MAT2122 Multivariable Calculus (Fall 2018)

Final solutions (70 points)

1 (7 points). Find an equation of the tangent plane to the graph of the function f(x,y) = (z — y)e**¥ at the
point (1, —1). What is the distance from the origin (0, 0,0) to this plane?

Solution: The equation of the tangent plane to the graph of a function f at the point (z¢,yo) is
z = f(z0,90) + f2 (20, yo)(x — 20) + f,(x0,Y0) (¥ — o) ©

In our case

fo=e+(z—y)e™ = (g —y+ e, o

fl = =t (2= y)e™ = (2 —y— 1),
whence

fL-1y=3, f,-1)=1.9
Since f(1,-1) = 2,@the equation of the tangent plane is
c= 243 - 1)+ (y+1),
or
r+y—2=0 .@

The point (0, 0,0) satisfies this equation, and therefore belongs to the plane, so that the distance
between the point (0,0,0) and the tangent plane is 0.

Absence of minor mistakes. ©

2 (6 points). Let f(x,y) = (cosy + 22, e*TY) and g(u,v) = (6“2,u — sinwv). Write a formula for f o g. Calculate
the derivative matrix D(f o ¢)(0, 0) using the chain rule.

Solution:

fog(uvv) = f(g<uvv>> = f(eu

u? .
*u—sin v) = (cos(u —sinv) + (6“2)27 ele Jrufsmv))

u2 B
= (cos(u — sinv) + e, el +u—51ny)) @

The derivative matrices of the functions f and ¢ are, respectively,

2v  —siny
Df(z,y) = :
em—l—y em—l—y
and ,
2ue" 0
Dg(u,v) = 7@
1 — COSV
whence
0 O
Dyg(0,0) = :
1 -1
and, since ¢(0,0) = (1,0),@
20

Df(9(0,0)) = Df(1,0) =



Then by the chain rule

2 0\ [0 0 0 0
D(f 0 9)(0,0) = D(£)(9(0,0))Dg(0,0) = = A%

Absence of minor mistakes. ©

3 (7 points). Find and classify the critical points of the function f(x,y) = * + 2%y — y? — 4y.

Solution:
V= (flf) = (32° 4 22y, 2% — 2y — 4) O
so that the critical points of f are the solutions of the system
32 = =
4+ 22y =0 — z(3x+2y) =0 @
22 -2y —4=0 22 -2y —4=0

From the first equation either x = 0 or —2y = 3z. In the first case the second equation yields
y = —2, whereas in the second case r? + 3x — 4 = 0, whence either z = 1,y = —3/2, or
x = —4,y = 6. Thus, the function f has 3 critical points

P =(0,—-2), Py=(1,-3/2), Py=(-4,6).9

Since
flo=6x+2y, f=—2, fl =22,
we have
(6:5 +2y 2:c> @
so that

Hf(P) = (_04 _02)

has positive determinant and negative diagonal entries, whence P; is a local maximum;

Hf(P) = (g _22)

has negative determinant, whence P, is a saddle point;
—12 -8
Hf<P3>_<_8 _2)
has negative determinant, whence P; is a saddle point.@

Absence of minor mistakes. %)

4 (6 pOintS). By using Lagrange multipliers find the absolute minimum and maximum of the function f(x,y) =
22 — y? on the region D defined by 2 + 7% < 1.

Solution: The gradient of f is Vf = (2z, —2y), whence f has the only critical point P, = (0,0)
which happens to lie inside D.*For finding boundary critical points one has to solve the system
of equations

Vf=AVyg
{ g=0C ’



where g(z,y) = 22 + y* and C = 1, or, equivalently,

T = \x
2 2 :
—1
x +y x2+y2:1

From the first equation either x = 0, or A = 1. In the first case from the third equation y = +1,
and then from the second equation A = —1, which gives critical points P, = (0, —1), P, = (0, 1).
In the second case from the second equation y = 0, whence from the third equation x = £1, which
gives critical points Py = (—1,0), P, = (1, O).@The values of f at the critical points are

F(P) =0, f(P)=f(P)=—1, f(P)=f(P)=1.9

Therefore, the global maximum of f is 1 attained at the points P; = (—1,0), P, = (1,0), and the
global minimum of f is —1 attained at the points P, = (0, —1), P» = (0, 1).

Absence of minor mistakes. %)

5 (7 points). Find the volume of the solid W bounded by 2% +¢? = 2,2 =0, and = +y + 22 = 2.
Solution: The body W is determined by the footprint
D ={(x,y): 22% + y* < 2}¥
and the roof function
2—x—y Ty Q

=2 =1—-——= -2
2 2

2
voIW://D (1—%—%) dz dy®

In order to find

change variables as
T =17CoS o
{y = V2rsin ¢
with 0 <r<1,0<¢ < QW.@Then
d(z,y) cos ¢ —rsin ¢

(r,p)  |V2sing 2rcos¢

vol W = /%/1 <1 — %rcosgb— grsingb> V2r dr de
o Jo

:ﬁ/OQF/Olrdrdgb—g/o%/olﬂcosgbdrdgb—/02ﬂ/01r25in¢drdgb
:\/5.%-%:\/%.@

:\/57”@

whence

Absence of minor mistakes. %)

6 (8 pOintS). Find the average value of the function f(z,y) = 2%y on the planar domain bounded by the graphs
of the functions y = 22, y =2z — 1, y = —2z — 1.



4

Solution: The domain D is bounded by the graphs of 3 functions, whose pairwise intersections are
the points obtained by solving the equations

2 =2r—1 — =1 — y=a=2r—-1=1,

P=-20-1 = z1=-1 = y=2>=-220-1=1, %

2r—1=-2xr—1 = =0 — y=2r—1=-2xr—-1=-1.
Therefore, the projection of the domain D onto the horizontal line is the interval [—1, 1],@and D
can be described as
D={(z,y): -1 <z <1,¢(x) <y <a’},

where the function ¢ is defined as

1
20 — 1, 0<

The average value of f is

where (because of the symmetry of the domain D and of the function x with respect to the
reflection z — —x)

1 pz? 1
I= f(z,y) dedy = 2/ / 22y dydr = / (2t — (20— 1)%) d
D 0 Jox—1 0
1

1 4 1 1
— 6_44 43—2d:——— 1__:_@
/o<x v s )dr =g s et o g =g
and
1 1 1 9
area D = (x2—<b(x))d:c:2/(3:2—23:+1)d:1::2/ t2dt:§,@
~1 0 0
whence
f:ﬁ%:i@
% 70

Absence of minor mistakes. ©

7 (9 points). Find the center of mass of the solid “bowl” W of constant density determined by the conditions
1<z2?+y?2+22<4andz>0.

Solution: Let the coordinates of the center of mass be (xg, 4o, 20). Then xy = yo = 0 by rotational
symmetry of W,@Whereas

v g
0 vollW 7

where



As for the numerator, in spherical coordinates )

whence

2dV = de 6 F/Qpcosgb-pZSingbdgb@
Jff e = fran ]
_ Uj,o%zp] : {/:ﬂd@] - [/OW/Qcosgbsingbdgb] %)

15 1 15 @
— 1Ty T
Loy 45
20:144—:—-@
=7 56

Absence of minor mistakes. %)

8 (8 points).

(z?y?, zyz, 2°).

Verify Gauss' formula for the cube W = [0,1] x [0,1] x [0,1] and the vector field F(z,y, z)

Solution: The divergence of the vector field F is

. - 8F1 8F2 8F3@
divE = ox + oy + 0z

= 2xy® + x2 + 32° ©

By Gauss’ formula

whence

In order to find I as a surface integral notice that OW consists of 6 square faces

with the outward normals n; equal to the vectors —k, k, —j, j, —1i, i, respectively. Therefore,

11 11 11
I= 221° 3:)dV=2-—- 4= 43 -=-+-+1
///W(xy Tzt 3z 2’3 2ty T3 gt

Sy = {(z,y,2) : x,y €[0,1), 2 =0} ,
So ={(z,y,2) 12,y €[0,1],2 =1} ,
Sy ={(v,y,2) : 2,2 €[0,1],y = 0} ,
Sy ={(z,y,2): 2,2 €[0,1],y =1},
S5 ={(z,y,2) :y,2€[0,1],2 =0},
Se ={(z,y,2) 1y, 2 €[0,1],z =1}

//E)WF~d§:ZG://SiF-nZ-dS@



with e
//F-nldS:—//z3dxdy =0,
S1 0 0 z=0
1 1
//F-ngdS://z?’d:pdy =1,
Sa 0 J0 z=1
1 1
//F-ngdS:—//xyzda:dz =0,
1 1
//F-n4d5://xyzdxdz =—,
Sa y=1
//F-n5d5— // dydz =0,
S5 =0
//F-nﬁdS //ny dydz =—,
Se =1
whence again
1 1 19
I=1+-4-=—
+ 4 3 12
Absence of minor mistakes. &
9 (6 pOintS). Use Green's formula to find the area of the planar region D bounded by the curve c(t) =

(sin 2t,sint), 0 <t < 7.

Solution: The parametrization of c is counterclockwise,@so that

1
area D = 5 /(—y dx +:1:dy)@

- 1/ow(—y(t),x(t)) () dt = %/Ow(—sintjsin 21) - (2 cos 2t, cos t) dt)

:/ (—sintcosZtJrsintcoth)dt:/ (COSQt—COSQt)SiDtdt:/ (l—COSQt)Sintdt@
0 0 0

t=m
4@
=3

1 3
= |=cos°t —cost
3
t=0

Absence of minor mistakes. %)

10 (6 points). Determine whether the vector field F(z,y,2) = (22yz, x%z, 2%y) is conservative. If yes, then find
an appropriate potential.

Solution: A vector field is conservative if and only if its curl vanishes. Since

F Fy OF Fs OF F
curIF:Vsza%a%%:<a3 oF, O0F, O0F3 0F, 81)@

oy 0z 0z Ox ox Oy’

Fi B
= (2* — 2%, 22y — 2wy, 202 — 222) = 0 ,@



the field F is indeed conservative. Its potential f must satisfy the relation Vf = F, i.e.,

fr =2zyz,
f; = [EQZ s @
fl=2%,

whence )
f(:E,y,Z) =T y2’+ hl(yvz) s

f(z,y,2) = 2%z + ha(a, ) O
f(xaya Z) - "L‘Qyz + h3($7y) ’
so that f(x,y,z) = x2yz@is a potential of the vector field F.

Absence of minor mistakes. %)



