and x = 2 are vertical asymptotes.

The graph of this function looks like the following:

27
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5AY

i 4
>

2.1.7. Consider functiony = 2)(;2
X—X—-2
Since 2x—2 __x=2 _ , this function isy = L defined for x = —1, and X # 2.
X“=x-2 (x=-2)(x+1) x+1 x+1
. . 1 . 1 . 1 . 1 . )
Since lim —— =0, lim —— =—-o0, and lim——=0, lim —— =0, this function has a
x—>-1" X +1 x—>-1 X+1 x—>0 X +] x—>=0 X +1]

vertical asymptote x = —1, and a horizontal asymptote y = 0. Note that x = 2 is not a vertical
asymptote.

VX2 +1

2.1.8. Consider function f(x) =

2X
2 2
Since lim x“+l =l, and lim X2 1 :—% (note that when x < 0, x =—+/x?), the graph of
X—»00 X X—>—00 X

this function has two horizontal asymptotes y = % ,andy = —% :

, 2 / 2
Since lim X +1:—oo and lim X“+1

x—>0" 22X x—0"  2X
asymptote x = 0.

= oo, the graph of this function has a vertical

2. Continuity
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Definition

A function f (x) is said to be continuous at x = a if lim f(x) = f(a). If f (x) is continuous at
X—a
every point in an interval I, then it is continuous in 1.

By definition, f (x) is not continuous at x = a if (i) lim f (x) does not exist, or (ii) a is not in the

domain of f (x), or (iii) lem f(x)= f(a).

Intuitively, f (x) is continuous at x = a if the graph of f (x) does not "break" at this point.

Examples
X x<0
0 O<x<1
2.1.9. Consider function f(x)=<1 1<x<2.
0 X=2
1 X>2

This function is not continuous at x = 0 because x = 0 is not in the domain of this function
although lim f(x)= Iirgl f(x)=0. Itisnot continuous at x = 1 because lim f(x)=0=
x—0" x—0"

X—1"

IirP f(x) =1. The limit Iin} f (x) does not exist. It is not continuous at x = 2 because Iirr21 f(x)
x—1" X! X—>

=1 butf(2) = 2. The graph of this function looks like the following:
Y
A

S
2o M
2.1.10. If f(x):{x s contau?‘us at x = 2, find a.
X+a
X% 2

lim (x*—ax) =4—2a, lim(x+a)=2+a. Let4—2a=2+a.3a=2,a=
X—2~

x—2"

wI|N

2.1.11. Let
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a-—x, X< -2
f(x)=<2+bx,-2<x<2.
ax® +8b, X>2

For what values of the constants a and b is function f (x) continuous for all real numbers?

This function is continuous for all values x # —2 and x = 2. If this function is continuous at x =
—2, we must have lim f(x)= lim(a—x)=a+2= lim f(x)= lim (2+bx)=2-2b, and
X——2" X——2" x—>-2" x——-2*

Iin; f(x)= Iirp(2+bx) =2+2b= Iir;l f(x)= Iirg(ax2+8b) =4a+8b. Then we have a system

of two linear equations: a+2=2—2band 2 + 2b = 4a + 8b. Solving this system of equations,
we havea=2,b=-1.

The Extreme Value Theorem. If f is continuous on a closed interval [a, b], then f attains an
absolute maximum and an absolute minimum in this interval.

3. Limits and Continuity of Polynomials, Rational Functions, Trigonometric Functions,
Exponential Functions, and Logarithmic functions

Polynomial Functions

Let P(X) = X" + CoaX™ 1 + ... + C1X + Co be a polynomial, ¢, > 0. Then lim P(x) = oo,
lim P(x)= oo if n is even, and lim P(x)=—o0ifn is odd. The graphs of polynomial functions

do not have horizontal asymptotes.

Polynomial functions are continuous on the entire real axis. The graphs of polynomial functions
do not have vertical asymptotes.

Rational Functions

Letf(x) = M(x) , Where M (x) and N(x) are polynomials, be a rational function.
N (x)

A rational function f (x) = IS continuous at every real number except the zeros of N(x).

M (x)
(
If x = a is a zero of N(x) but not a zero of M (x), then lim f(x) and lim f(x) are oo or —oo, and

X = a is a vertical asymptote of this function.

Assume the leading term of M (x) is anx™ and the leading term of N(x) is bnx".
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If m<n, lim M(x) = lim M (x) = 0. In this case, this function has a horizontal asymptote y = 0,
x>0 N (X) x—>-0 N (X)

i.e., the x-axis.

Ifm=n, lim M) _ lim M (x) — % Inthis case, this function has a horizontal asymptote

<= N(X) = N(x)

n

y=
b,

Ifm>n, lim % - lim 2nX ] , Which can be infinity or negative infinity depending on the
X—>+0 X X—>to0

signs of a, and by, and x approaching infinity or negative infinity. In this case, this function does
not have a horizontal asymptote.

Trigonometric Functions

Functions y = sin x and y = cos x are defined and continuous on the entire real axis. The graphs
of sin x and cos x do not have vertical asymptotes or horizontal asymptotes.

An important limit about the sine function, to be proved by the squeeze theorem, is

. sinx
lim—— =1.

x=>0 X

The following properties of functions tan x, cot X, sec x, and csc X, can easily be seen from the
graphs of these functions:

Function y = tan x is continuous at all real numbers except x = nz+ > where n is any integer.

Linesx=nxz+ % where n is an integer, are vertical asymptotes of the graph of function tan x.

lim tanx=o, lim tanx=-oco. The graph of function tan x does not have horizontal
X—=>(nz+712)” x—>(nz+7/2)*
asymptotes.

Function y = cot x is continuous at all real numbers except x = nz, where n is any integer.

Lines X = nz, where n is an integer, are vertical asymptotes of the graph of function cot x.
lim tanx =0, lim tanx =—oo. The graph of function cot x does not have horizontal asymptotes.

x—nz* Xx—nz~

. . . T . .
Function y = sec x is continuous at all real numbers except x =nz+ > where n is any integer.
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Linesx=nxz+ % where n is an integer, are vertical asymptotes of the graph of function sec x.

lim secx= lim secx=oo, lim SecX = lim secXx =—oo. The graph

x—>(2nz+7/2)” x—=>(2nz-712)* x=>((2n+) z+712)” x=>((2n+) z-z12)*

of function sec x does not have horizontal asymptotes.
Function y = csc x is continuous at all real numbers except x = nz, where n is any integer.

Lines x = nz, where n is an integer, are vertical asymptotes of the graph of function csc x.
lim cscx= lim cscx=o00, lim cscx= lim cscx=—oo. The graph of function cot x

x—2nz* x—>(2n+) 7~ Xx—2nz~ x—>(2n+) 7+

does not have horizontal asymptotes.
Exponential Functions
Lety=a*, a>0,a= 1, be an exponential function.

Exponential functions are continuous on the entire real axis. The graphs of exponential functions
do not have vertical asymptotes.

Whena>1, lima*=ow, lima*=0;whena<1, lima*=0, lima”*=ow. In either case,

X—0 X—>—00 X—0 X—>—00

y = 0 is a horizontal asymptote.

When a > 1, exponential function increases faster than any power function, namely, when a > 1,
k
. X
lim— = 0for any k.

X—0 a

The number e used as the base of natural exponential function is defined to be

e= Iim(l+£j =2.71828....

X—>0 X

An important limit about the natural exponential function is

et -1
lim
x=0 X

=1.

Logarithmic Functions

The logarithmic function is continuous everywhere in its domain, i.e., x > 0.
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When a>1, limlog, x=o, limlog, x=-o; whena<1, limlog, x=0, limlog, x=00. In
X—>00 x—0" X—>00 x—0*

either case, x = 0 is a vertical asymptote. The graphs of logarithmic functions do not have
horizontal asymptotes.

Although, when a > 1, logarithmic function approaches infinity when x approaches infinity, it
increases slower than any power function x, k > 0. Namely, when a > 1 and k > 0,

. log, x
lim gf

X—0 X

, . Inx
=0. In particular, lim—~=0 forany k > 0.
X—o X

An important limit about the natural logarithmic function is

i N+ X)
x—0 X

1.

4. The Squeeze Theorem

Suppose functions f (x), g(x), and h(x) are defined and continuous in an interval (b, ¢), and f (x) >
h(x) > g(x) for every x in (b, c). If b<a<c,andlim f(x) =limg(x) =L, then limh(x) = L.

Example 2.1.12. Prove Iingﬂ =1 by squeeze theorem.
X—> X

In the following figure, circle O is a unit circle. Then AB =sin x, CD = tan x and the length of
the arc AD is x. The area of AOCD is A; = % CD, the area of the sector OAD is A, = % X, and the

area AABD is Az = %AB. Since Az < A, < Aq, we see that sin X < X < tan X when x < %

YA
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X tan x . . sin x . .
Hence, 1< —— < ——. Taking the reciprocal, 1> —— >cosx. Since limcos x = 1, we have
sinx sinx X x>0
. sinx . . .
Ilng— =1 by the squeeze theorem. Note that the angle x is measured in radians, but not
X—> X
degrees.

5. Intermediate-Value Theorem

When a function f (x) is continuous in [a, b], f (a) = f (b), then for every value y, between f (a)
and f (b), there is ¢ between a and b such that f (c) = yj.

In particular, if f () and f (b) have different signs, then there must be a value ¢, a < c <b, such
that f (c) = 0.

Using this result, we have the following procedure to solve inequalities of the form f (x) > 0 or
f (x) < 0: Find the roots of the equation f (x) = 0. These roots subdivide the domain of f (x) into a
number of intervals, such that, in each of these intervals, f (x) is continuous. Since f (x) has the
same sign for all x in each of these intervals, we can find the intervals where f (x) > 0 or f (x) <O0.

Examples
2.1.13. Consider polynomial P(x) = x° — 2x°.

Let P(x) = X2 — 2x* = x*(x — 2) = 0. The zeros of P(x) are x = 0 and x = 2, which subdivide the
domain of P(x), i.e., the x-axis, into intervals (-0, 0), (0, 2) and (2, ). Function P(x) does not
change sign in each of these intervals. Since P(=1) <0, P(1) <0, and P(3) > 0, we see that, in
interval (—oo, 0) and (0, 2), P(X) <0, and, in interval (2, ), P(x) > 0.

(Xx+2)(x-5)

2.1.14. Consider rational function f (x) = 1
X —

The domain of this function consists of intervals (—oo, 1) and (1, ). The zeros of polynomial

(x + 2)(x — 5) are x = -2 and x = 5, which subdivide the domain of this function into four
subintervals (—oo, =2), (-2, 1), (1, 5) and (1, ). In each of these intervals, function f (x) does not
change sign.

Since f(-3)=-2<0,f(0)=10>0,f(2)=-12<0,and f (6) = §> 0, we have

f(X) <Owhenx<-3,1<x<5,andf(x)>0when—-3<x<1lorx>5.

2.1.15. Solve inequality L<1
x+1 5
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1 5-x-1_4-x
x+1 5 5(x+1) x+1

This inequality is equivalent to <0.

The left-hand side is not defined at x =—1. Itis zero when x = 4.

The function 4;)1( does not change sing in each of the intervals (—oo, —1), (-1, 4) and (4, ).
X+

Sincef(-2)=-6<0, f(0)=4>0,andf(5) = —% < 0. The solution of this inequality is x < —1

or x> 5.

882.1,2.7,2.8. RATE OF CHANGE AND DERIVATIVES

1. Average Rate of Change

Lety =f (x) be a function. When x changes from x =ato x = b, b —a is the change (also called
the increment) of the variable, f (b) —f (a) is the change (also called the increment) of the
f(b)-f(a)

function, and r(f ; a, b) = is the average rate of change of this function from x = a

tox =Dh.

If r(f; @, b) >0, function f (x) increases from x =ato x = b, and, if r(f ; a, b) <0, function f (x)
decreases fromx =atox =h. If|r(f; a, b) | is big, this function changes quickly from x = a to x
=b, and, if | r(f; a, b) | is small, this function changes slowly from x =ato x = b.

Geometric interpretation: The average rate of change of functiony =f (x) fromx=atox=b s
the slope of the secant line joining two points (a, f (a)) and (b, f (b)) on the graph of this function.

Physics interpretation: If x = s(t) is the position function of the x coordinate of a particle moving
along the x-axis, then the average rate of change of this function from t =ato t = b is the average
velocity of the particle.

Example

2.2.1. Consider function f (x) = 2x — 0.1x%

f(2)=3.6,f(5) =7.5.

The average rate of change of this function fromx=2tox =5 s

rﬁ;ab):1:_§6:13.
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Geometric interpretation: The slope of the secant line joining two points (2, 3.6) and (5, 7.5) on
the graph of y = (x) is 1.3. Hence, the equation of the secant lineisy =1.3(x —2) + 3.6, ory =
1.3x + 1.

Physics interpretation: Write this function as x = 2t — 0.1t %, where x is in meters, and t is in
seconds, interpreted as the position function of a particle moving along the x-axis. Then the
position of this particle at time t = 2 is X(2) = 3.6 meters right to the origin, the position of this
particle at time t = 5 is x(5) = 7.5 meters right to the origin, and the average velocity of the
particle betweent=2 and t =5 is 1.3 m/sec.

2. Instantaneous Rate of Change — the Derivative

Definition
When b approaches a, the limit of the average rate of change of functiony = f (x) from x =a to x

= b, if it exists, is defined to be the instantaneous rate of change of this function at x =a. This
is also called the derivative of this function at x = a, denoted by f '(a):

f'(a) = IimM.
b—a b—a

If writeb=a+h,thenb—a=h, and

f(a+h)—f(a)
™ .

r@=

Let y = f (x) be a function defined in an interval around a point x = a. If f'(a) > 0, this function is
increasing in an interval around x = a. In this case, we say that f (x) is increasing atx =a. Iff'(a)
< 0, this function is decreasing in an interval around x = a. In this case, we say that f (x) is
decreasing atx =a. If|f'(a) | is small, this function changes (increases or decreases) slowly in
an interval around the value a, and, if | f '(a) | is big, this function changes (increases or decreases)
quickly in an interval around the value x = a.

since f'(a) = lim f(‘”hz‘ (@)

, when h is small, f (a + h) — f (a) = f'(a)h. In other words,

when h is small, we can use f '(a)h to be an approximation of the increment of the function.

Geometric interpretation: The derivative f '(a) is the slope of the tangent line at the point
(a, f (a)) on the graph of functiony = f (x). In particular, since the slope of a horizontal line is 0,
the graph of function f (x) has a horizontal tangent line at x = a if and only if f '(a) = 0.

Physics interpretation: If x = s(t) is the position function of the x coordinate of a particle moving
along the x-axis, then the derivative of this function at t = a is the instantaneous velocity of the
particle at t = a.
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The Derivative Function

When a takes different values in the domain of a function y = f (x), the derivative f '(a) also
changes. Then we may regard the values of the derivatives with different values of x as a new
function "derived" from the original function. This is the derivative function, or simply the
derivative of the function, denoted by y' (to specify the variable, we may also write y'y), or f '(x),

or d—y,orif(x).
dx dx

The derivative of a function at a point is a number, while the derivative of a function is a
function.

If f'(x) > O for all values of x, a < x < b, then f (x) is increasing in interval (a, b); if f '(x) < 0 for
all values of x, a < x < b, then f (x) is decreasing in interval (a, b).

Approximation of the Derivative by Average Rate of Change

Since the derivative is the limit of the average rate of change, we can use an average rate of
change of a function y = f (x) in a small interval around a point x = a to estimate the derivative

f'(a).
Let h be a small positive value. Then we have

f(a+h)—
h

r(f;a,a+h)= f(a) ~f'(a). (The forward formula)

r(f;a—h, a)= f(a)‘;(a‘h) ~f'(a). (The backward formula)

f(a+h)—f(a—h)

r(f;a—h,a+h)= -

~f'(a). (The three-point formula)

Find the derivative of a function by Definition

We can find the derivative of some simple functions directly by the definition.
Examples

2.2.2. Find the derivative of function f (x) = 2x — 0.1x at x = 4 by definition.
f(4)=8-1.6=6.4.

2 2
y = lim U -01@+h)Y) ~64 . (8+2h) ~0.1016+80+h’) 64

h—0 h h—0 h

= lim(L.2—0.1h)
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=12

The slope of the tangent line of the graph of f (x) at (4, 6.4) is m = 1.2. The equation of the
tangent lineisy=1.2(x —4) + 6.4, ory = 1.2x + 1.6.

If this function is the position function x = 2t — 0.1t?, then the instantaneous velocity of this
particleatt =4is 1.2.

2.2.3. Find the derivative of the functiony = > ! 1 at x = 2 by definition.

_ ( 1 1 j . [3 (3+2h)j . 1[ —2h J
y(2) lim=| ————~ lim - =
h»oh 2(2+h)—1 2x2-1) moh| 33+2h) | m0h|3(3+2h)

1 2

h03(3+2h) 9

2.2.4. Find the derivative of functiony = by definition.
y N2x+1 y
y _imd 1 1 |im1‘/2X+1 J2(x+h) +1
oh( (2(x+h)+1  V2x+1) m0h (f2(x+h)+1v2x+1

1 (J2x+1 \/2(x+h)+1)(\/2x+1+\/2(x+h)+1)

“moh (i) 1 D@x 1) (Vax+1+f2(x+h) +1)
(2x+1)—(2x+2h+1)

oo JROh) +)x+1) (V2x+1+f2(x +h) +1)

1
=-21lim
0 J@(x+h)+1)(2x +1) (x/Zx +1+4/2(x+h) +1)

=-2lim ! 2 =—(2x+1)*¥2,

=0 Jx+1)x+1) (V2x+1+2x +1) 2(2x+1)V2x+1

Cases when the Derivative Does Not Exist

(@) Ifaisnotinthe domain of f (x), f (a) does not exist, the derivative cannot be defined.

(b) Ifa s in the domain of f (x), but lim f (a + h) = f (@), then the limit lim fla+ hz ~ @) oes

not exist. Therefore, if the function is not continuous at x = a, f '(a) does not exist.
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f(a+h)- f(a)
h

In particular, if Ihing is infinity or negative infinity. Then the derivative does not

exist, and the graph of the function has a vertical tangent line at x = a.

(c) Iff (x) is continuous at x = a but lim @XM =T@) _ ;0 T@+N=T@) 4o ¢ =

h—0* h h—0~ h

i f@+h) =
h—0
X=a.

f(a) does not exist. In this case, the graph of the function has a "sharp corner" at

3. Higher Derivatives

The second derivative of a function y = f (x) is the derivative of the derivative of f (x), denoted by
2 2

d7y
"orf"(x)or — or — f(X).
y (x) v OIXz()

The second derivative of a displacement function is the acceleration function.

Geometric Meaning: If f "(x) > 0, f'(x) is increasing, and the graph of the function is concave up;
if f"(x) <0, then f '(x) is decreasing, and the graph of the function is concave down.

The following table is an illustration of the relation among the properties of a function and its
derivatives:

() e ()
—r +

—_ —

% — +
N — -

In a similar way, we can find the third, the fourth, ..., the n-th derivatives of a function. The n-th
derivative is denoted by any of the following notations:

YO =100 = S Y=

f(x).
dx" dx" (x)
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CHAPTER 3. DIFFERENTIATION RULES

§3.1,2.3,3.3. BASIC FORMULAS

1. Basic Formulas
(cf (x))" = cf '(x) if f *(x) exists, (the constant multiplication rule)
fFX)£gXx)' =f'(x) £ g'(x) if f '(x) and g'(x) exist, (the sum / difference rule)

(f(X)g(x)) =1 (x)g(x) + f (X)g" (x) (the product rule)

(F()/g(x) = '(X)g((’g(‘x)‘;z(x) 9™ (the quotient rule)

2. Formulas of Basic Functions

(c)' =0,

(x")' = nx"*, (the power rule)
(sin x)" = cos X,

(cos x)' = —sin X,

(tan X)' = sec’ x,

(cot X)' = —csc? X,

@) =¢

(Inx)' =

< |~

3. Examples
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3.1.1. y = logax.

1 L1
R('” X)'= (Ina)x

Since log, x = iIn X, (log, x)"'=
Ina

3.1.2. y=3x% +2/x - logs x.

yoods L, 1

X ndx’

2P -1

N

d(2t2-1) d 3.,) 1 1
e B T LR AN YR e I e LR W
y dt[ ﬁ] at ¢ ) (2 j 2 e 20t

3.1.3.y

3.1.4. y=x3Inx.
y' = 3%%In X + X°.

X

3.1.5. Find the value(s) of x where the graph of functiony = e_z has a horizontal tangent line.
X

L _ X2 —2xe¥  e'(x-2)

x4 x3

Lety' =0.x=2. The graph of this function has a horizontal tangent line at the point where x = 2.

2
3.1.6. Find the equation of the tangent line of the graph of functiony = IX_ at the point (e, €2).
nx

_ 2xInx—x*(1/x) x(2Inx-1)
- (Inx)? " (Inx)?

. Y'(e)=e

The equation of the tangent line is y = e(x — e) + €, or y = ex.

X

Xe

3.17. y= .
y X2 +1
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(B xeM)(XP+1) - xe*(2x)  xeF+et +x%r+xet —2x%e* X (X —x®+x+1)

(x> +1)? (x* +1)° (x* +1)?

8 3.4. THE CHAIN RULE

The chain rule is used to find the derivative of a composite function. Lety =f (u) and u = g(x).
Theny is a composite function of x: y =f(g(x)) = (f - g)(x). The derivative of this composite

function is calculated by i(f o g)(x) = d f (u)i g(x) or, simply, y'x =y'y U'x. Inthe
dx du dx

simplified version of the formula, remember that y'y on the left-hand side is the derivative of y as
the composite function of x, and y', on the right-hand side is the derivative of y as a function of u.

Recall that, when we want to evaluate a function y = f (x) with a given value of x, we plug this
value into this function, and, after a sequence of operations, a value of y is reached. Now look at
the operation used at the last step. If the last operation is an addition, subtraction, multiplication
or division, use the sum rule, difference rule, product rule or the quotient rule, respectively.
Otherwise, decompose this function into a composition of two functions, and use the chain rule.

Examples

3.2.1. Some values of functions f (x) and g(x), and their derivatives f '(x) and g'(x) are given in
the following table:

X () ) 9() 9'(x)
2 6 -2 5 3
3 1 2 2 7
5 -3 4 3 4

If y =h(x) = (f o g)(x), find h(3) and h'(3)?
Letu=9(x). Whenx=3,u=2. Thenh(x) =f (g(x)) =f (u). h(3) =f(g(3)) =f(2) =6.

Sincey=f(g(x)) =f(u), y,'=1'(2)=-2,and uy' = g'(3) = 7. By the chain rule, y,' = y,'uy’, h'(3)
=y =1'(2g'(3) =-14.

3.2.2. y=e*
Letu =kx. Theny=e". Since u’x =k, and y', = e". we have y', = ke" = ke*.

Since a = "2, the general exponential function y = a* can be written as y = e™®*. Let u = (In a)x.

Theny =e". By the chain rule, we have
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@) = (In a)e!"™ = (In a)a*.
3.2.3. y=1In(-x),x<0.

1

Letu=-x. Theny=Inu. Sinceuy=-1,andy', = 1 , We have y' = (—1)[% = —(——) = 1
u u X

X

Since the derivative of the functiony =In x, x > 0, is also 1 , the derivative of the function
X

Inx, x>0 . ] 1 . X, X=0 . .
y= , defined for all x =0, iIsy' = =. Since | x| = , this function can
In(-x), x<0 X —X, 0
be writtenasy = In | x |. In other words, the derivative of functiony =In|x|isy' = 1
X

3.2.4. y=/3x" —2x+1.

Letu=3x*—2x—1. Theny= u. Since u, =6x—2,andy', = i we have

2Ju

1 3x-1
y'X:(6x—2)[ j: :
2Ju ) 3x2—2x+1

3.25. y=In (e’ +1).
Letu= e +1. Theny=Inu. To find u', letv = \/§ Thenu=¢"= e . We have

u'—u'v‘——1 eV Sincey'—l——1 y'= ! e = e
U ok Tuoefa1’ T el adx ) 2vx (e 4

3.2.6. For which value(s) of x, does the graph of the function y = x*+/1— x> have a horizontal
tangent line.

Since the last operation is a product, use the product rule first. (x?)" = 2x.

Yy = 2XV1=x2 + X3 (J1-x? ).

To find the derivative of z=+/1—x?, letu=1—-x% Thenz= \/ﬁ Since z,' = !

(-2x)=-

1
24/1—2X? 1-x%

U' = —2X, 'y = Z2'yU'y =

1
2Ju 21— x2
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3 2y 43 _ 3
Finally, v = 2xy1— x? - —= _2X(A=x) -x _2x-3¢

J1-x2 J1-x2 - J1-x2

Lety'=0. Then 2x—3x*=x(2—3x%) =0,x=0, x = J_r\/%. The graph of this function has a
horizontal tangent line when x =0 or x = J_r\/% .

3.2.7. y=¢""%,

sin x

Let u=sinx. Theny =¢e". The derivative is y,' = €" cos x = " * cos x.

3.2.8. y = y/2sinx+4cosx. Find y'(0).

Let u=2sin x + 4cos x. Theny = Ju.

W= L . Atx=0,u=4. y,(4) =

Nl

U'yx = 2cos X — 4sin x. u'x (0) = 2.

AlF

W@:wwwmpé.

§ 3.5. IMPLICIT DIFFERENTIATION

1. Implicit Functions Defined by Equations

Let F(x, y) = G(x, y) be a two-variable equation. Let (Xo, Yo) be a solution to this equation, i.e.,
F(Xo, Yo) = G(Xo, Yo). If, in asmall disk around point (o, Yo), for every value x*, there is a unique
value y* such that F(x*, y*) = G(x*, y*), i.e., the equation F(x*, y) = G(x*, y) has unique rooty =
y* in this disk, then let y* = f (x*). In this way, we define a function y = f (x) in an interval

around the point xo. This function is said to be an implicit function defined by the equation F(x, y)
= G(x, y) around the point (xo, o). We also say that function f (x, y) is implicitly defined by the
equation F(x, y) = G(x, y) around the point (Xo, Yo).

2. Find the Derivative of Implicit Functions
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The derivative of an implicit function y = f (x) defined by an equation F(x, y) = G(x, y) can be
found by the chain rule. Sincey =f (x), both sides of F(x, y) = G(X, y) are functions of x. Take
the derivative on both sides of this equation with respect to x, and use the chain rule regarding y
as an intermediate variable. We have an equation with x, y and y'. Solve this equation for y".
We can find the derivative of this implicit function. Note that the derivative of an implicit
function obtained by implicit differentiation is usually expressed as a function of both x and y.

Examples

3.3.1. Suppose a function y = f (x) is defined implicitly by the equation x> + y* = 6xy. Find the
derivative f'(x).

Take the derivative with respect to x on both sides: 3x* + 3yy" = 6(y + xy').

2

2y — X
y>—2x’

Solve fory": y' =

3.3.2. Find the equation of the tangent line of the graph of the equation x%y + xy> — 2x —y = 2 at
point (1, 2).

Near point (1, 2), this equation defines implicitly a function y = f (x). The slope of the tangent
line at this point is the derivative of this function. Use implicit differentiation to find the
derivative:

2XY + XY VP 2XYY —2—y' =0, 4+y +4+4y' —2 -y =0. 4y' +6=0. y':_;

The equation of the tangent line has the form y = —g X+b 2= —g +b,b= % . The equation is

3 7
=——X+ —,0r3x+2y=7.
y > > y

3.3.3. Find the derivative of the implicit function y = f (x), at the point at (0, z), where y is

defined by the equation sin (x +y) = 2—X
y

Taking the derivative with respect to x on both sides of the equation, we have

(s (c+ ) +y) = 20
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When x=0,andy = 7, we have cos 7 (1 +Yy') = E Then-1-y'= E Solve this equation for
T T

1 1 2
y',wehavey = ———
r+1

3.3.4. Find the equation of the tangent line at (1, 0) of a function y = f (x) defined implicitly by
the equation xe’ + ye* = 1.

Taking the derivative with respect to x on both sides of the equation, we have
e +xedy' +ye*+ye*=0. Whenx=1,andy=0,1+y +ey'=0. Then(1+e)y'=-1,andy' =

i. The equation of the tangent line isy = L (1-x),or x+(1L+e)y=1.
1+e 1+e

3. Derivatives of Inverse Trigonometric Functions

(1) y=arcsin x

The function y = arcsin x can be defined implicitly by the equation sin y = x. Taking the
derivative with respect to x on both sides, we have y' cosy =1. Theny'=1/cosy. When
—rnl2<y<xl2,cosy>0. Hence,

1

cosy = 1-sin’y =+1-x? andy = —
—X

(2) y = arccos x

In a similar way, write cosy =x. Then—y'siny=1,andy' =-1/siny. When0<y< r,siny >

0,siny=1-cos?y =J1-x* . Hencey'= — ! .
1-x°
(3) y=arctan x
Write tan'y = x. Then yz =landy =cos’y = 12 = 12.
cos” y 1+tan“y 14X
Examples
3.3.6 y =xarctan Jx.
X Jx
'=arctany/x + ———— =arctan/x + .
d 2% (1 + X) 2(1+x)
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3.3.7. y = arcsin x + arccos X.

y' = ! + (— ! ]: 0. Hence, this function is a constant. Since y(0) = z,we have
J1-x J1-x 2

identity arcsin x + arccos x =

NN

8 3.6. DERIVATIVES OF LOGARITHMIC FUNCTIONS

1. The Derivative of Logarithmic Functions

Since the natural logarithmic function is the inverse of the natural exponential function, function
y = In x is defined implicitly by an equation x = ¢’. Using implicit differentiation, we have
1=y'e. Hence,y'=1/e'=1/x.

By the chain rule, we also have that the derivative of functiony =In (—x) isalsoy'=1/x.

Use the base changing formula, y = logax =Inx/Ina. Theny'=1/((In a) x).

Examples

3.4.1. y=In(sinx). y' =cos x/sin x = cot x.

2X
342 y=log, (C+1). yy= — 2
y=log 6+ 1)Y= e D)
343. y=xInx. y'=Inx+1.
L
IR 1-Inx

344. y=Inx/x. y =X = .
y y (Inx)>  (Inx)?

3.45. y=(Inx)? y' = 2Inx/ x.
2. Logarithmic Differentiation

Logarithmic differentiation is use in two cases:

Case 1. The function is a complicated product and/or quotient. In this case the logarithm of this
function is a sum or difference. The derivative is easier to calculate.
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Examples
3.4.6. y=x{0E + 1)/ 3x + 2)°.
Iny=Inx"*+In(+1)—In(3x+2)°=B/4)Inx+In (x*+1)=5In (3x + 2).
Taking the derivative on both sides, we have

3 2X 15
_+ > J— ,
4x xX“+1 3x+2

PNV E N
(3x+2)° J\4x x*+1 3x+2

ex2+1(2X _1)3
5

y_
y

34.7. y= . Find y'(2).

Iny=(*+1)+3In(2x-1)-5Inx.

y' 6 5 2x°(2x-1)+6x-5(2x-1) 4x*-2x*—4x+5
y 2x-1 X X(2x —1) X(2x -1)

Whenx=1, ¥ =3, y(1) =% y =3¢
y

Case 2. The function is of the form y' = f (x)9%).

Taking the logarithm on both sides, we have Iny = g(x)In f (x). The derivative with respect to x

gives X = g(x)In f (x) + 2
y f'(x)

. Hence,

y :y[g(x)'” )+ ?.(();))}f(X)g(x’ [g(x)ln F(x) + ?-(();))j

348. y= x"*.

1 Jx Inx+2 y,:X&(Inx+2j

yl
Thenlnv=+XxInx, & = —Inx+ —=
y=x o

y  2Jx X 2Jx

3.4.9. y = (x + 1)* Find y'(0).
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Iny =sinxIn(x + 1). Y = cosxIn (x+1)+ sinx. When x =0, RARY) Hence, y'(0) = 0.
y x+1 y

8 3.9. RELATED RATES

Type of the Questions: There are two (or three) functions of the same variable (usually time t).
These functions are related by an equation. The rate of change (i.e., the derivative) of one
function is unknown, and the rate of change of the other function(s) is known. We want to find
the unknown rate of change (i.e., the derivative) at a given value of the variable.

Example 3.5.1. Suppose a right triangle has the length of the hypotenuse 50cm, and the length of
the other two sides are x and y. If x is decreasing at a rate 4 cm / second, what is the rate of
change of y when x = 30 cm?

Two functions: x(t) and y(t).

Relation between two functions:

x* +y* = 50%

The rate of change of x is —4 cm/second. (Note the negative sign!)

Question: Find the rate of change of y at time t when x = 30 cm.

Steps of solution:

1. Identify the question:

Identify two functions: One has a known rate of change, and the other function whose rate of
change is to be found.

Find the equation that relates these two functions.

In this example, we have two functions x(t) and y(t). The derivative of x(t) is x'(t) is known, and
the derivative y'(t) is unknown. The relation between these two functions is x* + y* = 50°.

2. Take the derivative of the equation with respect to the common variable (this common
variable is usually the time t, not x).

In this example, taking the derivative of the relation with respect to t, we have 2xx' + 2yy' = 0.

3. Express the unknown derivative as a function of the values of the functions and the known
derivative(s).
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In this example, when x = 30, y =40. Since x' =-4,y'=—xx"/y =3.
Examples

3.5.2. Suppose oil spills from a tanker and spreads in a circular pattern. How fast is the area of
the spill increasing when the radius is 30 m and it is increasing at a rate 1 m/s?

The related functions are the area A(t) and the radius r(t). The relation is A = zr?. Taking the
derivative with respect to t, we have A' = 2zr r'. Sincer=30and r'=1, A'= 60z~ 188.5 m*/s.

3.5.3. A water tank has the shape of an inverted circular cone. The radius of the top is 2 meters

and the height of the tank is 4 meters. If water is pumped in at a rate 2 m®/ min, find rate of
water level increasing when the water is 3 m deep.

— 2

N
N/ 1]

Functions of t: volume of water in the tank V(t), height of water in the tank h(t).

Relation: V = zr’h /3. By similar triangles, r = 2h /4 =h /2. Hence, V = 7h*/ 12.

Take the derivative with respect to t: V' = zh?h'/ 4.

Since V' =2 and h = 3, we have h' = 4V' / (zh?) = 8/ (97) ~ 0.28 m/min.

3.5.4. Anairplane flies horizontally towards a radar station. At one moment, the distance
between the radar and the airplane is 25 km and is decreasing at a rate 200 m/s. The angle of

elevation is 0.2 radian and is increasing at a rate 0.004 radian / sec. Find the speed of the
airplane?

D(t

2] x(t)

Let the horizontal distance between the airplane and the airplane be x(t). Then the speed of the
airplane is x'(t). Let the angle of elevation be At) and let the distance between the radar and the
airplane be D(t).
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Thenx =D cos 6, and x' = D' cos 8— D¢ sin §=-200 cos 0.2 — 25000 x 0.004 x sin 0.2 ~
—215.88 m/s. The speed is approximately 216 meters per second.

3.5.5. Car A is moving from a point P towards east, and car B is moving south towards point P.
When car A is moving at a speed 25 m/sec at 40 km east of point P, it is found that the distance
between A and B is 50 km, and this distance is increasing at a rate 1 m/sec. What is the speed of
car B?

Let the distance between car A and point P be x, and let the distance between car B and point P
bey.

Then the distance D between car A and car B is calculated by the equation D? = x? + y?.
Taking the derivative with respect to time t: 2DD' = 2xx' + 2yy', or DD' = xx' + yy".
When D =50, and x = 40, y = 30. Since x' =25 and D' =—1, we have

,_ DD—xx' 50x(-1)-40x25 1050 _
y 30 30

—35.

y

Car B is approaching point P at a speed 35 meters per second.

3.5.6. Suppose F = f (t) and G = g(t) are two functions related by the equation F ? + 4G = FG* —
2,F>0,G>0. Find G'when F =2 and F' = —4.

_ (2F-GHF’

Solution. 2FF' +4G' = F'G? + 2FGG'. G'= e 4 When F =2, 4 + 4G = 2G* - 2,
G?>-2G-3=0,G=3,—1. Since G>0, take G =3. Hence, G'= %:%

8 3.10. LINEAR APPROXIMATIONS AND DIFFERENTIALS

Consider function y = f (x). The slope of the tangent line at a point (Xo, Yo) is f '(Xo), and the
equation of the tangent line is L(x) = f '(Xo)(X — Xo) + Yo, Where yp = f (Xo). Since the tangent line
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at point (xo, Yo) is close to the graph of this function near this point, we can use the value of the
tangent line to be an approximation of the value of the function, i.e., when X is close to X,

f(x) = L(X) = f'(Xo) (X — Xo) + f (Xo).

Since the equation of the tangent line is linear, this is called the linearization or linear
approximation of this function at this point.

Differentials: Let dx =x —Xo. Then f (xo + dx) —f (Xo) = f '(Xo)dx = dy.

The right-hand side dy = df (xo) = f '(Xo)dx is called the differential of f (x). The differential can
be used to approximate the change of the function:

Ay =1 (Xo + dx) — f (Xo) = dy = f '(Xo)dx.
Examples
3.6.1. Find the linearization of y =sin x at x = 0.
y'=cosx. x=0,cos0=1. sin0=0. The linearizationisy=1x (x—-0)+0=x.
This means that, when x is close to 0, sin X = x.

3.6.2. Use the linearization of the function y = (3x + 11)** to find an estimate of 3/30. Note that
y(7) =2.

y'= ;4,5 Y7 = i The linearization of this functionatx=7isy = 3 x=7)+2.
5(3x+11) 80 80

Using this function, let §30 =¥/3x+11. Then 3x + 11 =30, x = % By the linear

approximation, 30~ %(%—7)+2z 1.975.

3.6.3. If the measurement of the radius of a sphere is r with an error +x, what are the possible
absolute error and the relative error of the volume of the sphere?

The volume of a sphereis V = % 2R®, where R is the radius of a sphere. The differential of V is

dV = 47R%dR. (Note that 47R? is the area of the surface, and the differential is an approximate
value of the volume of a layer near the surface). If | dR | < x, then, when R =, the absolute error
is|dV |<47zr’x.
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dv| _ _4ar'x _3x
V|~ @3t x
error of V is three times the relative error of r.

The relative error is . Since x / r is the relative error of r, the relative

84.9. ANTIDERIVATIVES

1. Antiderivatives of a Function and the Indefinite Integral

If F'(x) = f (x), then F(x) is an antiderivative of f (x). The antiderivative of a function f (x) is not
unique. For example, x° is an antiderivative of 2x. x* + 1 is also an antiderivative of 2x. In
general, x* + C is an antiderivative of 2x, where C is an arbitrary constant. On the other hand, if

F'(x) = 2%, then F'(x) — (x%)' = (F(x) — x%)' = 0, and F(x) —x* = C. In other words, every
antiderivative of 2x can be expressed as x> + C with a certain constant C.

In general, the antiderivative of a function f (x) is a family of functions of the form F(x) + C,
where F(X) is a particular antiderivative of f (x).

The family of all antiderivatives of a function f (x) is denoted by _[ f (x)dx, called the indefinite
integral of f (x). Function f x) is called the integrand, and x is called the variable of integration.

2. Properties of indefinite integrals
f cdx =cx+C,

Icf (x)dx:cj f (x)dx,
j (f(x) £ g(x))dx = j f (x)dx £ j g(x)dx.

Note that an indefinite integral is a family of functions. An equality involving indefinite integral
means that every function on one side is a member of the family on the other side. In particular,

[ £00dx =] f0)dx= [ (f(x)— f(x))dx = | 0dx = C is an arbitrary constant but not 0.

3. Antiderivative formula in the form of indefinite integrals
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f (x) [ f(xdx
1
X" (n=—1) ——x"+C
n+1
1/x In|x|+C
e e*+C
sin X —cos X+ C
COoS X sinx+C
sec” X tanx + C
csc’ X —cotx+C
Sec X tan x secx+C
CSC X cot X —cscx+C
1
> arcsinx + C
1-x
1
5 arctanx + C
1+x

Examples

2x3—Jx 20
+ .
1+ x°

3.7.1. Find the antiderivatives of the function f (x) = 4sinx +

3_
I4sinx+2x &+ 202 dx:j(4sinx+2x2—x‘“%izjdx
X 1+x 1+x

=—4cosx+gx3—2\/§+20arctanx+C .

3.7.2. F(x) is an antiderivative of f (x) = x + 1% and F(1) = =. Find F(x).
+ X

NN

2
By the antiderivative formula, F(x) = X? + 2arctan x + C.

2

Since F(1) = 1+Z+ c=2, we have C=—l. Then F(x) = Xy 2arctan X — l
2 2 2 2 2 2

_1\2
3.7.3. Suppose F(x) is an antiderivative of f (x) = % ,and F(1) = % . Find F(2).
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2 2
F(x) = Ide:Iﬂdx=I x—2+% dx:lx2—2x+ln|x|+C.
X X X 2

2
Since F(1) = %—2+C=%, C=2. Hence, F(x) = X?—Zx+ln|x|+2,and
FQ)=2-4+In2+2=In2.

37.4 1fy" = X y(1) =0, and y(1) = 1, find y(x).

JIx

Writey =x¥? + x 2 Theny' = %xm +2x"2 + C. Since y'(1) = % +2+C=0,C= —%.

y= BERVCC %x” - %x + C. By the initial condition, 1 = —% +C,C= % . Hence,

y= —x"+ Ay _8yi31/1s
3 3

Application. From the acceleration function to the position function

Suppose an object is moving with a constant acceleration a. Since the acceleration is the second
derivative of the position function s = s(t), we have s" =a. Thens'=at+ C. Whent=0, s'(0) =

C, which is the initial velocity vo. s' = at + vo. Taking the antiderivative again, we have s = % at®
+ vt + C;. When t =0, s(0) = C4, which is the initial position of the object so. Finally, we have s

= %at2 + Vgt + So.

For a freely falling object, a=—g, where g is the acceleration of gravity. In this case, the height

of the object is h = %gt2 + Vot + ho.

Example 3.7.5. Suppose hg = 40 m, vo = 10 m/sec, g = —10 m/ sec?.
Thenv=10-10t,and h =40 + 10t - 5t>, 0 < t < 0.

When v = 0, the object reaches the maximum height. Letv=10-10t=0. Thent=1. The
maximum height is reaches at t = 1 second and the maximum height is h(1) = 45 meters.

When h = 40 + 10t — 5t = 0, this object hits the ground. Thent?*—2t—8=0,andt=4,t=-2.
After 4 seconds the object will hit the ground.

From the properties of f (x) to study the properties of its antiderivatives.
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Example 3.7.6. Suppose the graph of F'(x) = f (x) looks like the following. If F(0) = 0, sketch

the graph of function y = F (x).

Y 4

A

T

yEF

(X)

()
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